
Rewriting in Matching Logic
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First Session (Matching Logic)

● Ideal Language Framework Vision
● Matching Logic Syntax and Semantics
● Basic Matching Logic Theories
● Matching Logic Theory of Transition Systems 
● Matching Logic Proof System

Second Session (Rewriting in Matching Logic)

● First-Order Term Unification & Anti-Unification: A Review
● First-Order Term Unification & Anti-Unification in Matching Logic
● Rewriting and Narrowing in Matching Logic



Session 1: Matching Logic
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The story of the 
PL/FM community.
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Uneconomical.
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How It Should Be
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K Framework
http://kframework.org 

● We tried various semantic styles, for >17y and >100 top-tier 
conference and journal papers:

○ Small-/big-step SOS; Evaluation contexts; Abstract machines (CC, CK, 
CEK, SECD, …); Chemical abstract machine; Axiomatic; 
Continuations;  Denotational;…

● But each of the above had limitations
○ Especially related to modularity, notation, verification

● K framework initially engineered: keep advantages and 
avoid limitations of various semantic styles

● Then theory was developed: matching logic
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http://kframework.org/


Matching Logic is the Logical Foundation of K



Outline

● Ideal Language Framework and K
● Matching Logic Syntax
● Matching Logic Semantics
● Basic Matching Logic Theories
● Transition Systems Defined in Matching Logic
● Matching Logic Proof System
● Reading Materials



Matching Logic Syntax
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Matching Logic Syntax

 

It is called capture-avoiding substitution, where bound variables 
are renamed to prevent variable capture. 



Matching Logic Syntax

 



Matching Logic Syntax

 



Matching Logic Syntax

 

Questions?



Matching Logic Semantics
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Matching Logic Semantics

 

 



Matching Logic Semantics
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Matching Logic Semantics

FOL
• Terms are interpreted as elements
• Formulas are interpreted as true/false
Matching Logic
• No distinction between terms and formulas
• Patterns are interpreted as subsets
• FOL functional interpretation is a special case

Matching logic has a pattern matching semantics. 



Matching Logic Semantics

 

 



Matching Logic Semantics

 



Matching Logic Semantics

Summary
• Models, powerset interpretation
• Pattern matching semantics 
• Matching logic theories and validity
Next
• Basic matching logic theories

Questions?



Theory of Equality

 

 



Theory of Equality
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Theory of Equality

 

 

 



Theory of Equality

 

 



 

Theory of Equality

 

 



Theory of Sorts

 

 

 



Theory of Sorts

 

 



Theory of Sorts

 

 

 



Theory of Sorts

 

• Flexible to capture complex sort structures
• subsorts, parametric sorts, dependent types/sorts, …



Basic Matching Logic Theories

Summary
• Theory of definedness and equality
• Theory of sorts
• Some axioms about natural numbers
Next
• Theory of transition systems and rewriting

Questions?



Theory of Transition Systems

 

 



Theory of Transition Systems

 

 

    
   

    

 

// patterns



One-Path Next and All-Path Next

 

 

 
 



Theory of Transition Systems

 



Theory of Transition Systems

 

 



Theory of Transition Systems

 



Theory of Transition Systems

 

Questions?



Matching Logic Proof System

• A Hilbert proof system
• 13 proof rules 
• Simple

 



FOL Reasoning

• Standard FOL proof rules
• Sound w.r.t. the powerset interpretation



Frame Reasoning

 



Frame Reasoning

 



Frame Reasoning

 



Frame Reasoning

 

do reasoning logically

then generalize it to larger contexts



Fixpoint Reasoning

 



Fixpoint Reasoning

 

 

 



Fixpoint Reasoning

 



Fixpoint Reasoning

 

 

 

  (Knaster-Tarski)



Technical Rules

 

 



Matching Logic Proof System

 



Matching Logic Proof System

Summary
• A simple proof system
• 4 categories of rules

 



Matching Logic

• One logic
• One proof system
• One proof checker
• Many theories

• Use notations to 
handle encoding 
cost

• Use lemmas to 
handle reasoning 
cost



Reading List

Core Papers
● Matching Logic by G. Rosu, LMCS 2017
● Matching mu-Logic by X. Chen & G. Rosu, LICS 2019
● Matching Logic Explained by X. Chen, D. Lucanu & G. Rosu, JLAMP 2020
Defining transition systems
● Sec. 7&8 of Matching mu-Logic by X. Chen & G. Rosu, LICS 2019
Defining unification
● Unification in Matching Logic by A. Arusoaie & D. Lucanu, FM 2019
Defining type systems
● A General Approach to Define Binders using Matching Logic by X. Chen & G. Rosu, ICFP 2020

Defining initial algebra semantics
● Initial Algebra Semantics in Matching Logic by X. Chen, D. Lucanu & G. Rosu, TechRep (http://hdl.handle.net/2142/107781) 2020
Automated matching logic prover
● Towards a Unified Proof Framework for Automated Fixpoint Reasoning using Matching Logic by X. Chen et al., OOPSLA 2020
Matching logic proof checker
● Towards a Trustworthy Semantics-Based Language Framework via Proof Generation by X. Chen et al., CAV 2021

http://hdl.handle.net/2142/107781


Session 2: Unification & Antiunification



Outline

● Introduction
● First-order Term Unification
● First-order Term Unification in Matching Logic
● First-order Term Anti-Unification
● First-order Term Anti-Unification in Matching Logic
● Conclusion



Motivation



Problem



Term Algebra in ML (Example)



LISTofNAT in Maude

fmod LISTofNAT is

  sorts Nat List .

  op zero : -> Nat [ctor] .

  op succ : Nat -> Nat [ctor] .

  op nil : -> List [ctor] .

  op cons : Nat List -> List [ctor] .

endfm

Annotation semantics:
ctor : No Confusion I + II +
         Inductive Domain (No Junk)

fmod-endfm (initial semantics): it is a 
consequence of the ML specification



Lemmas for handling the reasoning effort
Proof System = ML Proof System + 



What’s next

● Definitions
● Martelli-Montanari unification algorithm
● First-order Term Unification in Matching Logic
● First-order Term Anti-Unification
● First-order Term Anti-Unification in Matching Logic
● Conclusion



First-order term unification - Definitions



First-order term unification - Example

Are there other 
unifiers for this 
example?



First-order term unification - Definitions

We are interested in finding 
the most general unifier!



First-order term unification - Unification problem



First-order term unification - Solved forms 

Solved form:    either             

or:



First-order term unification - Unification algorithm



First-order term unification - Example



First-order term unification - Example

Solved form!



First-order term unification - Example

Solved form!

No substitution in 
this case! 



First-order term unification - Example



First-order term unification in Matching Logic

Semantic unification in ML = conjunction of term patterns

GOAL: simplify such conjunctions

The substitution is 
obtained using the 
unification algorithm!



First-order term unification in Matching Logic



First-order term unification in Matching Logic



Soundness



Completeness



Certification

IDEA: derived proof rules that correspond to each step of the unification algorithm

STEPS: 

● Execute the unification algorithm on the input unification problem:
● Obtain an execution trace, e.g., 
● Based on the obtained trace generate a proof where each derived proof rule 

is replaced by its certificate schemata:



Certificate schemata for Decomposition



Certificate example
Decomposition

Orientation

Common to all proofs



Demo



Anti-unification



First-order Term Anti-Unification



First-order Term Anti-Unification - Example
generalisation



First-order Term Anti-Unification - Example
another 

generalisation



LGG = Least General Generalisation



Plotkin’s algorithm for finding the LGG



Plotkin’s algorithm for finding the LGG



Plotkin’s algorithm - Example

LGG



Anti-unification in Matching Logic

Anti-unification in ML = disjunction of term patterns

GOAL: simplify such disjunctions LGG Substitutions



Anti-unification in Matching Logic



Anti-unification in Matching Logic



Certificate generation

IDEA:

● Execute Plotkin’s algorithm for finding the LGG and keep a trace of the steps
● Generate a proof for each step based on a proof schemata
● Compose proofs for each step 



Certificate generation
These equivalences are the most difficult 
ones! Each equivalence corresponds to a 
step in Plotkin’s algorithm.



Demo



Conclusion

● Matching Logic can specify the term algebra up to an isomorphism
● Consequently, some computations in the term algebra can be axiomatized in 

Matching Logic
● In this presentation we considered the unification and anti-unification
● Initial algebra for the equational specification can also be specified in 

Matching Logic up to an isomorphism
● The next challenge is to see how the computations modulo equational axioms 

can be captured by Matching Logic


