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Inversions – Programs as Relations

Full Inv. ([], [1, 2, 3])

append (function) ([1], [2, 3]) 〈[1, 2, 3]〉

([1, 2], [3])

([1, 2, 3], [])

divide 〈[], [1, 2, 3]〉

[1, 2, 3] 〈[1], [2, 3]〉

〈[1, 2], [3]〉

〈[1, 2, 3], []〉

Part. Inv. ([], [1, 2, 3], [1, 2, 3])

append (pred.) ([1], [2, 3], [1, 2, 3]) 〈〉
([1, 2], [3], [1, 2, 3])

([1, 2, 3], [], [1, 2, 3])

Semi-inv. ([1, 2, 3], []) 〈[1, 2, 3]〉

drop prefix ([1, 2, 3], [1]) 〈[2, 3]〉

([1, 2, 3], [1, 2]) 〈[3]〉

([1, 2, 3], [1, 2, 3]) 〈[]〉
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Formalism – Conditional Constructor Term Rewriting

Definition
Let F be a finite signature that can be partitioned into two disjoint sets: a
set of defined function symbols D and a set of constructor symbols C; each
f /n/m ∈ D has an arity n and a co-arity m, and each a ∈ C has an arity n.

Definition (CCS)

A conditional constructor term rewriting system R (CCS) over F = C ] D
is a finite set of rules of the form

l0 → r0 ⇐ l1 → r1 ∧ . . . ∧ lk → rk ,
where each li → ri is of the form f i (pi1, . . . , p

i
ni
)→ 〈qi1, . . . , qimi

〉 such that
f i/ni/mi ∈ D, 〈 〉/mi ∈ C, and pij , q

i
j ∈ T (C \{〈〉}).

Example (Addition of unary numbers)
C = {s/1, 0/0} and D = {add/2/1}
{add(0, y)→ 〈y〉, add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉}

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 5 / 40



Formalism – Conditional Constructor Term Rewriting

Definition
Let F be a finite signature that can be partitioned into two disjoint sets: a
set of defined function symbols D and a set of constructor symbols C; each
f /n/m ∈ D has an arity n and a co-arity m, and each a ∈ C has an arity n.

Definition (CCS)

A conditional constructor term rewriting system R (CCS) over F = C ] D
is a finite set of rules of the form

l0 → r0 ⇐ l1 → r1 ∧ . . . ∧ lk → rk ,
where each li → ri is of the form f i (pi1, . . . , p

i
ni
)→ 〈qi1, . . . , qimi

〉 such that
f i/ni/mi ∈ D, 〈 〉/mi ∈ C, and pij , q

i
j ∈ T (C \{〈〉}).

Example (Addition of unary numbers)
C = {s/1, 0/0} and D = {add/2/1}
{add(0, y)→ 〈y〉, add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉}

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 5 / 40



Formalism – Conditional Constructor Term Rewriting

Definition
Let F be a finite signature that can be partitioned into two disjoint sets: a
set of defined function symbols D and a set of constructor symbols C; each
f /n/m ∈ D has an arity n and a co-arity m, and each a ∈ C has an arity n.

Definition (CCS)

A conditional constructor term rewriting system R (CCS) over F = C ] D
is a finite set of rules of the form

l0 → r0 ⇐ l1 → r1 ∧ . . . ∧ lk → rk ,
where each li → ri is of the form f i (pi1, . . . , p

i
ni
)→ 〈qi1, . . . , qimi

〉 such that
f i/ni/mi ∈ D, 〈 〉/mi ∈ C, and pij , q

i
j ∈ T (C \{〈〉}).

Example (Addition of unary numbers)
C = {s/1, 0/0} and D = {add/2/1}
{add(0, y)→ 〈y〉, add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉}

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 5 / 40



Rewriting CCS

Definition
A ground constructor-based rewrite relationa →R of a CTRS R is the
smallest binary relation for all pairs of ground terms (s, t), where there is a
ground constructor substitution σ and a rewrite rule l → r ⇐ c
such that (l → r ⇐ c)σ is ground, s = lσ, rσ = t and, for each condition
(li → ri ) ∈ c , liσ →∗R riσ.

aThe position is always the root position, and is implicit in the definition.

Example (Addition of unary numbers)
C = {s/1, 0/0} and D = {add/2/1}
{add(0, y)→ 〈y〉, add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉}

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 6 / 40



Rewriting CCS

Definition
A ground constructor-based rewrite relationa →R of a CTRS R is the
smallest binary relation for all pairs of ground terms (s, t), where there is a
ground constructor substitution σ and a rewrite rule l → r ⇐ c
such that (l → r ⇐ c)σ is ground, s = lσ, rσ = t and, for each condition
(li → ri ) ∈ c , liσ →∗R riσ.

aThe position is always the root position, and is implicit in the definition.

Example (Addition of unary numbers)
C = {s/1, 0/0} and D = {add/2/1}
{add(0, y)→ 〈y〉, add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉}

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 6 / 40



Rewriting CCS

Definition
A ground constructor-based rewrite relationa →R of a CTRS R is the
smallest binary relation for all pairs of ground terms (s, t), where there is a
ground constructor substitution σ and a rewrite rule l → r ⇐ c
such that (l → r ⇐ c)σ is ground, s = lσ, rσ = t and, for each condition
(li → ri ) ∈ c , liσ →∗R riσ.

aThe position is always the root position, and is implicit in the definition.

Example (Addition of unary numbers)
C = {s/1, 0/0} and D = {add/2/1}
{add(0, y)→ 〈y〉, add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉}

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 6 / 40



Rewriting CCS

Definition
A ground constructor-based rewrite relationa →R of a CTRS R is the
smallest binary relation for all pairs of ground terms (s, t), where there is a
ground constructor substitution σ and a rewrite rule l → r ⇐ c
such that (l → r ⇐ c)σ is ground, s = lσ, rσ = t and, for each condition
(li → ri ) ∈ c , liσ →∗R riσ.

aThe position is always the root position, and is implicit in the definition.

Example (Addition of unary numbers)
C = {s/1, 0/0} and D = {add/2/1}
{add(0, y)→ 〈y〉, add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉}

add(s(0), 0)

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 6 / 40



Rewriting CCS

Definition
A ground constructor-based rewrite relationa →R of a CTRS R is the
smallest binary relation for all pairs of ground terms (s, t), where there is a
ground constructor substitution σ and a rewrite rule l → r ⇐ c
such that (l → r ⇐ c)σ is ground, s = lσ, rσ = t and, for each condition
(li → ri ) ∈ c , liσ →∗R riσ.

aThe position is always the root position, and is implicit in the definition.

Example (Addition of unary numbers)
C = {s/1, 0/0} and D = {add/2/1}
{add(0, y)→ 〈y〉, add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉}

add(s(0), 0) ?−→ 〈s(z)〉 ⇐ add(x , y)
?−→ 〈z〉

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 6 / 40



Rewriting CCS

Definition
A ground constructor-based rewrite relationa →R of a CTRS R is the
smallest binary relation for all pairs of ground terms (s, t), where there is a
ground constructor substitution σ and a rewrite rule l → r ⇐ c
such that (l → r ⇐ c)σ is ground, s = lσ, rσ = t and, for each condition
(li → ri ) ∈ c , liσ →∗R riσ.

aThe position is always the root position, and is implicit in the definition.

Example (Addition of unary numbers)
C = {s/1, 0/0} and D = {add/2/1}
{add(0, y)→ 〈y〉, add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉}

add(s(0), 0) ?−→ 〈s(z)〉 ⇐ add(x , y)
?−→ 〈z〉 σ = {x 7→ 0, y 7→ 0}

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 6 / 40



Rewriting CCS

Definition
A ground constructor-based rewrite relationa →R of a CTRS R is the
smallest binary relation for all pairs of ground terms (s, t), where there is a
ground constructor substitution σ and a rewrite rule l → r ⇐ c
such that (l → r ⇐ c)σ is ground, s = lσ, rσ = t and, for each condition
(li → ri ) ∈ c , liσ →∗R riσ.

aThe position is always the root position, and is implicit in the definition.

Example (Addition of unary numbers)
C = {s/1, 0/0} and D = {add/2/1}
{add(0, y)→ 〈y〉, add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉}

add(s(0), 0) ?−→ 〈s(z)〉 ⇐ add(0, 0) ?−→ 〈z〉 σ = {x 7→ 0, y 7→ 0}

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 6 / 40



Rewriting CCS

Definition
A ground constructor-based rewrite relationa →R of a CTRS R is the
smallest binary relation for all pairs of ground terms (s, t), where there is a
ground constructor substitution σ and a rewrite rule l → r ⇐ c
such that (l → r ⇐ c)σ is ground, s = lσ, rσ = t and, for each condition
(li → ri ) ∈ c , liσ →∗R riσ.

aThe position is always the root position, and is implicit in the definition.

Example (Addition of unary numbers)
C = {s/1, 0/0} and D = {add/2/1}
{add(0, y)→ 〈y〉, add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉}

add(s(0), 0) ?−→ 〈s(z)〉 ⇐ add(0, 0) ?−→ 〈z〉 σ = {x 7→ 0, y 7→ 0}
add(0, 0)

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 6 / 40



Rewriting CCS

Definition
A ground constructor-based rewrite relationa →R of a CTRS R is the
smallest binary relation for all pairs of ground terms (s, t), where there is a
ground constructor substitution σ and a rewrite rule l → r ⇐ c
such that (l → r ⇐ c)σ is ground, s = lσ, rσ = t and, for each condition
(li → ri ) ∈ c , liσ →∗R riσ.

aThe position is always the root position, and is implicit in the definition.

Example (Addition of unary numbers)
C = {s/1, 0/0} and D = {add/2/1}
{add(0, y)→ 〈y〉, add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉}

add(s(0), 0) ?−→ 〈s(z)〉 ⇐ add(0, 0) ?−→ 〈z〉 σ = {x 7→ 0, y 7→ 0}
add(0, 0) ?−→ 〈y ′〉

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 6 / 40



Rewriting CCS

Definition
A ground constructor-based rewrite relationa →R of a CTRS R is the
smallest binary relation for all pairs of ground terms (s, t), where there is a
ground constructor substitution σ and a rewrite rule l → r ⇐ c
such that (l → r ⇐ c)σ is ground, s = lσ, rσ = t and, for each condition
(li → ri ) ∈ c , liσ →∗R riσ.

aThe position is always the root position, and is implicit in the definition.

Example (Addition of unary numbers)
C = {s/1, 0/0} and D = {add/2/1}
{add(0, y)→ 〈y〉, add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉}

add(s(0), 0) ?−→ 〈s(z)〉 ⇐ add(0, 0) ?−→ 〈z〉 σ = {x 7→ 0, y 7→ 0}
add(0, 0) ?−→ 〈y ′〉 σ = {y ′ 7→ 0}

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 6 / 40



Rewriting CCS

Definition
A ground constructor-based rewrite relationa →R of a CTRS R is the
smallest binary relation for all pairs of ground terms (s, t), where there is a
ground constructor substitution σ and a rewrite rule l → r ⇐ c
such that (l → r ⇐ c)σ is ground, s = lσ, rσ = t and, for each condition
(li → ri ) ∈ c , liσ →∗R riσ.

aThe position is always the root position, and is implicit in the definition.

Example (Addition of unary numbers)
C = {s/1, 0/0} and D = {add/2/1}
{add(0, y)→ 〈y〉, add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉}

add(s(0), 0) ?−→ 〈s(z)〉 ⇐ add(0, 0) ?−→ 〈z〉 σ = {x 7→ 0, y 7→ 0}
add(0, 0) r1−→ 〈0〉 σ = {y ′ 7→ 0}

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 6 / 40



Rewriting CCS

Definition
A ground constructor-based rewrite relationa →R of a CTRS R is the
smallest binary relation for all pairs of ground terms (s, t), where there is a
ground constructor substitution σ and a rewrite rule l → r ⇐ c
such that (l → r ⇐ c)σ is ground, s = lσ, rσ = t and, for each condition
(li → ri ) ∈ c , liσ →∗R riσ.

aThe position is always the root position, and is implicit in the definition.

Example (Addition of unary numbers)
C = {s/1, 0/0} and D = {add/2/1}
{add(0, y)→ 〈y〉, add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉}

add(s(0), 0) ?−→ 〈s(z)〉 ⇐ add(0, 0) ?−→ 〈z〉 σ = {x 7→ 0, y 7→ 0}
add(0, 0) r1−→ 〈0〉 σ = {y ′ 7→ 0}

add(s(0), 0) ?−→ 〈s(z)〉 ⇐ add(0, 0) ?−→ 〈z〉 σ = {x 7→ 0, y 7→ 0}
Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 6 / 40



Rewriting CCS

Definition
A ground constructor-based rewrite relationa →R of a CTRS R is the
smallest binary relation for all pairs of ground terms (s, t), where there is a
ground constructor substitution σ and a rewrite rule l → r ⇐ c
such that (l → r ⇐ c)σ is ground, s = lσ, rσ = t and, for each condition
(li → ri ) ∈ c , liσ →∗R riσ.

aThe position is always the root position, and is implicit in the definition.

Example (Addition of unary numbers)
C = {s/1, 0/0} and D = {add/2/1}
{add(0, y)→ 〈y〉, add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉}

add(s(0), 0) ?−→ 〈s(z)〉 ⇐ add(0, 0) ?−→ 〈z〉 σ = {x 7→ 0, y 7→ 0}
add(0, 0) r1−→ 〈0〉 σ = {y ′ 7→ 0}

add(s(0), 0) ?−→ 〈s(z)〉 ⇐ add(0, 0) r1−→ 〈0〉 σ = {x 7→ 0, y 7→ 0, z 7→ 0}
Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 6 / 40



Rewriting CCS

Definition
A ground constructor-based rewrite relationa →R of a CTRS R is the
smallest binary relation for all pairs of ground terms (s, t), where there is a
ground constructor substitution σ and a rewrite rule l → r ⇐ c
such that (l → r ⇐ c)σ is ground, s = lσ, rσ = t and, for each condition
(li → ri ) ∈ c , liσ →∗R riσ.

aThe position is always the root position, and is implicit in the definition.

Example (Addition of unary numbers)
C = {s/1, 0/0} and D = {add/2/1}
{add(0, y)→ 〈y〉, add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉}

add(s(0), 0) ?−→ 〈s(z)〉 ⇐ add(0, 0) ?−→ 〈z〉 σ = {x 7→ 0, y 7→ 0}
add(0, 0) r1−→ 〈0〉 σ = {y ′ 7→ 0}

add(s(0), 0) r2−→ 〈s(0)〉 ⇐ add(0, 0) r1−→ 〈0〉 σ = {x 7→ 0, y 7→ 0, z 7→ 0}
Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 6 / 40



Modeling Language Paradigms

Declarative

all CCSs

Functional

orthogonal:
non-overlapping
left-linear

EV-free
left-to-right deterministic

Reversible
output-orthogonal:

non-output-overlapping
right-linear

non-erasing
weakly non-erasing
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Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 7 / 40



Modeling Language Paradigms

Declarative

all CCSs

Functional

orthogonal:
non-overlapping
left-linear

EV-free
left-to-right deterministic

Reversible
output-orthogonal:

non-output-overlapping
right-linear

non-erasing
weakly non-erasing

Example (Declarative, Functional, and Reversible Programs)

Functional : add(0, y)→ 〈y〉
add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉

Definition
Two rules l → r ⇐ c and l ′ → r ′ ⇐ c ′ are

overlapping if l and l ′ overlap and
output-overlapping if root(l) = root(l ′) and r and r ′ overlap.

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 7 / 40



Modeling Language Paradigms

Declarative

all CCSs

Functional

orthogonal:
non-overlapping
left-linear

EV-free
left-to-right deterministic

Reversible
output-orthogonal:

non-output-overlapping
right-linear

non-erasing
weakly non-erasing

Example (Declarative, Functional, and Reversible Programs)

Reversible : add′(0, y)→ 〈y , 0〉
add′(s(x), y)→ 〈s(z), s(x)〉 ⇐ add′(x , y)→ 〈z , x〉

Definition
Two rules l → r ⇐ c and l ′ → r ′ ⇐ c ′ are

overlapping if l and l ′ overlap and
output-overlapping if root(l) = root(l ′) and r and r ′ overlap.

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 7 / 40



Modeling Language Paradigms

Declarative

all CCSs

Functional

orthogonal:
non-overlapping
left-linear

EV-free
left-to-right deterministic

Reversible
output-orthogonal:

non-output-overlapping
right-linear

non-erasing
weakly non-erasing

Definition
A conditional rule l → r ⇐ c where c = l1 → r1 ∧ . . . ∧ lk → rk is

left-linear if l is linear and
right-linear if r is linear.

left-to-right deterministic if Var(li ) ⊆ Var(l , r1, . . . , ri−1) for 1 ≤ i ≤ k and
weakly non-erasing if Var(ri ) ⊆ Var(r , li+1, . . . , lk)

extra variables free if Var(r) ⊆ Var(l , c) and
non-erasing if Var(l) ⊆ Var(r , c)
Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 7 / 40



Full Inversion

Definition (Full Inversion)

Let R and R be CCSs over F = C ] D and F = C ] D, respectively, with
f /n/m ∈ D and f /m/n ∈ D. Then, R is a full inverse of R w.r.t. f
if for all ground constructor terms s1, . . . , sn, t1, . . . , tm ∈ T (C\{〈〉}, ∅),

f (s1, . . . , sn) →R 〈t1, . . . , tm〉 ⇔
f (t1, . . . , tm) →R 〈s1, . . . , sn〉
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Radd ′ = add(y)→ 〈0, y〉
add(s(z))→ 〈s(x), y〉 ⇐ add(z)→ 〈x , y〉
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Full Inversion of Rules

Example

Radd ′ = add ′(0, y)→ 〈y , 0〉
add ′(s(x), y)→ 〈s(z), s(x)〉 ⇐ add ′(x , y)→ 〈z , x〉

Example (Inverse reverse addition )

Radd ′ = add ′(y , 0)→ 〈0, y〉
add ′(s(z), s(x))→ 〈s(x), y〉 ⇐ add ′(z , x)→ 〈x , y〉

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 9 / 40



Full Inversion of Rules

Example

Radd ′ = add ′(0, y)→ 〈y , 0〉
add ′(s(x), y)→ 〈s(z), s(x)〉 ⇐ add ′(x , y)→ 〈z , x〉

Example (Inverse reverse addition )

Radd ′ = add ′(y , 0)→ 〈0, y〉
add ′(s(z), s(x))→ 〈s(x), y〉 ⇐ add ′(z , x)→ 〈x , y〉

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 9 / 40



Full Inversion of Rules

Example

Radd ′ = add ′(0, y)→ 〈y , 0〉
add ′(s(x), y)→ 〈s(z), s(x)〉 ⇐ add ′(x , y)→ 〈z , x〉

Example (Inverse reverse addition )

Radd ′ = add ′(y , 0)→ 〈0, y〉
add ′(s(z), s(x))→ 〈s(x), y〉 ⇐ add ′(z , x)→ 〈x , y〉

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 9 / 40



Full Inversion of Rules

Example

Radd ′ = add ′(0, y)→ 〈y , 0〉
add ′(s(x), y)→ 〈s(z), s(x)〉 ⇐ add ′(x , y)→ 〈z , x〉

add ′(s(x), y)→ 〈s(z), s(x)〉 ⇐ add ′(x , y)→ 〈z , x〉

Example (Inverse reverse addition )

Radd ′ = add ′(y , 0)→ 〈0, y〉
add ′(s(z), s(x))→ 〈s(x), y〉 ⇐ add ′(z , x)→ 〈x , y〉

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 9 / 40



Full Inversion of Rules

Example

Radd ′ = add ′(0, y)→ 〈y , 0〉
add ′(s(x), y)→ 〈s(z), s(x)〉 ⇐ add ′(x , y)→ 〈z , x〉

add ′(s(x), y)→ 〈s(z), s(x)〉 ⇐ add ′(x , y)→ 〈z , x〉

Example (Inverse reverse addition )

Radd ′ = add ′(y , 0)→ 〈0, y〉
add ′(s(z), s(x))→ 〈s(x), y〉 ⇐ add ′(z , x)→ 〈x , y〉

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 9 / 40



Full Inversion of Rules

Example

Radd ′ = add ′(0, y)→ 〈y , 0〉
add ′(s(x), y)→ 〈s(z), s(x)〉 ⇐ add ′(x , y)→ 〈z , x〉

add ′(s(z), s(x))→ 〈s(x), y〉 ⇐ add ′(x , y)→ 〈z , x〉

Example (Inverse reverse addition )

Radd ′ = add ′(y , 0)→ 〈0, y〉
add ′(s(z), s(x))→ 〈s(x), y〉 ⇐ add ′(z , x)→ 〈x , y〉

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 9 / 40



Full Inversion of Rules

Example

Radd ′ = add ′(0, y)→ 〈y , 0〉
add ′(s(x), y)→ 〈s(z), s(x)〉 ⇐ add ′(x , y)→ 〈z , x〉

add ′(s(z), s(x))→ 〈s(x), y〉 ⇐ add ′(x , y)→ 〈z , x〉

Example (Inverse reverse addition )

Radd ′ = add ′(y , 0)→ 〈0, y〉
add ′(s(z), s(x))→ 〈s(x), y〉 ⇐ add ′(z , x)→ 〈x , y〉

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 9 / 40



Full Inversion of Rules

Example

Radd ′ = add ′(0, y)→ 〈y , 0〉
add ′(s(x), y)→ 〈s(z), s(x)〉 ⇐ add ′(x , y)→ 〈z , x〉

add ′(s(z), s(x))→ 〈s(x), y〉 ⇐ add ′(x , y)→ 〈z , x〉

Example (Inverse reverse addition )

Radd ′ = add ′(y , 0)→ 〈0, y〉
add ′(s(z), s(x))→ 〈s(x), y〉 ⇐ add ′(z , x)→ 〈x , y〉

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 9 / 40



Full Inversion of Rules

Example

Radd ′ = add ′(0, y)→ 〈y , 0〉
add ′(s(x), y)→ 〈s(z), s(x)〉 ⇐ add ′(x , y)→ 〈z , x〉

add ′(s(z), s(x))→ 〈s(x), y〉 ⇐ add ′(x , y)→ 〈z , x〉

Example (Inverse reverse addition )

Radd ′ = add ′(y , 0)→ 〈0, y〉
add ′(s(z), s(x))→ 〈s(x), y〉 ⇐ add ′(z , x)→ 〈x , y〉

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 9 / 40



Full Inversion of Rules

Example

Radd ′ = add ′(0, y)→ 〈y , 0〉
add ′(s(x), y)→ 〈s(z), s(x)〉 ⇐ add ′(x , y)→ 〈z , x〉

add ′(s(z), s(x))→ 〈s(x), y〉 ⇐ add ′(z , x)→ 〈x , y〉

Example (Inverse reverse addition )

Radd ′ = add ′(y , 0)→ 〈0, y〉
add ′(s(z), s(x))→ 〈s(x), y〉 ⇐ add ′(z , x)→ 〈x , y〉

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 9 / 40



Full Inversion of Rules

Example

Radd ′ = add ′(0, y)→ 〈y , 0〉
add ′(s(x), y)→ 〈s(z), s(x)〉 ⇐ add ′(x , y)→ 〈z , x〉

add ′(s(z), s(x))→ 〈s(x), y〉 ⇐ add ′(z , x)→ 〈x , y〉

Example (Inverse reverse addition )

Radd ′ = add ′(y , 0)→ 〈0, y〉
add ′(s(z), s(x))→ 〈s(x), y〉 ⇐ add ′(z , x)→ 〈x , y〉

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 9 / 40



Full Inversion of Rules

Example

Radd ′ = add ′(0, y)→ 〈y , 0〉
add ′(s(x), y)→ 〈s(z), s(x)〉 ⇐ add ′(x , y)→ 〈z , x〉

add ′(s(z), s(x))→ 〈s(x), y〉 ⇐ add ′(z , x)→ 〈x , y〉

Example (Inverse reverse addition = Reverse subtraction)

Radd ′ = add ′(y , 0)→ 〈0, y〉
add ′(s(z), s(x))→ 〈s(x), y〉 ⇐ add ′(z , x)→ 〈x , y〉
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Algorithm – Full Inversion of Rules

ruleinvfull(f(p1, . . . , pn)→ 〈q1, . . . , qm〉 ⇐ c) =
// full invert and label the rule head
lhs → rhs := f(q1, . . . , qm) → 〈p1, . . . , pn〉
// reorder & locally full invert the conditions
c’ := reverse(c) // reorder
c” := localinvcfull(c’) // locally full invert
// return the full inverted rule
lhs → rhs ⇐ c”

localinvcfull(c, Var) = case c of
// if no conditions, return the empty conjunction
ε => ε

// else full invert the left-most condition
f(p1, . . . , pn)→ 〈q1, . . . , qm〉 ∧ Restc =>

// locally full invert and label the condition
lhs → rhs := f(q1, . . . , qm)→ 〈p1, . . . , pn〉

// return the inverted conditions
lhs→ rhs ∧ localinvcfull(Restc)
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Full Inversion Algorithm

invfull(Pend, Done) =
if Pend = ∅ then ∅ else

// choose a pending task for semi-inversion
f ∈ Pend;

// full invert all rules of f
f-Rulesoriginal := { ρ | ρ : l → r ⇐ c ∈ R, root(l) = f };
f-Rulesinverted := { ruleinvfull(ρ) | ρ ∈ f-Rulesoriginal };

// update the pending and done sets
NewDep := getdep(f-Rulesinverted)\ Done ;
f-Rulesinverted ∪ invfull((Pend ∪ NewDep) \ {f}, Done ∪ {f});

getdep(Rules) =
{ root(li ) | l → r ⇐ c ∈ Rules, li → ri ∈ c };
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f-Rulesinverted := { ruleinvfull(ρ) | ρ ∈ f-Rulesoriginal };

// update the pending and done sets
NewDep := getdep(f-Rulesinverted)\ Done ;
f-Rulesinverted ∪ invfull((Pend ∪ NewDep) \ {f}, Done ∪ {f});

getdep(Rules) =
{ root(li ) | l → r ⇐ c ∈ Rules, li → ri ∈ c };

Definition
Given a CCS R, a defined function symbol f /n/m ∈ D, the full inverter
yields the CCS

Rf = invfull({f }, ∅)R.
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Challenge: Full Invert Divide

Full Invert Divide
Use the Full Inversion Algorithm to manually invert the divide program:

divide(ys)→ 〈[], ys〉
divide(:(x , zs))→ 〈:(x , xs), ys〉 ⇐ divide(zs)→ 〈xs, ys〉

The full inversion of divide

divide([], ys)→ 〈ys〉
divide(:(x , xs), ys)→ 〈:(x , zs)〉 ⇐ divide(xs, ys)→ 〈zs〉
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Full Inversion –Tool Demonstration

Code-along Challenge
Open your browser at http://topps.diku.dk/pirc/inversion-tool/
and be ready to code-along.

Example
(VAR x xs y ys zs)
(RULES
divide(ys) -> <[], ys>
divide(:(x, zs)) -> <:(x, xs), ys> <= divide(zs) -> <xs, ys>

)
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Inversion and Extra Variables

Definition (Extra variables)
A rule l → r ⇐ c has extra variablesa, if a variable occurs on the right-hand
side r but neither in its left-hand side l nor in its conditions c , i.e.,

Var(r) \ (Var(l) ∪ Var(c)).

In case a rule has no extra variables, we call it extra-variable-free (EV-free).
aWe follow the terminology of [NSS05] — these are not to be confused with

“extra variables” [Ohl02], i.e., (Var(r) ∪ Var(c)) \ Var(l).

Example (First projection)
(VAR x y test) (VAR x y test)
(RULES (RULES

fst(x, y) -> <x> fst{}{1}(x) -> <x, y>
) )
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Extra Variables

There are two interchangeable source for nondeterminism [AH06]:

I overlapping rules
I extra variables

The ground constructor rewrite relation ensures that the reductions
are ground.
Extra variables may cause infinitely branching.

Instead, a more general evaluation mechanism narrowing is applicable;
in narrowing, matching is replaced by unification, see, e.g., [BN98] for
further details and [Han94; Ant10] for a survey.
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Permutation

Example (Permutations of a list)

perm([])→ 〈[]〉
perm(x)→ 〈:(y , z)〉 ⇐ del(x)→ 〈y , u〉 ∧ perm(u)→ 〈z〉
del(:(x , y))→ 〈x , y〉
del(:(x , y))→ 〈z , :(x , u)〉 ⇐ del(y)→ 〈z , u〉

Example (The full inversion, another list permutation program)

perm([])→ 〈[]〉
perm(:(y , z))→ 〈x〉 ⇐ perm(z)→ 〈u〉 ∧ del(y , u)→ 〈x〉
del(x , y)→ 〈:(x , y)〉
del(z , :(x , u))→ 〈:(x , y)〉 ⇐ del(z , u)→ 〈y〉
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Janus Inverter

Janus-Inverter

inv(proc(name,progr)) → 〈proc(u,v)〉 ⇐
invName(name) → 〈u〉 ∧ inv(progr) → 〈v〉

inv(+=(x,y)) → 〈-=(x,y)〉
inv(-=(x,y)) → 〈+=(x,y)〉
inv(<=>(x,y)) → 〈<=>(x,y)〉

inv(if(x1,y1,y2,x2)) → 〈if(x2,z1,z2,x1)〉 ⇐
inv(y1) → 〈z1〉∧ inv(y2) → 〈z2〉

inv(loop(x1,y1,y2,x2))→ 〈loop(x2,z1,v2,x1)〉⇐
inv(y1) → 〈z1〉 ∧ inv(y2) → 〈z2〉

inv(call(name)) → 〈call(u)〉 ⇐
invName(name) → 〈u〉

inv(uncall(name)) → 〈uncall(u)〉 ⇐
invName(name) → 〈u〉

inv(sequence(x,y)) → 〈sequence(u,v)〉 ⇐
inv(y) → 〈u〉 ∧ inv(x) → 〈v〉

inv(skip) → 〈skip〉

Fully inverted Janus-inverter

inv(proc(u,v)) → 〈proc(name,progr)〉 ⇐
invName(u) → 〈name〉 ∧ inv(v) → 〈progr〉

inv(-=(x,y)) → 〈+=(x,y)〉
inv(+=(x,y)) → 〈-=(x,y)〉
inv(<=>(x,y)) → 〈<=>(x,y)〉

inv(if(x2,z1,z2,x1)) → 〈if(x1,y1,y2,x2)〉 ⇐
inv(z1) → 〈y1〉 ∧ inv(z2) → 〈y2〉

inv(loop(x2,z1,z2,x1))→〈loop(x1,y1,y2,x2)〉⇐
inv(z1) → 〈y1〉 ∧ inv(z2) → 〈y2〉

inv(call(u)) → 〈call(name)〉 ⇐
invName(u) → 〈name〉

inv(uncall(u)) → 〈uncall(name)〉 ⇐
invName(u) → 〈name〉

inv(sequence(u,v)) → 〈sequence(x,y)〉 ⇐
inv(u) → 〈y〉 ∧ inv(v) → 〈x〉

inv(skip) → 〈skip〉
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Motivation for Partial and Semi Inversion

better systems when using partial/semi inversion

require partial/semi inversion

Partial inversion of addition

add(0, y)→ 〈y〉
add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉

add{1}{1}(0, y)→ 〈y〉
add{1}{1}(s(x), s(z))→ 〈y〉 ⇐ add{1}{1}(x , z)→ 〈y〉
Which input-output relation does add{1}{1} specify? answer: subtraction.

Other examples are:

multiplication and division, e.g.,
mul(fac1, fac2) = prod div(prod , fac1) = fac2
symmetric encoding/decoding, e.g.,
enc(textclear , key) = textenc dec(textenc , key) = textclear
discrete physical simulations, e.g., free fall
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Semi-inversion (Partial Inversion)

Definition (Semi-inverse)

Let R and R be CCSs over F = C ] D , respectively, with
f /n/m, f IO/n/m ∈ D, where I = {i1, . . . , ia} and O = {o1, . . . , ob} are
index sets such that n = a+ b and m = m + n − n. Then, R is a
semi-inverse of R w.r.t. f , I , and O if for all ground constructor terms
s1, . . . , sn, t1, . . . , tm ∈ T (C\{〈〉}, ∅),

f (s1, . . . , sn) →R 〈t1, . . . , tm〉 ⇔
f IO(si1 , . . . , sia , to1 , . . . , tob) →R 〈sia+1 , . . . , sin , tob+1 , . . . , tom〉

where {i1, . . . , ia} ] {ia+1, . . . , in} = {1, . . . , n} and {o1, . . . , ob} ]
{ob+1, . . . , om} = {1, . . . ,m}.

A Semi-inversion is:
a Full Inversion if O = {t1, . . . , tm} and I = ∅, and
a Partial Inversion if O = {t1, . . . , tm}.
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Semi-inversion of Rules

Example (Multiplication of unary numbers Rmul)

add(0, y)→ 〈y〉
add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉
mul(0, y)→ 〈0〉
mul(s(x), y)→ 〈s(z)〉 ⇐ add(y ,w)→ 〈z〉 ∧mul(x , y)→ 〈w〉

Example (Part. inverse multiplication)

add{1}{1}(0, y)→ 〈y〉
add{1}{1}(s(x), s(z))→ 〈y〉 ⇐ add{1}{1}(x , z)→ 〈y〉
mul{2}{1}(y , 0)→ 〈0〉
mul{2}{1}(y , s(z))→ 〈s(x)〉 ⇐ add{1}{1}(y , z)→ 〈w〉 ∧mul{2}{1}(y ,w)→ 〈x〉
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Semi-inversion of Rules
ruleinvsemi(f(p1, . . . , pn)→ 〈q1, . . . , qm〉 ⇐ c, {i1, . . . , ia}, {o1, . . . , ob}) =

// semi-invert the rule head and label the function symbol
{ia+1, . . . , in} := {1, . . . , n} \ {i1, . . . , ia}
{ob+1, . . . , om} := {1, . . . , m} \ {o1, . . . , ob}
l → r := f{i1,...,ia}{o1,...,ob}(pi1 , . . . , pia , qo1 , . . . , qob)→ 〈pia+1 , . . . , pin , qob+1 , . . . , qom〉
// locally invert the conditions after reordering
c’ := heuristic(c, Var(l)) // reorder conditions of rule
c” := localinvcsemi(c’,Var(l)) // reorder terms in conditions
// return the inverted rule
l → r ⇐ c”

localinvcsemi(c, Var) = case c of
// if no condition, then return the empty condition
ε => ε
// else invert the left-most condition
f(p1, . . . , pn)→ 〈q1, . . . , qm〉 ∧ Restc =>

// build the index sets
{i1, ..., ia} := {i | i ∈ {1,...,n}, Var(pi) ⊆ Var}
{ia+1,..., in} := {1,...,n} \ {i1,...,ia}
{o1, ..., ob } := {o | o ∈ {1,...,m}, Var(qo) ⊆ Var}
{ob+1,..., om} := {1,...,m} \ {o1,...,ob}
// locally invert and label the left-most condition
l → r := f{i1,...,ia}{o1,...,ob}(pi1 , . . . , pia , qo1 , . . . , qob)→ 〈pia+1 , . . . , pin , qob+1 , . . . , qom〉
// return the inverted conditions
l → r ∧ localinvcsemi(Restc, Var ∪ Var(r))
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Semi-inversion Algorithm

invsemi(Pend, Done) =
if Pend = ∅ then ∅ else

// choose a pending task for semi-inversion
fIO ∈ Pend;

// full invert all rules of f
f-Rulesoriginal := { ρ | ρ : l → r ⇐ c ∈ R, root(l) = f };
f-Rulesinverted := { ruleinvsemi(ρ, I, O) | ρ ∈ f-Rulesoriginal };

// update the pending and done sets
NewDep := getdep(f-Rulesinverted)\Done;
f-Rulesinverted ∪ invsemi((Pend ∪ NewDep) \ {fIO}, Done ∪ {fIO});

Definition
Given a CCS R, a defined function symbol f /n/m ∈ D and io-sets
I ⊆ {1, . . . , n} and O ⊆ {1, . . . ,m}, the semi-inverter yields the CCS

Rf = invsemi({f IO}, ∅)R.
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Heuristic

Example (Multiplication of unary numbers Rmul)

add(0, y)→ 〈y〉
add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉
mul(0, y)→ 〈0〉
mul(s(x), y)→ 〈s(z)〉 ⇐ add(y ,w)→ 〈z〉 ∧mul(x , y)→ 〈w〉

Example (Division Rmul{2}{1}
)

add{1}{1}(0, y)→ 〈y〉
add{1}{1}(s(x), s(z))→ 〈y〉 ⇐ add{1}{1}(x , z)→ 〈y〉
mul{2}{1}(y , 0)→ 〈0〉
mul{2}{1}(y , s(z))→ 〈s(x)〉 ⇐ add{1}{1}(y , z)→ 〈w〉 ∧mul{2}{1}(y ,w)→ 〈x〉

Reordering of conditions
What was the reordering used in full inversion?

Can we use that again? why/why not?
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Heuristic

Semi-inversion solution: a greedy heuristic.
Recursively choose the condition with highest “known terms”-%.

Example (Heuristic – to create Rmul{2}{1}
)

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 25 / 40



Heuristic

Semi-inversion solution: a greedy heuristic.
Recursively choose the condition with highest “known terms”-%.

Example (Heuristic – to create Rmul{2}{1}
)

add(0, y)→ 〈y〉
add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉
mul(0, y)→ 〈0〉
mul(s(x), y)→ 〈s(z)〉 ⇐ mul(x , y)→ 〈w〉 ∧ add(y ,w)→ 〈z〉

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 25 / 40



Heuristic

Semi-inversion solution: a greedy heuristic.
Recursively choose the condition with highest “known terms”-%.

Example (Heuristic – to create Rmul{2}{1}
)

add(0, y)→ 〈y〉
add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉
mul(0, y)→ 〈0〉
mul(s(x), y)→ 〈s(z)〉 ⇐ mul(x , y)→ 〈w〉 ∧ add(y ,w)→ 〈z〉

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 25 / 40



Heuristic

Semi-inversion solution: a greedy heuristic.
Recursively choose the condition with highest “known terms”-%.

Example (Heuristic – to create Rmul{2}{1}
)

add(0, y)→ 〈y〉
add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉
mul(0, y)→ 〈0〉
mul(s(x), y)→ 〈s(z)〉 ⇐ mul(x , y)→ 〈w〉 ∧ add(y ,w)→ 〈z〉

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 25 / 40



Heuristic

Semi-inversion solution: a greedy heuristic.
Recursively choose the condition with highest “known terms”-%.

Example (Heuristic – to create Rmul{2}{1}
)

add(0, y)→ 〈y〉
add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉
mul(0, y)→ 〈0〉
mul(s(x), y)→ 〈s(z)〉 ⇐ mul(x , y)→ 〈w〉︸ ︷︷ ︸

1/3

∧ add(y ,w)→ 〈z〉︸ ︷︷ ︸
2/3

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 25 / 40



Heuristic

Semi-inversion solution: a greedy heuristic.
Recursively choose the condition with highest “known terms”-%.

Example (Heuristic – to create Rmul{2}{1}
)

add(0, y)→ 〈y〉
add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉
mul(0, y)→ 〈0〉
mul(s(x), y)→ 〈s(z)〉 ⇐ mul(x , y)→ 〈w〉︸ ︷︷ ︸

1/3

∧ add(y ,w)→ 〈z〉︸ ︷︷ ︸
2/3

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 25 / 40



Heuristic

Semi-inversion solution: a greedy heuristic.
Recursively choose the condition with highest “known terms”-%.

Example (Heuristic – to create Rmul{2}{1}
)

add(0, y)→ 〈y〉
add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉
mul(0, y)→ 〈0〉
mul(s(x), y)→ 〈s(z)〉 ⇐ add(y ,w)→ 〈z〉 ∧ mul(x , y)→ 〈w〉

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 25 / 40



Heuristic

Semi-inversion solution: a greedy heuristic.
Recursively choose the condition with highest “known terms”-%.

Example (Heuristic – to create Rmul{2}{1}
)

add(0, y)→ 〈y〉
add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉
mul(0, y)→ 〈0〉
mul(s(x), y)→ 〈s(z)〉 ⇐ add(y ,w)→ 〈z〉 ∧ mul(x , y)→ 〈w〉

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 25 / 40



Heuristic

Semi-inversion solution: a greedy heuristic.
Recursively choose the condition with highest “known terms”-%.

Example (Heuristic – to create Rmul{2}{1}
)

add(0, y)→ 〈y〉
add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉
mul(0, y)→ 〈0〉
mul(s(x), y)→ 〈s(z)〉 ⇐ add(y ,w)→ 〈z〉 ∧ mul(x , y)→ 〈w〉

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 25 / 40



Heuristic

Semi-inversion solution: a greedy heuristic.
Recursively choose the condition with highest “known terms”-%.

Example (Heuristic – to create Rmul{2}{1}
)

add(0, y)→ 〈y〉
add(s(x), y)→ 〈s(z)〉 ⇐ add(x , y)→ 〈z〉
mul(0, y)→ 〈0〉
mul(s(x), y)→ 〈s(z)〉 ⇐ add(y ,w)→ 〈z〉 ∧ mul(x , y)→ 〈w〉︸ ︷︷ ︸

2/3

Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 25 / 40



Heuristic

heuristic(c, KnownVar) = case c of
// if no condition, then return the empty condition
ε => ε

// else find condition with highest percentage of known parameters
l1→r1 ∧ . . .∧ lk→rk =>

// determine percentages
Percent1 := percent(l1→r1, KnownVar)
. . . . . .
Percentk := percent(lk→rk , KnownVar)
(Pi ,i) := maxPercent((Percent1,1),. . . ,(Percentk ,k))
// select condition, reorder remaining conditions in updated variable set
li→ri ∧ heuristic(c \ (li→ri ), KnownVar ∪ Var(li ,ri ))

percent(f(p1, . . . , pn) → 〈q1, ..., qm〉, KnownVar) =
// determine index sets of known parameters
I := {i | i ∈ {1, . . . , n}, Var(pi ) ⊆ KnownVar }
O := {j | j ∈ {1, . . . , m}, Var(qj) ⊆ KnownVar }
// return percentage of known parameters
(|I| + |O|) / (m + n) // known = |I| + |O|, total = m + n
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Tool Demonstration

Code-along Challenge
Open your browser at

http://topps.diku.dk/pirc/inversion-tool/
and be ready to code-along.

Example (multiplication)
Partially invert the mul2 using the Semi-inverter with io-set I={2}, O={1}

(VAR x y z w)
(RULES

mul2(0,y) -> <0>
mul2(s(x),y) -> <z> <= add(y,w) -> <z>, mul2(x,y) -> <w>

add(0,y) -> <y>
add(s(x), y) -> <s(z)> <= add(x,y) -> <z>

)
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Tool Demonstration

Tool Challenge
Use the Semi-inverter to invert mul and mul2 with io-set I={2},O={1}.
Compare their inversions.

(VAR x y z w)
(RULES

mul(0,y) -> <0>
mul(s(x),y) -> <z> <= mul(x,y) -> <w>, add(y,w) -> <z>

mul2(0,y) -> <0>
mul2(s(x),y) -> <z> <= add(y,w) -> <z>, mul2(x,y) -> <w>

add(0,y) -> <y>
add(s(x), y) -> <s(z)> <= add(x,y) -> <z>

)
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Discrete Physical Simulation of Free Fall

Example (Free fall)
fall(v, h, 0)→ 〈v, h〉
fall(v0, h0, s(t))→ 〈v, h〉 ⇐ add(v0, s(0))→ 〈vn〉 ∧ height(h0, vn)→ 〈hn〉 ∧ fall(vn, hn, t)→ 〈v, h〉
height(h0, vn)→ 〈hn〉 ⇐ add(h0, s(0))→ 〈htemp〉 ∧ sub(htemp, vn)→ 〈hn〉

Inversions

Original fall : (v0, h0, t)→ (v, h)

Full inv. fall∅{1,2} : (v, h)→ (v0, h0, t)
Partial inv. fall{3}{1,2} : (t, v, h)→ (v0, h0)
Semi-inv. fall{1,2}{2} : (v0, h0, h)→ (t, v)

vt = vt−1 + g
ht = ht−1 − vt + g/2
where g ≈ 10m/s2

Example (Semi-inversion)
fall{1,2}{2}(v, h, h)→ 〈0, v〉
fall{1,2}{2}(v0, h0, h)→ 〈s(t), v〉 ⇐

add(v0, s(0))→ 〈vn〉 ∧ height(h0, vn)→ 〈hn〉 ∧ fall{1,2}{2}(vn, hn, h)→ 〈t, v〉
height(h0, vn)→ 〈hn〉 ⇐ add(h0, s(0))→ 〈htemp〉 ∧ sub(htemp, vn)→ 〈hn〉
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Reasoning Program Inversion Algorithms

A step towards comparing and reasoning about program inverters

studied existing algorithms: Trivial Inverter [KG20a], Full
Inverter [Nis04], Partial Inverter [NSS05] & Semi Inverter [KG20b]
created an inversion framework capturing these (and more) inverters
and shown its correctness [KG20a],
identified program properties which holds for all full, all partial or for
all semi-inverters covered by this framework [KG20a], and
implemented the algorithm [MGK21]
http://topps.diku.dk/pirc/inversion-tool/
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Generic Inversion Algorithm

L1 inv(Pend ,R) =
L2 Done := ∅; // done tasks
L3 R ′ := ∅; // inverted rules
L4 while(Pend 6= ∅){
L5 // choose a pending task for semi-inversion
L6 (f , I ,O) ∈ Pend ;
L7 // semi-invert all rules of f in R with index sets I and O
L8 R ′′ := { ruleinv(ρ, I ,O) | ρ ∈ (R|f ) };
L9 // update the inverted rules, pending and done sets

L10 R ′ := R ′ ∪ R ′′;
L11 Done := Done ∪ {(f , I ,O)};
L12 Pend := (Pend ∪ getdep(R ′′)) \ Done;
L13 }
L14 return R ′;

L15 getdep(Rules) =
L16 return { (f , I ,O) | l→r⇐c ∈ Rules, li→ri ∈ c , root(li ) = f IO };

Invoke the inverter by
inv({(f ,I,O)},R),

e.g., full inversion:
inv({(mul,∅,{1})},R)
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Parameterized Rule Inverter & Instantiations

L1 ruleinv(f (pn̄)→ 〈qm̄〉 ⇐ c , I ,O) =
L2 l ′ → r ′ := f IO(pI , qO)→ 〈pn̄\I , qm̄\O〉; // semi-invert rule head
L3 c ′ := reorder(c , l ′ → r ′); // reorder conditions
L4 c ′′ := localinv(c ′, l ′ → r ′); // invert conditions
L5 return(l ′ → r ′ ⇐ c ′′); // the inverted rule

trivial inversion [KG20a]: pure partial inversion [NSS05]:
reorder(c , l→r) = c ; reorder(c , l→r) = reverse(c);
localinv(c , l→r)= c ; localinv(c , l→r)= localinvpart(c ,Var(l ′));

pure full inversion [Nis04]: semi-inversion [KG20b]:
reorder(c , l→r) = reverse(c); reorder(c , l→r) = heuristic(c ,Var(l ′));
localinv(c , l→r)= map swap c ; localinv(c , l→r)= localinvsemi(c ,Var(l ′));
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More than one Algorithm

Challenge: Compare the Partial and Semi Inversion Algorithms
Partially invert the following mul with io-set I = {2} and O = {1} with
both the semi-inverter and the partial inverter (check both).

(VAR x y z w)
(RULES

mul2(0,y) -> <0>
mul2(s(x),y) -> <z> <= add(y,w) -> <z>, mul2(x,y) -> <w>
add(0,y) -> <y>
add(s(x), y) -> <s(z)> <= add(x,y) -> <z>

)

1 what are the differences between the output systems?
2 which do you prefer and why?
3 what do you think causes the differences?
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Well-behaved Rule Inverters & Correctness [KG20a]

Definition (Well-behaved rule inverters)
A well-behaved rule inverter ruleinv

locally inverts the left and the right side of a rule according to the
given io-sets,
reorders the condition conjunction, and
locally inverts each of the conditions in that conjunction.

Theorem (correctness of well-behaved inverters )
Let R be a CCS and inv be a well-behaved inverter defining Rall and Rf IO
for a defined symbol f /n/m ∈ DR and io-sets I and O. Then, Rf IO

is an
inverse of R with respect to f , I , and O.
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Inversion in different language paradigms

Declarative

all CCSs

Functional

orthogonal:
non-overlapping
left-linear

EV-free
left-to-right deterministic

Reversible
output-orthogonal:

non-output-overlapping
right-linear

non-erasing
weakly non-erasing
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Properties of Inverted Reversible Systems

Challenge
Use the tool to explore the properties of the different inversions of
reversible addition.

add′(0, y)→ 〈y , 0〉
add′(s(x), y)→ 〈s(z), s(x)〉 ⇐ add′(x , y)→ 〈z , x〉
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Summary

Introduction to the concept of full, partial and semi-inversion,
i.e., given one program, we access a handfull of programs.

Introduction to a mathematical formalism CCS which models logic,
functional and logic and functional programs
The core algorithm for full inversion including step-by-step challenges,
code-along and applications.
The algorithm for semi-inversion including challenges, code-along and
applications.
Seen how the generic inversion algorithm can be used for comparing
existing algorithms and discussing the properties of the resulting
systems.

The tool’s source code: https://github.com/pirc-src/inversion-tool
Kirkeby & Glück Inversion and Term Rewriting Systems ISR 2021 37 / 40
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