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1 Type Environment and operators

Non-functional algebraic types may be safe types s”, condemned types d”
or indanger types r”.

datatype Mark = s"" | d" | r”

A type environment is a partial mapping from program variables to marks.

types TypeEnvironment = string — Mark

Some auxiliary predicates: ’'unsafe’ is true for condemned and in-danger
types, ’safe’ is true for safe types.
constdefs unsafe :: Mark option = bool

unsafe x = (x = Some d') V (z = Some r”)

constdefs safe :: Mark option = bool
safe z = (xz = Some s'’)
1.1 Operators on type environments

constdefs
untonEnv 1 TypeEnvironment = TypeEnvironment = TypeEnvironment
unionEnv T'1 T2 = (%z. if ©: dom T'1 then T'1 x else T'2 x)

Operator +: Disjoint union of environments

constdefs def-disjointUnionEnv :: TypeEnvironment = TypeEnvironment = bool



def-disjointUnionEnv 'l T2 = dom 'l N dom T'2 = {}

constdefs disjointUnionEnv ::  TypeEnvironment = TypeEnvironment = Type-
Environment (infix + 100)
I't + T2 = unionEnv I'1 T2

Operator ® : It allows to join two non-disjoint environments provided they
map the common variables to the same types.

constdefs
def-nonDisjointUnionEnv :: TypeEnvironment = TypeEnvironment = bool
def-nonDisjointUnionEnv T'1 T2 = Vo € dom T'1 Ndom T2.T1 2 =T2z)

constdefs

nonDisjointUnionEnv :: TypeEnvironment = TypeEnvironment = TypeEnviron-
ment (infixl ® 60)

I't ® I'2 = unionEnv I'1 T'2

Operator ® : It allows to join n-non-disjoint environments provided they
map the common variables to the same types.

fun nonDisjointUnionEnvList :: Type Environment list = TypeEnvironment where
nonDisjoint UnionEnvList T's = foldl nonDisjointUnionEnv empty I's

fun def-nonDisjointUnionEnvList :: TypeEnvironment list = bool where
def-nonDisjointUnionEnvList || = True

| def-nonDisjointUnionEnvList (G#Gs) = (let Gs' = nonDisjointUnionEnvList
Gs;
def-Gs' = def-nonDisjointUnionEnvList Gs in
def-nonDisjointUnionEnv G Gs' A def-Gs')

Operator @ : It allows to join two non-disjoint environments provided they
map the common variables to the same safe types.

constdefs

def-nonDisjointUnionSafeEnv :: TypeEnvironment = TypeEnvironment = bool
def-nonDisjointUnionSafeEnv 't T'2 = (Vo € dom I'1 N dom I'2. safe (I'1 z) A
safe (I'2 z))

constdefs

nonDisjointUnionSafeEnv :: TypeEnvironment = TypeEnvironment = TypeEnvi-
ronment (infixl & 60)

I't ® T'2 = unionEnv I'1 T'2

fun nonDisjointUnionSafeEnvList :: TypeEnvironment list = TypeEnvironment
where
nonDisjoint UnionSafeEnvList I's = foldl nonDisjointUnionSafeEnv empty I's

fun def-nonDisjointUnionSafeEnuvList :: TypeEnvironment list = bool where
def-nonDisjointUnionSafeEnvList || = True



| def-nonDisjointUnionSafeEnvList (G# Gs) = (let Gs’ = nonDisjoint UnionSafeEn-
vList Gs;
def-Gs’ = def-nonDisjoint UnionSafe EnvList
Gs in
def-nonDisjointUnionSafeEnv G Gs' A def-Gs')

Operator > : This is used in rules for let. In the union I'l > I'2 not allowed
that variables in L may have unsafe type in I'l . Also, variables common to
I'2 and L, may not have unsafe type in I'2. Once well defined, in environment
I'l > I'2 the types assigned in I'2 to common variables, will prevail.

constdefs
def-pp :: TypeEnvironment = TypeEnvironment = string set = bool
def-pp I'1 T2 L =
(Vz.z € domT1 — unsafe (T'1z) — x ¢ LA (x ¢ dom T2V (T'2x # Some
s”" ANT2z # Somed")) A
(Vz.z € dom T2 A
(T2 2z = Some s""VIT2z = Somed")

—z € L)
constdefs
pp = TypeEnvironment = TypeEnvironment = string set = TypeEnvironment
(- -)

FivT2L= (%z. (ifr ¢ domT1V (z € domT1 N dom T2 A safe (T'1 z))
then T'2 z else T'1 1))

Lemmas for unionEnv operator

lemma empty-unionEnv: unionEnv m empty = m
apply (rule ext)
by (simp add: unionEnv-def split: option.split add: dom-def)

lemma dom-empty-unionEnv: dom (unionEnv m1 empty) = dom ml
apply (subgoal-tac unionEnv m1 empty = m1)
by (simp, rule empty-unionEnv)

Lemmas for disjointUnionEnv operator

lemma empty-disjointUnionEnv: disjointUnionEnv m empty = m
by (simp add: disjointUnionEnv-def, rule empty-unionEnv)

lemma dom-empty-disjointUnionEnv: dom (disjointUnionEnv m1 empty) = dom
ml
by (simp add: disjointUnionEnv-def, rule dom-empty-unionEnv)

lemma union-dom-disjoint UnionFEnv:
def-disjointUnionEnv T'1 T'2 = dom (disjointUnionEnv T'1 T'2) = dom T'1 U
dom I'2
apply (simp add: def-disjoint UnionEnv-def add: disjointUnionEnv-def add: unionEnv-def
auto)



by (split split-if-asm,simp,simp)

lemma dom-disjoint UnionEnv-monotone:

dom (G + G') = dom G U dom G’
apply (simp add: disjointUnionEnv-def add: unionEnv-def, auto)
by (split split-if-asm, simp, simp)

Lemmas for nonDisjointUnionEnv operator

lemma empty-nonDisjointUnionFEnv :
empty @ A=A
by (simp add: nonDisjointUnionEnv-def add: unionEnv-def)

lemma refl-nonDisjointUnionEnv :
AR A=A
by (simp add: nonDisjointUnionEnv-def add: unionEnv-def)

lemma list-induct3:

1P 0;

o zs. P (z#zs) 0,

Wi. P[] (Suc i);

Nz xsi. Pasi ==> P (z#xs) (Suc i) |]
==> P s
by (induct zs arbitrary: i) (case-tac x, auto)+

lemma nonDisjoint UnionEnv-conmutative:
def-nonDisjointUnionEnv G G' = (G @ G') = (G' ® G)

apply (simp add: nonDisjointUnionEnv-def add: unionEnv-def)

apply (rule ext)

by (simp add: def-nonDisjointUnionEnv-def ,clarsimp)

lemma nonDisjoint UnionFEnv-assoc:
(Gl ® G2)®@ G3 =G1 ® (G2® G3)
apply (simp add: nonDisjointUnionEnv-def add: unionEnv-def)
apply (rule ext, auto)
apply (split split-if-asm, simp, simp)
apply (split split-if-asm, simp,simp)
by (split split-if-asm, simp, simp add: dom-def)

lemma nonDisjoint UnionEnv-disjoint Union Env-assoc:
(G1 ® G2) + G3 =G1 ® (G2 + G3)
apply (simp add: nonDisjointUnionEnv-def add: disjointUnionEnv-def add: unionEnv-def )
apply (rule ext, auto)
apply (split split-if-asm, simp, simp)
apply (split split-if-asm, simp,simp)
by (split split-if-asm, simp, simp add: dom-def)

lemma foldl-propl:
foldl op ® (G'® G) Gs = G' ® foldl op ® G Gs



apply (induct Gs arbitrary: G)

apply simp
by (simp-all add: nonDisjointUnionEnv-assoc)

lemma foldl-prop2:
foldlop @ (G'® G) Gs + G = G' ® foldl op ® G Gs + G”
apply (induct Gs arbitrary: G)
apply (simp-all add: nonDisjoint UnionEnv-assoc)
by (rule nonDisjoint UnionEnv-disjointUnionEnv-assoc)

lemma union-dom-nonDisjoint UnionEnv:

dom (A ® B) = dom A U dom B

apply (simp add: nonDisjointUnionEnv-def add: unionEnv-def ,auto)
by (split split-if-asm,simp-all)

lemma union-dom-nonDisjoint UnionEnv-disjoint UnionEnv:
dom (A ® B + [z~ m]) =dom AU dom (B + [z — m])

apply (simp add: nonDisjointUnionEnv-def add: unionEnv-def, auto)
apply (split split-if-asm,simp)

by simp

lemma def-nonDisjoint UnionEnvList-propl1:

def-nonDisjointUnionEnvList (x # xs) — def-nonDisjointUnionEnv x (foldl op
® empty xs)

by (simp add: Let-def)

lemma dom-foldl-monotone:
dom (foldl op ® (empty ® snd a) (map snd assert)) =
dom (snd a) U dom (foldl op ® empty (map snd assert))
apply (subgoal-tac empty ® snd a = snd a ® empty,simp)
apply (subgoal-tac foldl op ® (snd a ® empty) (map snd assert) =
(snd a) ® foldl op @ empty (map snd assert),simp)
apply (rule union-dom-nonDisjointUnionEnv)
apply (rule foldl-prop1)
apply (subgoal-tac def-nonDisjointUnionEnv empty (snd a))
apply (erule nonDisjoint UnionEnv-conmutative)
by (simp add: def-nonDisjointUnionEnv-def)

lemma dom-foldl-disjoint Union Env-monotone:
dom (foldl op ®@ (empty ® snd a) (map snd assert) + [z — d']) =
dom (snd a) U dom (foldl op ® empty (map snd assert)) U dom [z — d"]
apply (subgoal-tac empty ® snd a = snd a ® empty,simp)
apply (subgoal-tac foldl op ® (snd a ® empty) (map snd assert) =
(snd a) ® foldl op ® empty (map snd assert),simp)
apply (subst dom-disjointUnionEnv-monotone)
apply (subst union-dom-nonDisjointUnionEnv)
apply simp
apply (rule foldl-prop1)
apply (subgoal-tac def-nonDisjointUnionEnv empty (snd a))



apply (erule nonDisjoint UnionEnv-conmutative)
by (simp add: def-nonDisjointUnionEnv-def)

lemma dom-monotone:
length assert > i => dom (snd (assert ! i)) C dom (foldl op ® empty (map snd
assert))
apply (induct assert i rule: list-induct3, simp-all)
apply (subgoal-tac dom (foldl op @ (empty ® snd x) (map snd xs)) =
dom (snd z) U dom (foldl op ® empty (map snd xs)),simp)
apply blast
apply (rule dom-foldl-monotone)
apply (subgoal-tac dom (foldl op ® (empty & snd z) (map snd xs)) =
dom (snd z) U dom (foldl op ® empty (map snd xs)),simp)
apply blast
by (rule dom-foldl-monotone)

lemma dom-monotone-foldl-nonDijoint UnionEnv:

length assert > i = dom (snd (assert ! 1)) C dom (foldl op ® empty (map snd

assert) + [z — d')

apply (induct assert i rule: list-induct3, simp-all)

apply (subgoal-tac dom (foldl op @ (empty ® snd za) (map snd zs) + [z — d'')
dom (snd za) U dom (foldl op ® empty (map snd zs)) U dom [z

— d"],simp)

apply blast

apply (rule dom-foldl-disjointUnionEnv-monotone)

apply (subgoal-tac dom (foldl op ® (empty ® snd za) (map snd zs) + [z — d'')

dom (snd za) U dom (foldl op ® empty (map snd zs)) U dom [z
— d"],simp)
apply (subgoal-tac dom (foldl op ® empty (map snd zs) + [z — d"]) =
dom (foldl op @ empty (map snd zs)) U dom [z — d''],simp)
apply blast
apply (rule dom-disjoint UnionEnv-monotone)
by (rule dom-foldl-disjointUnionEnv-monotone)

lemma dom-T'i-subseteq-dom-I"-case:

length assert > 0 —

(Vi< length assert. dom (snd (assert ! 1)) C

dom (foldl op ® empty (map snd assert)))

apply (induct assert)

apply simp
apply (case-tac assert = [])

apply (simp add: nonDisjointUnionEnv-def add: unionEnv-def ,simp)
apply (rule alll)
apply (subgoal-tac dom (foldl op @ (empty ® snd a) (map snd assert)) =



dom (snd a) U dom (foldl op @ empty (map snd assert)),simp)
apply (case-tac 1)
apply (simp,blast)
apply simp
apply (erule-tac z=nat in allFE)
apply (blast,simp)
apply (subgoal-tac empty @ snd a = snd a @ empty,simp)
apply (subgoal-tac foldl op ® (snd a ® empty) (map snd assert) =
(snd a) ® foldl op ® empty (map snd assert),simp)
apply (rule union-dom-nonDisjointUnionEnv)
apply (rule foldl-prop1)
apply (subgoal-tac def-nonDisjointUnionEnv empty (snd a))
apply (erule nonDisjoint UnionEnv-conmutative)
by (simp add: def-nonDisjointUnionEnv-def)

lemma dom-T'i-subseteq-dom-I"-cased:
length assert > 0 —
(Vi< length assert. dom (snd (assert ! i)) C dom (foldl op ® empty (map snd
assert) + [z — d'))
apply (induct assert)
apply simp
apply (case-tac assert = [])
apply (simp add: nonDisjointUnionEnv-def add: unionEnv-def)
apply (simp add: disjointUnionEnv-def add: unionEnv-def, clarsimp)
apply (rule alll)
apply (subgoal-tac dom (foldl op ® (empty @ snd a) (map snd assert) + [z +—

a']) =

d"]),simp)

apply (case-tac 7)
apply (simp,blast)

apply simp

apply (erule-tac x=nat in allE)

apply (blast,simp)

apply (subgoal-tac empty ® snd a = snd a ® empty,simp)

apply (subgoal-tac foldl op ® (snd a ® empty) (map snd assert) + [z — d''] =

(snd a) ® foldl op ® empty (map snd assert) + [z — d’],simp)

apply (rule union-dom-nonDisjoint UnionEnv-disjoint UnionEnv)

apply (rule foldl-prop2)

apply (subgoal-tac def-nonDisjointUnionEnv empty (snd a))

apply (erule nonDisjoint UnionEnv-conmutative)

by (simp add: def-nonDisjointUnionEnv-def)

dom (snd a) U dom (foldl op @ empty (map snd assert) + [z —

lemma nonDisjointUnionEnv-propl:

(G® G') z=Somem = G z= SomemV (z ¢ dom G AN G' z = Some m)
apply (simp add: nonDisjointUnionEnv-def add: unionEnv-def)
by (split split-if-asm,simp-all)



lemma nonDisjoint UnionEnv-prop2:
[ def-nonDisjointUnionEnv G G'; (G ® G') z = Some m |
= G’z = SomemV (z ¢ dom G' A G z = Some m)
apply (frule nonDisjointUnionEnv-conmutative,simp)
by (erule nonDisjointUnionEnv-propl1)

lemma nonDisjointUnionFEnv-props:
[z € dom G, Gz # Somem ]| = (G ® G') z # Somem
by (simp add: nonDisjointUnionEnv-def add: unionEnv-def)

lemma nonDisjointUnionEnv-prop6:
[ def-nonDisjointUnionEnv G G'; z € dom G'; G' z # Some m | = (G @ G)
z # Some m
apply (simp add: def-nonDisjointUnionEnv-def )
apply (erule-tac =z in ballFE)
apply (simp add: nonDisjointUnionEnv-def add: unionEnv-def)
by (simp add: nonDisjointUnionEnv-def add: unionEnv-def)

lemma nonDisjoint UnionEnv-prop6-1:
[z€dom G Gz =Somem] = (G & G')z= Somem
by (simp add: nonDisjointUnionEnv-def add: unionEnv-def)

lemma nonDisjointUnionEnv-prop6-2:
[ def-nonDisjointUnionEnv G G'; G’ z = Some m | = (G ® G') z = Some m
apply (simp add: def-nonDisjointUnionEnv-def )
apply (erule-tac =z in ballE)
apply (simp add: nonDisjointUnionEnv-def add: unionEnv-def)
apply (simp add: nonDisjointUnionEnv-def add: unionEnv-def)
by (rule impl, simp, simp add: dom-def)

lemma Otimes-prop1:
i < length (map snd assert) —
length (map snd assert) > 0 —
def-nonDisjointUnionEnvList (map snd assert) —
foldl op ® empty (map snd assert) z = Some d'' —
z € dom (snd (assert ! 1)) —
(snd (assert ! 7)) z = Some d”
apply (induct assert i rule: list-induct3, simp-all)
apply (intro impl)
apply (subgoal-tac def-nonDisjointUnionEnv empty (snd x))
prefer 2 apply (simp add: def-nonDisjointUnionEnv-def)
apply (subgoal-tac (empty ® (snd z)) = ((snd z) @ empty) ,simp)
prefer 2 apply (rule nonDisjoint UnionEnv-conmutative,simp)
apply (subgoal-tac foldl op ® (snd x ® empty) (map snd xs) =
(snd z) ® foldl op ® empty (map snd xs),simp)
prefer 2 apply (rule foldl-prop1)



apply (frule nonDisjointUnionEnv-propl)
apply (erule disjE)
apply (simp add: dom-def)
apply (simp,intro impl simp)
apply (case-tac xs=[],simp)
apply (simp add: Let-def)
apply (elim conjE)
apply (subgoal-tac def-nonDisjointUnionEnv empty (snd z))
prefer 2 apply (simp add: def-nonDisjointUnionEnv-def)
apply (subgoal-tac (empty @ snd x) = (snd z ® empty),simp)
prefer 2 apply (rule nonDisjoint UnionEnv-conmutative,simp)
apply (subgoal-tac foldl op ® (snd © ® empty) (map snd zs) =
snd z ® foldl op ® empty (map snd xs),simp)
prefer 2 apply (rule foldl-prop1)
apply (subgoal-tac def-nonDisjointUnionEnvList (snd x # (map snd zs)) —
def-nonDisjointUnionEnv (snd x) (foldl op @ empty (map snd
xs)),simp)
prefer 2 apply (rule def-nonDisjointUnionEnvList-propl1)
apply (frule-tac G=snd x and G'=foldl op ® empty (map snd zs) in nonDisjointUnionEnv-prop2,simp)
apply (erule disjF)
apply simp
apply (elim conjE)
apply (subgoal-tac dom (snd (zs ! 4)) € dom (foldl op @ empty (map snd xs)))
prefer 2 apply (rule dom-monotone,blast)
by blast

lemma Otimes-prop2 [rule-format):
i < length (map snd assert) —
length (map snd assert) > 0 —
def-nonDisjoint UnionEnvList (map snd assert) —
z € dom (snd (assert ! i)) —
snd (assert ! i) x # Some s" —
foldl op ® empty (map snd assert) © # Some s"'
apply (induct assert i rule: list-induct3, simp-all)
apply (intro impl)
apply (simp add: Let-def)
apply (elim conjE)
apply (subgoal-tac def-nonDisjointUnionEnv empty (snd za))
prefer 2 apply (simp add: def-nonDisjointUnionEnv-def)
apply (subgoal-tac (empty ® (snd za)) = ((snd za) ® empty),simp)
prefer 2 apply (rule nonDisjoint UnionEnv-conmutative,simp)
apply (subgoal-tac foldl op ® (snd za ® empty) (map snd xs) =
(snd za) ® foldl op @ empty (map snd xs),simp)
prefer 2 apply (rule foldl-prop1)
apply (rule nonDisjointUnionEnv-props ,assumption+)
apply (intro impl,simp)
apply (case-tac xs=[],simp)
apply (simp add: Let-def)
apply (elim conjE)
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apply (subgoal-tac def-nonDisjointUnionEnv empty (snd za))
prefer 2 apply (simp add: def-nonDisjointUnionEnv-def)
apply (subgoal-tac (empty ® snd za) = (snd za ® empty),simp)
prefer 2 apply (rule nonDisjointUnionEnv-conmutative,simp)
apply (subgoal-tac foldl op ® (snd za ® empty) (map snd xs) =
snd za ® foldl op ® empty (map snd xzs),simp)
prefer 2 apply (rule foldl-prop1)
apply (subgoal-tac def-nonDisjointUnionEnvList (snd xza # (map snd zs)) —
def-nonDisjointUnionEnv (snd za) (foldl op ® empty (map snd
xs)),stmp)
prefer 2 apply (rule def-nonDisjointUnionEnvList-propl1)
apply (subgoal-tac dom (snd (xs ! 1)) C dom (foldl op @ empty (map snd xs)))
prefer 2 apply (rule dom-monotone,simp)
apply (subgoal-tac x € dom (foldl op @ empty (map snd zs)))
prefer 2 apply blast
by (rule nonDisjointUnionEnv-prop6 ,assumption+)

lemma Otimes-prop3:
i < length (map snd assert) —
length (map snd assert) > 0 —
def-nonDisjointUnionEnvList (map snd assert) —
snd (assert ! i) © = Some m —
foldl op ® empty (map snd assert) x = Some m
apply (induct assert i rule: list-induct3, simp-all)
apply (intro impl)
apply (simp add: Let-def)
apply (elim conjE)
apply (subgoal-tac def-nonDisjointUnionEnv empty (snd za))
prefer 2 apply (simp add: def-nonDisjointUnionEnv-def)
apply (subgoal-tac (empty @ (snd za)) = ((snd za) ® empty),simp)
prefer 2 apply (rule nonDisjoint UnionEnv-conmutative,simp)
apply (subgoal-tac foldl op ® (snd za @ empty) (map snd xs) =
(snd za) ® foldl op @ empty (map snd xs),simp)
prefer 2 apply (rule foldl-prop?1)
apply (rule nonDisjointUnionEnv-prop6-1, simp add: dom-def, assumption+)
apply (intro impl simp)
apply (case-tac xs=[],simp)
apply (simp add: Let-def)
apply (elim conjE)
apply (subgoal-tac def-nonDisjointUnionEnv empty (snd za))
prefer 2 apply (simp add: def-nonDisjointUnionEnv-def)
apply (subgoal-tac (empty ® snd za) = (snd za @ empty),simp)
prefer 2 apply (rule nonDisjoint UnionEnv-conmutative,simp)
apply (subgoal-tac foldl op ® (snd za ® empty) (map snd xs) =
snd za ® foldl op ® empty (map snd zs),simp)
prefer 2 apply (rule foldl-propl)
apply (subgoal-tac def-nonDisjointUnionEnvList (snd xa # (map snd zs)) —
def-nonDisjointUnionEnv (snd za) (foldl op ® empty (map snd

11



xs)),simp)

prefer 2 apply (rule def-nonDisjointUnionEnvList-prop1)

apply (subgoal-tac dom (snd (xzs ! 1)) C dom (foldl op ® empty (map snd zs)))
prefer 2 apply (rule dom-monotone,simp)

apply (subgoal-tac © € dom (foldl op @ empty (map snd zs)))

prefer 2 apply blast

by (rule nonDisjoint UnionEnv-prop6-2,assumption+)

lemma nonDisjoint UnionEnv-disjoint UnionEnv-prop1 :
[z € dom G; Gz # Somem ] = ((G® G')+ G") z # Some m
apply (simp add: nonDisjointUnionEnv-def add: disjointUnionEnv-def add: unionEnv-def )
apply (rule impl, auto)
apply (split split-if-asm, simp add: dom-def)
by (simp add: dom-def)

lemma nonDisjoint UnionEnv-disjoint Union Env-prop2:
[ def-nonDisjointUnionEnv G G'; z € dom G'; G' z # Some m | = ((G ® G')
+ G") z # Some m
apply (simp add: def-nonDisjoint UnionEnv-def)
apply (erule-tac =z in ballFE)
apply (simp add: nonDisjointUnionEnv-def add: disjointUnionEnv-def add: unionEnv-def )

apply (rule impl, auto)
apply (simp add: nonDisjointUnionEnv-def add: disjointUnionEnv-def add: unionEnv-def )

by (split split-if-asm, simp add: dom-def ,auto)

lemma nonDisjoint UnionEnv-disjoint Union Env-prop3:

[z€dom G Gz =Somem] = ((G® G)+ G")z = Somem
apply (simp add: nonDisjointUnionEnv-def add: disjointUnionEnv-def add: unionEnv-def )
by (rule implI,auto)

lemma nonDisjoint UnionEnv-disjoint Union Env-prop4 :
[ def-nonDisjointUnionEnv G G'; G’ z = Some m | = ((G ® G') + G") z =
Some m
apply (simp add: def-nonDisjointUnionEnv-def )
apply (erule-tac =z in ballE)
apply (simp add: nonDisjointUnionEnv-def add: disjointUnionEnv-def add: unionEnv-def )
apply (rule impl auto)
apply (simp add: nonDisjointUnionEnv-def add: disjointUnionEnv-def add: unionEnv-def )
apply (split split-if-asm,auto)
by (split split-if-asm,auto)

lemma Otimes-prop2-not-s [rule-format]:
i < length (map snd assert) —
length (map snd assert) > 0 —

12



def-nonDisjointUnionEnvList (map snd assert) —
y € dom (snd (assert!i)) —
snd (assert ! i) y # Some s —
(foldl op ® empty (map snd assert) + [z — d"]) y # Some s"
apply (induct assert i rule: list-induct3, simp-all)
apply (intro impl)
apply (simp add: Let-def)
apply (elim conjE)
apply (subgoal-tac def-nonDisjointUnionEnv empty (snd za))
prefer 2 apply (simp add: def-nonDisjointUnionEnv-def)
apply (subgoal-tac (empty ® (snd za)) = ((snd za) ® empty),simp)
prefer 2 apply (rule nonDisjoint UnionEnv-conmutative,simp)
apply (subgoal-tac foldl op ® (snd za ® empty) (map snd xs) =
(snd za) ® foldl op @ empty (map snd xs),simp)
prefer 2 apply (rule foldl-prop!)
apply (rule nonDisjointUnionEnv-disjoint UnionEnv-prop1 ,assumption—+)
apply (intro impl simp)
apply (case-tac zs=[|,simp)
apply (simp add: Let-def)
apply (elim conjE)
apply (subgoal-tac def-nonDisjointUnionEnv empty (snd za))
prefer 2 apply (simp add: def-nonDisjointUnionEnv-def)
apply (subgoal-tac (empty ® snd za) = (snd za ® empty),simp)
prefer 2 apply (rule nonDisjoint UnionEnv-conmutative,simp)
apply (subgoal-tac foldl op ® (snd xa ® empty) (map snd xs) =
snd za ® foldl op ® empty (map snd xs),simp)
prefer 2 apply (rule foldl-prop1)
apply (subgoal-tac def-nonDisjointUnionEnvList (snd xa # (map snd zs)) —
def-nonDisjointUnionEnv (snd za) (foldl op ® empty (map snd
x8)),81tmp)
prefer 2 apply (rule def-nonDisjointUnionEnvList-propl)
apply (subgoal-tac dom (snd (xzs ! 1)) C dom (foldl op @ empty (map snd xs)))
prefer 2 apply (rule dom-monotone,simp)
apply (subgoal-tac y € dom (foldl op ® empty (map snd zs)))
prefer 2 apply blast
apply (rule nonDisjointUnionEnv-disjoint UnionEnv-prop2,assumption+)
by (simp add: disjointUnionEnv-def add: unionEnv-def)

lemma Otimes-props [rule-format):
i < length (map snd assert) —
length (map snd assert) > 0 —
def-nonDisjointUnionEnvList (map snd assert) —
snd (assert ! i) za = Some m —
(foldl op ® empty (map snd assert) + [z — d”]) xa = Some m
apply (induct assert i rule: list-induct3, simp-all)
apply (intro impl)
apply (simp add: Let-def)
apply (elim conjE)
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apply (subgoal-tac def-nonDisjointUnionEnv empty (snd xb))

prefer 2 apply (simp add: def-nonDisjointUnionEnv-def)

apply (subgoal-tac (empty ® (snd zb)) = ((snd zb) ® empty),simp)

prefer 2 apply (rule nonDisjointUnionEnv-conmutative,simp)

apply (subgoal-tac foldl op ® (snd zb ® empty) (map snd zs) =

(snd zb) ® foldl op ® empty (map snd xs),simp)

prefer 2 apply (rule foldl-prop1)

apply (rule nonDisjoint UnionEnv-disjoint UnionEnv-prop3, simp add: dom-def,
assumption+)
apply (intro impl simp)
apply (case-tac xs=[],simp)
apply (simp add: Let-def)
apply (elim conjE)
apply (subgoal-tac def-nonDisjointUnionEnv empty (snd xb))

prefer 2 apply (simp add: def-nonDisjointUnionEnv-def)
apply (subgoal-tac (empty ® snd zb) = (snd xb ® empty),simp)

prefer 2 apply (rule nonDisjoint UnionEnv-conmutative,simp)
apply (subgoal-tac foldl op ® (snd zb ® empty) (map snd zs) =

snd zb ® foldl op ® empty (map snd xs),simp)

prefer 2 apply (rule foldl-propl)

apply (subgoal-tac def-nonDisjointUnionEnvList (snd xb # (map snd zs)) —
def-nonDisjointUnionEnv (snd xb) (foldl op ® empty (map snd

zs)),simp)

prefer 2 apply (rule def-nonDisjointUnionEnvList-prop1)
apply (subgoal-tac dom (snd (xs ! i)) C dom (foldl op ® empty (map snd zs)))
prefer 2 apply (rule dom-monotone,simp)
apply (subgoal-tac za € dom (foldl op ® empty (map snd xs)))

prefer 2 apply blast
apply (rule nonDisjointUnionEnv-disjoint UnionEnv-prop ,assumption)
by (simp add: disjointUnionEnv-def add: unionEnv-def)

Lemmas for nonDisjointUnionSafeEnv operator

lemma empty-nonDisjoint UnionSafeEnv :
empty @ A=A
by (simp add: nonDisjointUnionSafeEnv-def add: unionEnv-def)

Lemmas for triangle operator

lemma safe-triangle:

[ (def-pp T1 T2L2);T2x = Some s”] = (pp'1 T2L2)z= Somes"
apply (simp add: pp-def add: def-pp-def add: safe-def add: unsafe-def)
apply (erule conjE)
apply (erule-tac =z in allE)+
apply auto
by (case-tac y, simp+)

lemma safe-Gamma2-triangle:
[def-pp T1 T2 L2; T2 2 = Some s"; x € L2] = T'1 © = Some sV x ¢ dom
I'1

apply (simp add: def-pp-def)
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apply (erule conjE)+

apply (erule-tac =z in allE)+
apply (simp add: unsafe-def ,auto)
by (case-tac y, simp-all)

lemma unsafe-triangle:
[def-pp T'1 T2 L2;
def-disjointUnionEnv T'2 (empty(zl — m));
L2 C dom (disjointUnionEnv T'2 (empty(zl — m)));
x # xl;
2z # Some sy v € L2] = (pp T1 T2L2)x# Somes”
apply (simp add: def-pp-def)
apply (elim conjE)
apply (erule-tac =z in allE, clarsimp)+
apply (simp add: unsafe-def add: pp-def)
apply (split split-if-asm,clarsimp)
apply (simp add: safe-def)
apply (erule conjE)
apply (subgoal-tac [ z # x1; x € L2; L2 C dom (T'2 + [z1 — m])] = z € dom
I'2,clarsimp)
apply (subgoal-tac dom (disjointUnionEnv T'2 [zl — m]) = dom T2 U dom [z1
— m],simp)
apply blast
by (rule union-dom-disjoint UnionEnv,assumption)

lemma safe-Gamma-triangle-3:
[def-pp T'1 T2 L2;
def-disjointUnionEnv T'2 (empty(zl — m));
L2 C dom (disjointUnionEnv I'2 (empty(z1 — m)));
x # xl;
2 z # Some s’
z€ L2]
= T'1z = Somes" V¢ domT1
apply (frule unsafe-triangle,assumption+)
apply (simp add: pp-def)
apply (split split-if-asm,clarsimp)
apply (simp add: safe-def ,clarsimp)
apply (simp add: safe-def add: def-pp-def)
apply (erule conjE)
apply (erule-tac =z in allE, simp)
apply (simp add: unsafe-def, clarsimp)
by (case-tac y,simp-all)

lemma unsafe-Gamma2-triangle:

[ def-pp T1T2L2; (T2 + [z — m]) y # Somes”; y £zl ]| = T2y # Some
SI/
apply (simp add: disjointUnionEnv-def add: unionEnv-def)
apply (split split-if-asm)
apply simp
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apply (simp add: def-pp-def)
by auto

lemma condemned-Gamma2-triangle:
[def-pp T1T2L2; T2+ [zl — s"]) x = Some d"] = (pp T1T2L2)x=
Some d"’
apply (simp add: disjointUnionEnv-def add: unionEnv-def)
apply (split split-if-asm)
apply (simp add: pp-def add: def-pp-def, clarsimp)
apply (simp add: safe-def add: unsafe-def)
apply (erule-tac x=x in ollE)+ apply (simp add: dom-def)
apply (case-tac ya, simp-all)
apply (split split-if-asm)
apply simp
by simp

lemma unsafe-triangle-unsafe-2:
[ def-pp T1 T2 L2; (ppT1T2L2) x = Somed”] = T'2x # Some s”
apply (simp add: pp-def)
apply (split split-if-asm)
apply (simp add: safe-def)
apply (simp add: safe-def)
apply (simp add: def-pp-def)
apply (simp add: unsafe-def)
by auto

lemma triangle-d-Gammal-s-or-not-dom-Gammal :
[def-disjointUnionEnv T'2 (empty(zl — m));
L1 C domT1;
L2 C dom (disjointUnionEnv I'2 (empty(zl — m)));
z # zl;
def-pp T1 T2 L2 ;(pp T1 T2 L2) z = Some d"; z € L2 ]
= (I'1 z = Some s""V z ¢ dom T'1)
apply (subgoal-tac T2 z = Some d"')
apply (subgoal-tac z € dom I'2)
prefer 2 apply blast
apply (simp add: pp-def)
apply (case-tac z€ L1)
apply (rule disjl1)
apply (subgoal-tac z € dom I'1)
prefer 2 apply blast
apply (simp add: safe-def)
apply (split split-if-asm, simp, simp)
apply (simp add: def-pp-def)
apply auto
apply (erule-tac z=z in allE)+
apply simp
apply (simp add: unsafe-def, auto)
apply (simp add: safe-def)
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apply (split split-if-asm, simp)
apply (simp add: def-pp-def, auto)
apply (simp add: def-pp-def, auto)
apply (simp add: unsafe-def, auto)
apply (simp add: def-pp-def)
apply (subgoal-tac z € dom T'2)
apply (erule conjE)
apply (erule-tac =z in allE)+
apply simp
apply (simp add: unsafe-def add: pp-def)
apply (split split-if-asm, simp, simp)
apply (subgoal-tac dom (T'2 + [z1 — m]) = dom I'2 U dom [zl — m])
prefer 2 apply (rule union-dom-disjointUnionEnv) apply simp
apply (subgoal-tac dom [x1 — m] = {z1},simp)
apply blast
by simp

lemma triangle-d-Gammal-s-Gamma2-d:
[(pp T1 T2L2)z= Somed"”; T'1z= Somes"] = T2z = Somed"
apply (simp add: pp-def)
apply (split split-if-asm)
apply simp
by simp

lemma triangle-prop:

[x € dom T'1;T1z # Some 5]

= z €dom (ppT1T2L2) A (pp T1T2L2)x # Some s"
by (simp add: pp-def, simp add: dom-def add: safe-def)

lemma triangle-d-Gammal-d-or-Gamma2-d:
[(ppT1T2L2) 2= Somed"]| =T1z = Somed”VTI2z= Somed"”
apply (simp add: pp-def add: safe-def)
apply (split split-if-asm)
apply simp
by simp

lemma triangle-d-Gamma?2-d-Gammal-s:
[L1 C dom T'1;
def-pp I'1 T'2 L2;
(ppT1T2L2) z= Some d"
I'2 z = Some d'; z € L1]
= T12z = Somes”" AN ze€ L2
apply (subgoal-tac z € dom T'1)
prefer 2 apply (erule set-mp, assumption)
apply (rule congl)
apply (simp add: pp-def)
apply (split split-if-asm)
apply (simp-all add: safe-def)
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apply (simp add: def-pp-def)

apply (erule conjE)

apply (erule-tac =z in allE)+

apply (simp add: unsafe-def)

apply (erule conjE)

apply (simp add: dom-def)

apply (simp add: def-pp-def)

apply (erule conjE)+

apply (erule-tac z=z in allE,simp)+

by (simp add: unsafe-def add: pp-def add: safe-def ,clarsimp)

lemma Gamma2-d-disjoint UnionEnv-m-d:
[def-disjointUnionEnv T'2 (empty(zl — m));
I'2 z = Some d'"]
= (disjointUnionEnv T'2 (empty(zl — m))) z = Some d"
by (simp add: disjoint UnionEnv-def unionEnv-def def-disjointUnionEnv-def , auto)

lemma dom-Gammal-dom-triangle:
z€ dom I'l = z € dom (pp T'1 T2 L2)
by (simp add: pp-def ,auto)

lemma safe-triangle-safe-Gammal :
[(ppT1T2L2)xz = Somes", v € domT1]=T1z= Somes"
apply (simp add: pp-def)
apply (split split-if-asm)
apply (simp add: safe-def)
by simp

lemma dom-Gamma2-dom-triangle:
[z #x1;z € dom (T2 + [zl — m])] = z € dom (pp I'1 T'2 L2)
apply (simp add: pp-def add: disjointUnionEnv-def add: unionEnv-def clarsimp)
apply (split split-if-asm)
apply (simp add: safe-def add: dom-def)
by simp

lemma usafe-Gamma2-unsafe-triangle:
[x#x1;
z € dom (I'2 + [z1 — m]);
(T2 + [z1 — m]) x # Some s"]
= (pp T'1T2L2) x # Some s”
apply (simp add: pp-def add: disjointUnionEnv-def add: unionEnv-def ,clarsimp)
apply (split split-if-asm)
apply (simp add: safe-def add: dom-def)
by simp
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lemma def-disjoint UnionEnv-monotone:
def-disjointUnionEnv T2 [z1 — d"] = (T2 + [21 — d"]) 21 = Some d”’
by (simp add: def-disjoint UnionEnv-def add: disjointUnionEnv-def add: unionEnv-def)

lemma disjoint UnionEnv-d-Gamma2-d:
[def-disjointUnionEnv T'2 [z1 — d";
(T2 + [z — d"]) z = Some d";
z# 1]
= T'2 2 = Some d"’
apply (simp add: disjointUnionEnv-def add: unionEnv-def )
apply (split split-if-asm,clarsimp)
by (simp add: def-disjointUnionEnv-def)

lemma Gamma2-d-disjointUnionFEnv-d:
[def-disjointUnionEnv T'2 [zl — d';
I'2 z = Some d']
= (T2 + [zl — d"]) z = Some d"
by (simp add: disjoint UnionEnv-def unionEnv-def def-disjointUnionEnv-def , auto)

lemma dom-disjoint UnionEnv-subset-dom-extend:
[def-disjointUnionEnv T'2 [x1 — d";
dom (disjointUnionEnv T'2 (empty(z1 — d”))) C dom (E1(xzl — vl));
(T2 + [z1 — d")) © = Some s"]
= z € dom E1
apply (simp add: disjointUnionEnv-def add: unionEnv-def )
apply (subgoal-tac x#x1)
apply blast
apply (simp add: def-disjointUnionEnv-def )
apply (split split-if-asm,clarsimp,simp)
by (split split-if-asm,clarsimp, simp)

lemma GammaZ2-d-triangle-d:
[def-pp T1T2L2;T2x = Some d'] = (pp T'1 T2 L2) x = Some d”
apply (simp add: pp-def add: def-pp-def, clarsimp)
apply (simp add: safe-def add: unsafe-def)
apply (erule-tac z=xz in allE)+ apply (simp add: dom-def)
apply (elim conjE)
apply (case-tac y, simp-all)
done

lemma disjounitUnionEnv-d-triangle-d:

[x#x1;def-pp T1 T2 L2; (T2 + [21 — d"]) z = Some d'] = (pp T1 T2 L2)
x = Some d”
apply (simp add: disjointUnionEnv-def add: unionEnv-def)
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apply (split split-if-asm)

apply (simp add: pp-def add: def-pp-def, clarsimp)

apply (simp add: safe-def add: unsafe-def)

apply (erule-tac z=xz in allE)+ apply (simp add: dom-def)
apply (case-tac ya, simp-all)

done

end

2 Normal form values and heap

theory SafeHeap
imports Main
begin

types
Location = nat

Constructor = string
FunName = string

— Normal form values
datatype Val = Loc Location | IntT int | BoolT bool

— Destructions of datatype val
consts the-IntT :: Val = int

primrec
the-IntT (IntT i) = i

consts the-BoolT :: Val = bool
primrec
the-BoolT (BoolT b) = b

— check if is constant bool
constdefs isBool :: Val = bool
isBool v = (case v of (BoolT -) = True
| - = False )

A heap is a partial mapping from locations to cells. But, as it is split into
regions, the mapping tells also the region where the cell lives. The second
component is the highest live region k. A consistent heap (h, k) has cells
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only in regions 0. .. k.

types
Cell = Constructor x Val list
Region = nat
HeapMap = Location — (Region x Cell)
Heap = HeapMap X nat

consts
restrictToRegion :: Heap => Region => Heap (infix | 110)

primrec
(hk) |l kO = (let A={p. p € domh & fst (the (h p)) <= k0}
in (h|°AkO))
definition

rangeHeap :: HeapMap = Val set where
rangeHeap h = {v. EX p j C vn. h p = Some (j,C,on) A v € set vn}

definition
fresh :: Location = HeapMap = bool where
fresh p h = (p ¢ dom h A (Loc p) ¢ rangeHeap h)

definition domLoc :: HeapMap = Val set where
domLoc h = {l. EX p. p € dom h Al = Loc p}

declare rangeHeap-def [simp del]
declare fresh-def [simp del]
declare domLoc-def [simp del]

constdefs
getFresh :: HeapMap = Location
getFresh h = SOME b. fresh b h

constdefs
self :: string — this identifies the topmost region referenced in a function body
self = "self "

The constructor table tells, for each constructor, the number of arguments
and a description of each one. The second nat gives the alternative 0..n — 1
corresponding to this constructor in every case of its type

datatype ArgType = IntArg | BoolArg | NonRecursive | Recursive

types
ConstructorTable Type = (Constructor x (nat x nat x ArgType list)) list
ConstructorTableFun = Constructor — (nat x nat x ArgType list)
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This is the constructor table of the Safe expressions semantics. It is assumed
to be a constant which somebody else will provide. It is used in the semantic
function ’copy’

consts
ConstructorTable :: ConstructorTableFun

constdefs getConstructorCell :: Cell = Constructor
getConstructorCell ¢ = fst c

constdefs getValuesCell :: Cell = Val list
getValuesCell ¢ = snd ¢

constdefs getCell :: Heap = Location = Cell
getCell h 1 = snd (the ((fst h) 1))

constdefs getRegion :: Heap = Location = Region
getRegion h 1 = fst (the ((fst h) 1))

constdefs domHeap :: Heap = Location set
domHeap h = dom (fst h)

constdefs isNonBasicValue :: ArgType = bool
isNonBasicValue a == (a = NonRecursive) V (a = Recursive)

constdefs isRecursive :: ArgType = bool
isRecursive a == (a = Recursive)

consts
theLocation :: Val = Location
primrec theLocation (Loc 1) =1

constdefs
getArgType C = snd (snd (the (ConstructorTable C)))

constdefs getRecursive ValuesCell :: Cell = Location set
getRecursive ValuesCell ¢ == set (map (theLocation o snd)

(filter (isRecursive o fst) (zip (getArgType (getConstructorCell
¢)) (getValuesCell c))))

constdefs recDescendants :: Location = Heap = Location set
recDescendants | h = case ((fst h) 1) of Some ¢ = getRecursive ValuesCell (snd c)
| None = {}

constdefs getNonBasicValuesCell :: Cell = Location set
getNonBasic ValuesCell ¢ == set (map (theLocation o snd)

(filter (isNonBasicValue o fst) (zip (getArgType
(getConstructorCell c)) (getValuesCell c))))
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constdefs descendants :: Location = Heap = Location set
descendants I h = case ((fst h) 1) of Some ¢ = getNonBasicValuesCell (snd c)
| None = {}

constdefs isConstant :: Val = bool
isConstant v = (case v of (IntT -) = True
| (BoolT -) = True
| - = Fulse)
end

3 Useful functions and theorems from the Haskell
Library or Prelude

theory HaskellLib
imports Main
begin

Function mapAccumlL is a powerful combination of map and foldl. Functions
unzip3 and unzip are respectively the inverse of zip3 and zip.
consts
mapAccumL :: (Ya => b => 'a x '¢) => 'a => b list => 'a x 'c list
zipWith = (a => 'b => '¢) => 'a list => 'b list => 'c list

unzip3 = ("a x 'bx 'c) list => 'a list x 'b list x 'c list
unzip = (‘e x 'b) list => 'a list x b list
primrec

mapAccumL fs[] =
mapAccumL f s (z#xs)

(s,
= (let (sy) =fsux;

(s",ys) = mapAccumL f s’ xs
in (s"y#ys))

Some lemmas about mapAccumL

lemma mapAccumL-non-empty:
[ (s",ys) = mapAccumlL f s xs;

1§ = THax
= 3 s"yys"
(slvy) :fSJL’

Nys =y # ys')
apply clarify
apply (unfold mapAccumL.simps)
apply (rule-tac z=fst (f s z) in exl)
apply (rule-tac z=snd (f s x) in exl)
apply (rule-tac z=snd (mapAccumL f (fst (f s z)) zz) in exl)
apply (rule congl)
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apply simp
apply (case-tac f s x,simp)
by (case-tac mapAccumlL [ a zz,simp)

lemma mapAccumL-non-empty2:
[ (s",ys) = mapAccumlL f s xs;

s = TrH#Hax
= 3 s"yys"
(s'y)=fsa

A (s"ys") = mapAccumL f s zx
A ys =y # ys')
apply clarify
apply (unfold mapAccumL.simps)
apply (rule-tac z=fst (f s z) in exl)
apply (rule-tac x=snd (f s x) in exl)
apply (rule-tac z=snd (mapAccumL f (fst (f s z)) zz) in exl)
apply (rule congl)
apply simp
apply (rule congl)
apply (case-tac f s z) apply (simp)
apply (case-tac mapAccumlL f a xz)
apply (simp)
apply (case-tac f s z) apply (simp)
apply (case-tac mapAccumlL f a xz)
apply simp
done

axioms mapAccumL-non-empty3:
[ (s”,ys) = mapAccumlL f s xs;
0<length :vs
= (3 s"yys"
(s"y ) fs (2s10)
A (s"ys") = mapAccumL f s’ (tl xs))
axioms mapAccumL-two-elements:
[ (s3,ys) = mapAccumlL f s xs;
xs = rlH#Hx2#xx
] = (3 s1 52yl y2 ys3.
(sl,y1) = fsual
A (s2,y2) = f sl a2
A (83,ys8) = mapAccumlL f s2 zz
A ys = yl#y24fys3)

axioms mapAccumL-split:
[ (s2,ys) = mapAccumlL f s xs;
xs1 @ xs2=us
] = (3 s1ysl ys2.
(s1,ys1) = mapAccumlL f s sl
A (s2,ys2) = mapAccumlL f s1 xs2
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A ys = ysl Q ys2)

axioms mapAccumL-one-more:
[ (s1,ys) = mapAccumlL f s xs;
(s2,y) =fslz
] = (s2,ysQ[y]) = mapAccumL fs (zsQ[z])

Some integer arithmetic lemmas

lemma sum-nat:

[ (z1:nat)=x2;(yl:nat)=y2] = x1+yl=22+y2
apply arith
done

axioms sum-substract:
(z:nat)—y~+(z—x)=2—y

axioms additionsI:
[i<m; Sucm+n<l] =
m—i<mnat (intl—1)—n+1— (nat (intl — 1) — Suecm —n + 1)
axioms additions2:
[ i< m; Sucem+n <l =
nat (int 1l — 1) — m + (m — Suc i) = nat (int ] — 1) — Sucm + (m — i)
axioms additions3:
[i<m; Sucm+n<l] =
nat (int | — 1)— Suc (m + n)+(m — i)=nat (int | — 1)—(m + n)+(m —
Suc 1)
axioms additions4:
[ Suem+n<l] =
nat (intl — 1) — m = Suc (nat (int | — 1) — Suc m)
axioms additions5:
[ Sucem +n<l] =
Suc (nat (intl — 1) — Suc (m + n)) = nat (intl — 1 — int n — int m)
axioms additions6:
[ Sucm+n<l] =
n + (nat (int 1l — 1) — Suc (m 4+ n)) < nat (intl — 1)

Some lemmas about lists

lemma list-non-empty:
O<length s = (3 yys . xs = y # ys)
apply auto
apply (insert neg-Nil-conv [of xs])
by simp

axioms drop-nth:
n < length xs => (3 y ys . drop n xs = y#ys A xsln = y)

axioms drop-nth3:
n < length xs = drop n xs = (xsln) # drop (Suc n) zs
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axioms drop-take-Suc:
zs=(take n xs)Q(z#zs) = drop (Suc n) xs==zs

axioms drop-nth2:
[ n<length xs; drop n xs = ys]
= ys = asln # tl ys

axioms drop-append?2:
[ drop n zs = zs1 @ ys! @ ys2 Q zs2 Q@ rest;
drop (m—n) (281 @Q ysl Q ys2 @ 2s2)= ysl Q rest’
| =
drop (m+length ys1—n) (zs1 @ ys1 @ ys2 Q zs2) = ys2 Q zs2

axioms drop-append3:
[ drop n zs = xs1 Q rest;
drop (m—n) zsl = ys1 Q ys2
| =
drop m xs = ysl Q ys2 Q rest

lemma nth-via-drop-append: drop n xs = (y#ys)Qzs ==> zsln = y
apply (induct zs arbitrary: n, simp)
by (simp add:drop-Cons nth-Cons split:nat.splits)

lemma drop-Suc-append:
drop n xs = (y#ys)Qzs = drop (Suc n) zs = ysQzs
apply (induct zs arbitrary: n,simp)
apply (simp add:drop-Cons)
by (simp split:nat.splits)

lemma nth-via-drop-append-2: drop n zs = ((y # ys) @ ws Q zs) Q@ ms ==>
xsln =y

apply (induct zs arbitrary: n, simp)

by (simp add:drop-Cons nth-Cons split:nat.splits)

lemma drop-Suc-append-2:
drop n zs = ((y # ys) @ ws Q zs) Q@ ms = drop (Suc n) zs = ys Q ws Q zs
@ ms
apply (induct zs arbitrary: n,simp)
apply (simp add:drop-Cons)
by (simp split:nat.splits)

axioms drop-append-length:
drop nxs =[] Q ys Q zs @ ms = drop (n + length ys) xs = zs @ ms

axioms take-length:
n < length xs => n = length (take n xs)

axioms take-append2:
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n<length xs = © # take n xs = take n (z # xs) Q [(z # xs)!n]

axioms take-append3:
Suc n < length xs = take (Suc n) zs = take n zs Q [zs!n]

axioms concatl:
zs @y # ys = (zs Q [y]) @ ys

axioms concat2:
x5l = xs2 = zs1 Q ys = xs2 Q ys

axioms upt-length:
n < m = length [n..<m|=m—n

Some lemmas about finite maps

axioms map-of-distinct:
[ distinct (map fst xys);
I < length zys;
(z,y) = ays 11
| = map-of zys = Some y

axioms map-of-distinct2:
map-of xys x = Some y

= (3 1.1 < length zys N (z,y) = zys ! 1)

axioms map-upds-nth:
i < m—n = (A([n..<m] [—] x5)) (n+i) = Some (zs ! 1)

— The unzip3 function of Haskell library

primrec
unzip3 || = (L0,
unzip3 (tup#tups) = (let (zs,ys,zs8) = unzip3 tups;

(z,y,2) = tup
in (vihas,y#tys,#2s))

axioms unzip3-length:
unzipd xs = (ys1,ys2,ys8) = length ys1 = length ys2

primrec

unzip ] = ([,
unzip (tup#tups) = (let (ws,ys) = unzip tups;
(z,y) = tup
in (z#zs,y#ys))

primrec
zipWith f (z#xs) yy = (case yy of
I =>1
| y#ys => fay # zipWith f zs ys)
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zipWith f [| yy = ]
axioms zip With-length:
length (zip With f xs ys) = min (length xs) (length ys)
— The Haskell sum type Either
datatype (‘a,’d) Fither = Left 'a | Right 'b
— insertion sort for list of strings
constdefs

leString :: string => string => bool
leString s1 s2 == True

consts

ins :: string => string list => string list
primrec

ins s [| = [s]

ins s (s'#ss) = (if leString s s’ then s#s'#ss
else s'# ins s ss)

fun sort :: string list => string list
where
sort ss = foldr ins ss []

fun subList :: 'a list = 'a list = bool
where
subList zs ys = (3 hs ts. ys = hs Q zs Q ts)

end

4 Normalized Safe Expressions

theory SafeEzpr imports ../Safelmp/SafeHeap ../ Safelmp/HaskellLib
begin

This is a somewhat simplified copy of the abstract syntax used by the Safe
compiler. The idea is that the Haskell code generated by Isabelle for the
definition of the trProg function, translating from CoreSafe to Safelmp, can
be directly used as a phase of the compiler. The simplifications are in ex-
presion LetE and in the definition of ’a Der, in order to avoid unnecessary
mutual recursion between types. First, we define the key elements of Core-
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Safe abstract syntax.

constdefs
intType :: string
mtType == "Int"’
boolType :: string
boolType == ""Bool’’

datatype EzpTipo = VarT string
| ConstrT string ExpTipo list bool string list
| Rec

datatype AltDato = ConstrA string (ExpTipo list) string
types DecData = string X string list X string list x AltDato list
datatype Lit = LitN int | LitB bool

datatype ’‘a Patron = ConstP Lit
| VarP string 'a
| ConstrP string ('a Patron) list 'a

Now we define the CoreSafe expressions.

types
ProgVar = string
RegVar = string

datatype ‘a Exp = ConstE Lit 'a
| ConstrE string ('a Exp) list RegVar 'a
| VarE  ProgVar 'a
| CopyE  ProgVar RegVar 'a (-@--90)
| ReuseE ProgVar 'a
| AppE  FunName ('a Ezp) list RegVar list 'a
| LetE  string ('a Fzp) ('a Exp) 'a
(Let -=-1In - - 95)

| CaseE ('a Exp) ('a Patron x 'a Exzp) list 'a
(Case - Of - - 95)

| CaseDE ('a Exp) (‘a Patron x 'a Ezp) list 'a
(CaseD - Of - - 95)

Now, the rest of the abstract syntax.
datatype ‘a Der = Simple ('a Exp) int list
types
'a Izq = string x ('a Patron x bool) list X string list

'a Def = ExpTipo list X 'a Izq x 'a Der
‘a Prog = DecData list x ('a Def) list x 'a Exp
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4.1 Free Variables

fun pat2var :: 'a Patron => string
where
pat2var (VarP x -) = «

fun extractP :: 'a Patron = (string x string list)
where
extractP (ConstrP C ps -) = (
let s = map pat2var ps
in (C,xs))
| eatractP - = ()

fun extractVar :: 'a Patron = string list
where
extractVar (ConstrP C ps a) = map pat2var ps
| extractVar (ConstP 1) = ||
| extractVar (VarP v a) = [v]

consts varProgPat :: 'a Patron = string set
varProgPats :: 'a Patron list = string set

primrec
varProgPat (ConstP 1) ={}
varProgPat (VarP z a) = {z}

varProgPat (ConstrP C pats a) = varProgPats pats

varProgPats || ={}
varProgPats (pat#pats) = varProgPat pat U varProgPats pats

consts varProg :: 'a Exp = ProgVar set
varProgs :: 'a Exp list = ProgVar set
varProgs’ :: 'a Exp list = ProgVar set
varProgAlts :: (a Patron x 'a Exp) list = string set
varProgAlts’ :: ('a Patron x 'a Exp) list = string set
varProgTup :: 'a Patron X 'a Exp = string set
varProgTup’ :: 'a Patron X 'a Exp = string set

primrec

varProg (ConstE Lit a) ={}

varProg (ConstrE C exps r a) = varProgs exps

varProg (VarE  z a) = {z}

varProg (CopyE z 1 a) = {z}

varProg (ReuseE 1z a) = {z}

varProg (AppE  fn exps rs a) = wvarProgs’ exps

varProg (LetE  x1 el e2 a) = warProg el U varProg e2 U {z1}
varProg (CaseE exp alts a) = varProg exp U varProgAlts alts
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varProg (CaseDE exp alts a) = wvarProg exp U varProgAlts’ alts

varProgs |] ={}
varProgs (exp#exps) = varProg exp U varProgs exps

varProgs’ || ={}
varProgs’ (exp#exps) = varProg exp U varProgs’ exps

varProgAlts || ={}
varProgAlts (alt#alts) = varProgTup alt U varProgAlts alts

varProgAlts’ ] ={}
varProgAlts’ (alt#talts) = varProgTup’ alt U varProgAlts’ alts

varProgTup (pat,e) = varProgPat pat U varProg e

varProgTup’ (pat,e) = varProgPat pat U varProg e

consts fv 2 'a Exp = string set
fus i 'a Exp list = string set
fus’ i 'a Exp list = string set

fvAlts :: (a Patron x 'a Exp) list = string set
fvAlts’ :: (‘a Patron x 'a Exp) list = string set
fvTup :: 'a Patron x 'a Exp = string set
fvTup’ :: 'a Patron x 'a Exp = string set
primrec

fv (ConstE Lit a) = {}

fv (ConstrE C exps rv a) = fus exps

fo (VarE za) = {z}

fo (CopyE zrva)={z}

fv (ReuseE x a) = {z}

fv (AppE  fn exps rvs a) = fus' exps

fo (LetE  z1 el e2a)=foel U fve2 — {z1}

fv (CaseE  exp patexps a) = fuAlts patexps U fu exp
fv (CaseDE exp patexps a) = fuAlts’ patexps U fu exp

fos [| ={}
fus (exp#texps) = fu exp U fus exps
fos" [ = {}

fus' (expHtexps) = fu exp U fus’ exps

fodits | = {}
JvAlts (alt#alts) = foTup alt U foAlts alts

foAlts" [| = {}
foAlts’ (alt#talts) = foTup’ olt U foAlts’ alts
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fvTup (pat,e) = fv e — set (snd (extractP pat))

foTup’ (pat,e) = fv e — set (snd (extractP pat))

consts fuReg : 'a Exzp = string set
fusReg 2 'a Exp list = string set
fusReg’  :: 'a Exp list = string set
vAltsReg :: ('a Patron X 'a Ezp) list = string set

) 4 g

fvAltsReg’ :: ('a Patron x 'a Exp) list = string set
vTupReg :: 'a Patron x 'a Exp = string set
J g g
vTupReq’ :: 'a Patron x 'a Exp = string set
JvTupReg » g

/

primrec

fuReg (ConstE Lit a) = {}
foReg (ConstrE C exps r a) = {r}

foReg (VarE  z a) = {}

foReg (CopyE z 1 a) = {r}

foReg (ReuseE z a) = {}

fuReg (AppE  fn exps rvs a) = set rvs

fuReg (LetE  x1 el e2 a) = fuReg el U fuReg e2
fuReg (CaseE  exp patexps a) = fvAltsReg patexps
fuReg (CaseDE exp patexps a) = fvAltsReg’ patexps

fvAltsReg [ = {}
fvAltsReg (alt#talts) = foTupReg alt U fvAltsReg alts

fvAltsReg' [ = {}
fvAltsReg’ (alt#alts) = foTupReg’ alt U fuAltsReg’ alts

fvTupReg (pat,e) = fuReg e

fvTupReg’ (pat,e) = fuReg e

consts boundVar o 'a Exp = string set
boundVars o 'a Ezp list = string set
boundVars' :: 'a Fxp list = string set

boundVarAlts :: (‘a Patron x 'a Ezp) list = string set
boundVarAlts' :: (‘a Patron x 'a Ezp) list = string set
boundVarTup :: 'a Patron x 'a Ezp = string set
boundVarTup' :: 'a Patron x 'a Ezp = string set

primrec

boundVar (ConstE Lit a) = {}

boundVar (ConstrE C exps rv a) = boundVars exps
boundVar (VarE  za) = {}

boundVar (CopyE z rva) = {}
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boundVar (ReuseE z a) = {}

boundVar (AppE  fn exps rvs a) = {}

boundVar (LetE z1 el e2 a) = {z1}

boundVar (CaseE exp patexps a) = boundVarAlts patexps
boundVar (CaseDE exp patexps a) = boundVarAlts' patexps

boundVars [| = {}
boundVars (exp#exps) = boundVar exp U boundVars exps

boundVarAlts [| = {}
boundVarAlts (alt#talts) = boundVarTup alt U boundVarAlts alts

boundVarAlts' || = {}
boundVarAlts' (alt#alts) = boundVarTup' alt U boundVarAlts' alts

boundVarTup (pat,e) = set (extractVar pat)

boundVarTup' (pat,e) = set (extractVar pat)

A runtime environment consists of two partial mappings: one from program
variables to normal form values, and one from region variables to actual
regions.

types
Environment = (ProgVar — Val) x (RegVar — Region)

The runtime system provides a ’copy’ function which generates a new data
structure from a given location by copying those cells pointed to by recur-
sive argument positions of data constructors. The ¥ environment provides
the textual definitions of previously defined Safe functions. Some auxiliary
functions: ’extend’ extends an environment with a collection of bindings
from variables to values; ’fresh’ is a predicate telling whether a variable is
fresh with respect to a heap; ’atom2val’, given an environment and an atom
(a program variable or a literal expression) returns its corresponding value;
‘atom2var’, given and expression return its corresponding variable; 'atom’,
is a predicate telling whether a expression is a atom.

constdefs recursiveArgs :: Constructor = bool list
recursiveArgs C = (let
(-,-,args) = the (ConstructorTable C)
in map (%a. a = Recursive) args)

function copy’ :: [Region,HeapMap,(Val x bool)] = (HeapMap x Val)
where

copy’ j h (v,False) = (h,v)
| copy’ j h (Val.Loc p,True) = (let
(k,C\.ps) = the (h p);
bs = recursiveArgs C;
pbs = zip ps bs;
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(h',ps’) = mapAccumL (copy’ j) h pbs;
p’ = getFresh b’
in (h'(p'—(j,C.ps")), Val.Loc p"))

| copy’j h (IntT i,True) = (h,IntT 1)

| copy’ j h (BoolT b,True) = (h,BoolT b)

by pat-completeness auto

function copy :: [Heap, Location, Region| = (Heap X Location)
where
copy (h.k) pj = (let
(h';p") = copy’ j h (Val.Loc p, True)
in case p’ of (Val.Loc q) = ((h',k), q))
by pat-completeness auto
termination by (relation {}) simp

types FunDefEnv = string — ProgVar list x RegVar list x unit Exp

consts
3f v FunDefEnv

constdefs bodyAPP :: FunDefEnv = string = unit Exp
bodyAPP ¥ f == (case X f of Some (zs,rs,ef) = ef)

constdefs varsAPP :: FunDefEnv = string = string list
varsAPP ¥ f = (case ¥ f of Some (zs,rs,ef) = xs)

constdefs regionsAPP :: FunDefEnv = string = string list
regionsAPP X f = (case ¥ f of Some (xs,rs,ef) = rs)

definition
extend :: [string — Val, ProgVar list, Val list] =(ProgVar — Val) where
extend E xs vs = E ++ map-of (zip xs vs)

definition

def-extend :: [string — Val, ProgVar list, Val list] = bool where

def-extend E zs vs = (set xs N dom E = {} A length xs = length vs A distinct
zs N (V z€ set zs. x # self))

fun atom2val :: (ProgVar — Val) = 'a Ezp = Val
where
atom2val E (ConstE (LitN i) a) = IntT i
| atom2val E (ConstE (LitB b) a) = BoolT b
| atom2val E (VarE z a) = the (E z)
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fun atom2var :: 'a Exp = string
where
atom2var (VarE z a) = x

fun atom :: ‘a Exp = bool
where
atom e = (case e of
(VarE x a) = True
| - = False)

Lemmas for extend function

lemma extend-monotone: = ¢ set 1s = E x = extend E xs vs x

apply (induct zs vs rule:list-induct2’)

apply (simp add: extend-def)

apply (simp add: extend-def)

apply (simp add: extend-def)

apply (subgoal-tac © ¢ set xs,simp)

apply (subgoal-tac extend E (za # xzs) (y # ys) = (extend F xs ys)(za —y))
apply simp

apply (simp add: extend-def)

by simp

lemma list-induct3:

1P 0;

o xs. P (z#zs) 0,

i, P[] (Suc i);

Nz xsi. Pasi ==> P (z#xs) (Suc i) |]
==> Pus1
by (induct zs arbitrary: i) (case-tac z, auto)+

lemma extend-monotone-i [rule-format]:

1 < length alts —

length alts > 0 —

x ¢ set (snd (extractP (fst (alts ! i)))) —

E z = extend E (snd (extractP (fst (alts ! 1)))) vs z
apply (induct alts i rule: list-induct3, simp-all)
apply (rule impl)

apply (erule extend-monotone)

apply (rule impl, simp)

by (case-tac xs=[],simp-all)

lemma extend-propl:

[ z € dom (extend E xs vs); z ¢ set xs; length s = length vs | = z € dom E
apply (simp add: extend-def)

apply (erule disjE)

apply (simp add: dom-def)

by simp
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end

5 Primitive operators for SVM anf JVM

theory BinOP

imports Main

begin

Primitive operators

datatype PrimOp = Add | Substract | Times | Divide | LessThan | LessEqual
| Equal | GreaterThan | GreaterEqual | NotEqual

end

6 State of the SVM

theory SVMState
imports SafeHeap ../ JVMSAFE | BinOP
begin

6.1 Sizes Table

This gives statically inferred information about the maximum number of
heap cells, of heap regions, and of stack words needed by the compiled
program.

types ncell = nat
sizeRegions = nat
sizeStackS = nat

types SizesTable = ncell x sizeRegions x sizeStackS

6.2 Stack

types
CodeLabel = nat

Continuation = Region x CodeLabel

datatype StackObject = Val Val | Reg Region | Cont Continuation

The SVM stack may contain normal form values, region arguments for func-
tions or constructors, and continuations. A continuation (kg,p) contains a
jump p to a code sequence and an adjustment kg for the heap watermark kg
of the SVM state.

types
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Stack = StackObject list
StackOffset = nat

6.3 Code Store and Safelmp program

— Items are the components of environments and closures
datatype Item = ItemConst Val

| Item Var StackOffset

| ItemRegSelf

— The SVM instruction repertory
datatype Safelnstr = DECREGION
| POPCONT
| PUSHCONT CodeLabel
| COPY
| REUSE
| CALL CodeLabel
| PRIMOP PrimOp
| MATCH StackOffset (CodeLabel list)
| MATCHD StackOffset (CodeLabel list)
| MATCHN StackOffset nat nat (CodeLabel list)
| BUILDENV (Item list)
| BUILDCLS Constructor (Item list) Item
| SLIDE nat nat

fun pushcont :: Safelnstr => bool

where
pushcont (PUSHCONT p) = True
| pushcont - = False

fun popcont :: Safelnstr => bool

where
popcont POPCONT = True
| popcont - = False

A Safe program, when translated into Safelmp, produces four components
(1) a map from labels to pairs consisting of a code sequence and a function
name. It is given as a list in order to be able to ‘traverse’ the map; (2) a map
from function names to pairs consisting of a label and a list of labels. The
firts points to the starting sequence of the function and the second collects,
for each function body, the code labels corresponding to continuations. The
map is also given as a list; (3) the code label of the main expression; and
(4) a constructor table collecting the properties of all the constructors.

types
CodeSequence = Safelnstr list
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SVMCode = (CodeLabel x CodeSequence x FunName) list
ContinuationMap = (FunName x CodeLabel x CodeLabel list) list

CodeStore = SVMCode x ContinuationMap

SafeImpProg = CodeStore x CodeLabel x ConstructorTableType x SizesTable

6.4 Runtime State

types
PC = CodeLabel x nat
SVMState = Heap x Region x PC x Stack

consts
incrPC :: PC => PC

primrec
incrPC (1,3) = (l,i+1)

This is the correspondence betweeen primitive operators in CoreSafe and
Safelmp.

constdefs
primops :: string — PrimOp

primops = map-of [(”—I—”Add)
(""—"" Substract),
(""x"" Times),
("%"",Divide),
(”< "".LessThan),
(""<="LessEqual),
(""=="Fqual),
("">" Greater Than),
("">="',GreaterEqual)

]

— Define primitive operations
consts

execOp :: [PrimOp,Val,Val] => Val

primrec
execOp Equal b1 b2 = BoolT (the-IntT(b1) = the-IntT(b2))
execOp NotEqual b1 b2 = BoolT (the-IntT(b1) # the-IntT(b2))
execOp GreaterEqual b1 b2 = BoolT (the-IntT(b1) > the-IntT(b2))
execOp GreaterThan b1 b2 = BoolT (the-IntT(b1) > the-IntT(b2))
execOp LessThan b1 b2 = BoolT (the-IntT(b1) < the-IntT(b2))
execOp LessEqual b1 b2 = BoolT (the-IntT(b1) < the-IntT(b2))

execOp Add b1 b2 = IntT (the-IntT(b1) + the-IntT(b2))

execOp Substract b1 b2 = IntT (the-IntT(b1) — the-IntT(b2))
execOp Times b1 b2 = IntT (the-IntT(b1) * the-IntT(b2))
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execOp Divide b1 b2 = IntT (the-IntT(b1) div the-IntT(b2))

end

7 Resource-Aware Operational semantics of Safe
expressions

theory SafeRASemantics
imports SafeExpr ../Safelmp/SVMState
begin

types
Delta = (Region — int)
MinimumFreshCells = int
MinimumWords = int
Resources = Delta x MinimumFreshCells x Minimum Words

constdefs sizeVal :: [HeapMap, Val] = int
sizeVal h v = (case v of (Loc p) = int p
- =0

constdefs size :: [HeapMap, Location] = int where
size h p = (case h p of
Some (j,C,vs) = (let rp = getRecursive ValuesCell (C,vs)
in 14+ (3 i€rp. sizeVal h (vsli))))

constdefs balanceCells :: Delta = int (|| - || [71] 70)
balanceCells § = (> ne€ran 4. n)

constdefs addDelta :: Delta = Delta = Delta (infix & 110)
addDelta 61 62 = (%x. (if z € dom §1 N dom 62
then (case 61 x of (Some y) =
case 62 x of (Some z) = Some (y + z))
else if x € dom 1 — dom 2
then 61 x
else if v € dom 62 — dom 01
then 62 x
else None))

constdefs emptyDelta :: nat = nat — int ( [|- [71] 70)
Ik = (%i. if i € {0..k}

then Some 0

else None)
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consts def-copy :: nat = Heap = bool

inductive

SafeRASem :: [Environment ,HeapMap, nat, nat, unit Exp, HeapMap, nat, Val,

Resources | = bool

(-b -y o oy =Wy - - - [7a,71,71,71 71,71 ,71) 70)

where

q

lithnt : E F h, k, td, (ConstE (LitN i) a) { h, k, IntT 4,([]x,0,1)
litBool: E F h , k, td, (ConstE (LitB b) a) | h, k, BoolT b,([Jx,0,1)

varl : E1 xz = Some (Val.Loc p)
= (E1,E2) F h, k, td, (VarE z a) | h, k, Val.Loc p,([Jx,0,1)

var2 : [E1 xz = Some (Val.Loc p); E2 r = Some j; j <= k;
copy (h,k) pj = ((h',k),p"); def-copy p (h,k);
m = size h p]
= (E1,E2)F h, k , td, (x Q@ ra)ll h', k, Val.Loc p',([j — m],m,2)

var3 : [E1 x = Some (Val.Loc p); h p = Some ¢; SafeHeap.fresh q h ]
= (E1,E2) + h,k,td,(ReuseE z a)l{((h(p:=None))(q — c¢)),k,Val.Loc

7([]]6)071)

let1 : [V Casra' el # ConstrE C asra’; 21 ¢ dom El;
(E1,E2) b hk,0,e1l h'.k,vl,(61,m1,s1);
(E1(z1 — v1),E2) F h'k,(td+1),e20h" k,v2,(02,m2,52) ]
= (E1,E2) b h,k, td, Let z1 = el In e2 allh' k02,
(01®62,max m1 (m2 + ||01]),maz (sI+2) (s2+1))

let2 : [ E2r = Somej;j <k;freshph;xl ¢ dom E1; r # self;
(E1(x1 — Val.Loc p),E2) F
h(p — (4,(C,map (atom2val E1) as))),k, (td+1),e2\h"k,02,(8,m,s)]
= (E1,E2) b h,k, td, Let x1 = ConstrE C as r a’ In e2 allh’ k02,
(6 (empty(jr—1)),m+1,5+1)

casel: [ i < length alts;
E1 x = Some (Val.Loc p);
hp = Some (j,C,vs) ;
altsli = (pati, ei);
pati = ConstrP C ps ms;
xs = (snd (extractP (fst (alts ! 7))));
E1’ = extend E1 zs vs;
def-extend E1 zs vs;
nr = int (length vs);
(E1',E2) & h,k, nat ((int td)+ nr), ei 4 h'k,v,(6,m,s)]
= (E1,E2) - hk, td, Case (VarE z a) Of alts a’ | h', k,v,(6,m, (s+nr))
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| casel-1: [ i < length alts;
E1 xz = Some (IntT n);
altsli = (pati, ei);
pati = ConstP (LitN n);
(E1,E2) b h,k, td, ei |} h'k,v,(8,m,s)]
= (FE1,E2) F h,k, td, Case (VarE x a) Of alts o’ || h', k,v,(5,m,s)

| casel-2: [ i < length alts;
E1 z = Some (BoolT b);
altsli = (pati, ei);
pati = ConstP (LitB b);
(E1,E2) b hk, td, ei | h')k,v,(5,m,s)]
= (E1,E2) b h,k, td, Case (VarE z a) Of alts a’ || h', k,v,(6,m,s)

| case2: [ i < length alts;
El1 z = Some (Val.Loc p);
hp = Some (j,C,vs);
altsli = (pati, ei);
pati = ConstrP C ps ms;
zs = (snd (extractP (fst (alts ! 4))));
E1’ = extend E1 zs vs;
def-extend E1 xs vs;
nr = int (length vs);
Jj <=k
(E1',E2) b h(p :=None),k, nat ((int td)+ nr), ei | h'k,v,(6,m,s)]
= (E1,E2) b h,k, td, CaseD (VarE z a) Of alts o’ | h', k,v,
(0®(empty(j——1)),maz 0 (m — 1),s+nr)

| app-primops: [ primops f = Some oper;
vl = atom2val E1 al;
v2 = atomZval F1 a2;
v = execOp oper vl v2]
= (E1,E2) F h,k, td, AppE f [al,a2] [) a | h, k,v,([Jx,0,2)

| app: [ f f = Some (zs,rs,e); primops f = None;
distinct xs; distinct rs; dom E1 N set s = {};
length s = length as; length rs = length rr;
E1’ = map-of (zip xs (map (atom2val E1) as));
n = length xs;
I = length rs;
E2' = (map-of (zip rs (map (theoE2) rr))) (self — Suc k);
(E1,E2") F h, (Suc k), (n+l), el ', (Suc k),v,(0,m,s);
"= h'"|*{p. p € dom h' & fst (the (h' p)) < k} ]
= (E1,E2) F hk, td, AppE fasrra  h”, kv,
(6(k+1:=None),m,maz((int n)+(int 1))(s+ (int n)+(int ) — int td))

end
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8 Depth-Aware Operational semantics of Safe ex-
pressions

theory SafeDepthSemantics
imports SafeRASemantics ../SafeImp/SVMState
begin

inductive
SafeDepthSem :: [Environment, HeapMap, nat, unit Exp, string, HeapMap, nat,

Val, nat] = bool
(-F-,-,- V- -, -, -, -[71,71,71,71,71,71,71,71] 70)
where

litInt : E + h, k, (ConstE (LitN i) a) If h, k, IntT 4, 0
| litBool: E & h,k, (ConstE (LitB b) a) |f h, k, BoolT b, 0

| var! : E1x = Some (Val.Loc p)
= (E1,E2) - h, k, (VarE z a) {f h, k, Val.Loc p, 0

| var2 : [E1 x = Some (Val.Loc p); E2 r = Some j; j <= k;

copy (h.k) pj = ((h'.k),p"); def-copy p (h.,k)]
= (E1,E2)F h, k, (z Qra)lfh’, k, Val.Loc p’, 0

| var3 : [El x = Some (Val.Loc p); h p = Some c¢; SafeHeap.fresh q h]
= (E1,E2) F h,k,(ReuseE x a)lf
((h(p:=None))(q — ¢)),k,Val.Loc q,0

| let1 [V Casra' el # ConstrE C asra’; x1 ¢ dom El;
(F1,E2) & h, k, el Jfh', k, v1, n1 A
(BEl(zl — vl1),E2)F R/, k, e2 Uf b, k, v2, n2]
= (E1,E2) b h, k, Let x1 = el In e2 a |fh", k, v2, maz nl n2

| let2 : [ E2r = Somej;j <k; freshph;xl ¢ dom E1; r # self;
(E1(x1 — Val.Loc p),E2) F
h(p — (4,(C,map (atom2val E1) as))), k, e2 4fh', k, v2, n]
= (E1,E2) F h,k,Let x1 = ConstrE C as r a’ In e2 a |f h',k,v2,n

| casel: [ i < length alts;
E1x = Some (Val.Loc p);
hp = Some (j,C,vs);
altsli = (pati, ei);
pati = ConstrP C ps ms;
xzs = (snd (extractP (fst (alts ! 1))));
E1' = estend E1 zs vs;
def-extend E1 zs vs;
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nr = int (length vs);
(E1,E2) b h, k, i Ufh', k, v, 1]
= (E1,E2) b h,k, Case (VarE z a) Of alts a’ |f ', k, v, n

| casel-1:[ i < length alts;
El z = Some (IntT n);
altsli = (pati, ei);
pati = ConstP (LitN n);
(E1,E2) F h, k, ei Ufh', k, v, nf]
= (E1,E2) F h, k, Case (VarE x a) Of alts o’ Uf b', k, v, nf

| casel-2: [ i < length alts;
E1 x = Some (BoolT b);
altsi = (pati, ei);
pati = ConstP (LitB b);
(E1,E2) b hy Kk, ei ) fh', k, v, n]
= (E1,E2) - h, k, Case (VarE z a) Of alts a’ Jf h', k, v, n

| case2: [ i < length alts;
E1 x = Some (Val.Loc p);
hp = Some (j,C,vs);
altsli = (pati, ei);
pati = ConstrP C ps ms;
xzs = (snd (extractP (fst (alts ! 7))));
E1’ = extend E1 zs vs;
def-extend E1 xs vs;
nr = int (length vs);
J <=k
(E1',E2) & h(p :=None), k, et 4f h’, k, v, n]
= (E1,E2) b h, k, CaseD (VarE x a) Of alts o’ Lf h', k, v, n

| app-primops: [ primops g = Some oper;
vl = atom2val E1 al;
v2 = atom2val E1 a2;
v = execOp oper vl v2]
= (E1,E2) & h, k, AppE g [al,a2] [| a 4f h, k, v, 1

| app: [ Zf f = Some (zs,rs,e); primops f = None;
distinct xs; distinct rs; dom E1 N set xs = {};
length xs = length as; length rs = length rr;
E1’ = map-of (zip xs (map (atom2val E1) as));
n = length zs;
I = length rs;
E2’ = (map-of (zip rs (map (theoE2) rr))) (self — Suc k);
(E17,E2') & h, (Suc k), e Jf h', (Suc k), v, nf;
R = h'|*{p. p € dom h' & fst (the (h' p)) < k}]
= (E1,E2) & h, k, (AppE fas rra) Jf b, k, v, (nf+1)

| app2: [ Bf g = Some (xs,rs,e); primops g = None; f # g¢;
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distinct xs; distinct rs; dom E1 N set zs = {};
length xs = length as; length rs = length rr;
E1’" = map-of (zip zs (map (atom2val E1) as));
n = length xs;
I = length rs;
E2" = (map-of (zip rs (map (theoE2) rr))) (self — Suc k);
(E1",E2") F h, (Suc k), e Yf h', (Suc k), v, nf;
R = h'|*{p. p € dom h' & fst (the (h' p)) < k}]
= (E1,E2)F h, k, AppE g asrra |fh", k, v, nf

lemma egSemRADepth[rule-format]: (E1,E2) & h.k,td,ellh’ kv,r —
(3 n. (F1,E2) - hk,ellf h',k,o,n)

apply (rule impl)

apply (erule SafeRASem.induct)

apply (rule-tac =0 in exl)
apply (rule SafeDepthSem.litInt)

apply (rule-tac z=0 in exl)
apply (rule SafeDepthSem.litBool)

apply (rule-tac z=0 in exl)
apply (rule SafeDepthSem.varl ,assumption)

apply (rule-tac x=0 in exl)
apply (rule SafeDepthSem.var2,simp,simp,assumption,assumption,assumption)

apply (rule-tac =0 in exl)
apply (rule SafeDepthSem.vars,assumption+)

erule exE)+

rename-tac nl n2)

rule-tac t=maz nl1 n2 in exl)
rule SafeDepthSem.let!)
assumption—+)

rule conjl,simp,simp)

apply
apply
apply
apply
apply
apply

Py

apply (erule exE)+
apply (rename-tac n2)
apply (rule-tac z=n2 in exl)

44



apply (rule SafeDepthSem.let2)
apply (assumption+)

apply (elim exE)

apply (rename-tac ni)

apply (rule-tac z=ni in exl)
apply (rule SafeDepthSem.casel)
apply (assumption+)

apply (elim exE)

apply (rename-tac ni)

apply (rule-tac z=ni in exl)
apply (rule SafeDepthSem.casel-1)
apply (assumption—+)

apply (elim exE)

apply (rename-tac ni)

apply (rule-tac x=ni in exl)
apply (rule SafeDepthSem.casel-2)
apply (assumption+)

apply (elim exE)

apply (rename-tac ni)

apply (rule-tac z=ni in exl)
apply (rule SafeDepthSem.case2)
apply (assumption+)

apply (rule-tac z=1 in exl)
apply (rule SafeDepthSem.app-primops)
apply assumption+

apply (elim exE)
apply (rename-tac nf)
apply (case-tac fa=f)

apply (rule-tac z=nf+1 in exl)

apply (rule-tac s=f and t=fa in subst)

apply simp

apply (rule-tac s=h’|* {p € dom h'. fst (the (h' p)) < k} and t=h"" in subst)
apply simp

apply clarify

apply (rule-tac h’=h’ in SafeDepthSem.app)
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apply assumption+
apply simp

apply simp

apply simp

apply simp

apply assumption
apply simp

apply (rule-tac x=nf in exl)

apply (rule-tac s=h’|* {p € dom h'. fst (the (h' p)) < k} and t=h"" in subst)
apply simp

apply (rule SafeDepthSem.app2)

apply assumption+

apply simp

apply assumption+

apply simp

done

lemma egSemDepthRA[rule-format): (E1,E2) &+ h,k,ellf h'.k,o,n —
(V td.3 r.(E1,E2) - h,k,td,elh’ k,v,r)

apply (rule impl)
apply (erule SafeDepthSem.induct)

apply (rule alll)
apply (rule-tac x=([|§,0,1) in exl)
apply (rule SafeRASem.litInt)

apply (rule alll)
apply (rule-tac x=([|§,0,1) in exl)
apply (rule SafeRASem.litBool)

apply (rule alll)
apply (rule-tac x=([|§,0,1) in exl)
apply (rule SafeRASem.varl,assumption)

apply (rule alll)
apply (rule-tac z=([j — size h pl,size h p,2) in exl)
apply (rule SafeRASem.var2,assumption+,simp)

apply (rule alll)
apply (rule-tac x=([]§,0,1) in exl)
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apply (rule SafeRASem.var3) apply assumption+

apply (rule alll)
apply (elim conjE)
apply (erule-tac x=0 in allFE)

apply (erule-tac x=td+1 in allE)

apply (elim exE)

apply (rename-tac r1 r2)

apply (case-tac r1)

apply (case-tac r2)

apply (rename-tac 61 rest! 62 rest2)

apply (case-tac restl)

apply (case-tac rest2)

apply (rename-tac m1 ss1 m2 ss2)

apply (rule-tac z=(61®52,max m1 (m2 + ||61|),maz (ss1+2) (ss2+1)) in exl)
apply (rule SafeRASem.let! ,assumption+,simp,simp)

rule alll)

erule-tac z=td+1 in allE)

elim exE)

rename-tac 12)

case-tac 12)

rename-tac 82 rest2)

case-tac rest2)

rename-tac m2 s2)

rule-tac =(2@(empty(j—1)),m2+1,s2+1) in exl)
rule SafeRASem.let2,assumption+,clarify)

apply
apply
apply
apply
apply
apply
apply
apply
apply
apply

Py

apply (rule alll)

apply (erule-tac x=nat ((int td)+ nr) in allE)
apply (elim exE)

apply (rename-tac r)
apply (case-tac r)

apply (rename-tac § rest)
apply (case-tac rest)
apply (rename-tac m ss)
apply (rule-tac z=(6,m, (ss+nr)) in exl)

apply (rule SafeRASem.casel ,assumption—+,clarify)

apply (rule alll)

apply (erule-tac z=td in allE)
apply (elim exE)

apply (rename-tac r)

apply (case-tac 1)

apply (rename-tac § rest)
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apply (case-tac rest)

apply (rename-tac m ss)

apply (rule-tac z=(6,m,ss) in exl)

apply (rule SafeRASem.casel-1,assumption—+,clarify)

apply (rule alll)
apply (erule-tac z=td in allE)
apply (elim exFE)
apply (rename-tac r)

apply (case-tac 1)

apply (rename-tac § rest)

apply (case-tac rest)

apply (rename-tac m ss)

apply (rule-tac x=(§,m,ss) in exl)

apply (rule SafeRASem.casel-2,assumption—+,clarify)

rule alll')

erule-tac x=nat ((int td)+ nr) in allF)

elim exE)

rename-tac 1)

case-tac 1)

rename-tac 0 rest)

case-tac rest)

rename-tac m ss)

rule-tac x=(0®(empty(j——1)),maz 0 (m — 1),ss+nr) in exl)
rule SafeRASem.case2,assumption+,clarify)

apply
apply
apply
apply
apply
apply
apply
apply
apply
apply

Py

apply (rule alll)
apply (rule-tac x=([|§,0,2) in exl)
apply (rule SafeRASem.app-primops,assumption+)

apply (rule alll)
apply (erule-tac z=length as+ length rs in allE)

apply (elim exE)

apply (rename-tac r)

apply (case-tac r)

apply (rename-tac § rest)

apply (case-tac rest)

apply (rename-tac m ss)

apply (rule-tac x=(d(k+1:=None),m,maz((int n)+(int 1))(ss+(int n)+(int 1) —
int td)) in exl)

apply (rule SafeRASem.app)

apply assumption+

apply simp

apply simp
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apply (rule alll)
apply (erule-tac z=n+1 in allE)

apply (elim exFE)

apply (rename-tac r)

apply (case-tac 1)

apply (rename-tac § rest)

apply (case-tac rest)

apply (rename-tac m ss)

apply (rule-tac x=(5(k+1:=None),m,maz((int n)+(int 1))(ss+(int n)+(int 1) —
int td)) in exl)

apply (rule SafeRASem.app)

apply assumption+

apply simp

apply simp

done

constdefs
SafeBoundSem :: [Environment, HeapMap, nat, unit Ezp, string X nat,
HeapMap, nat, Val] = bool
(-F-,-,-4--,-,- [71,71,71,71,71,71,71] 70)

EFh k eltuph’, k!, v =
(let (fyn) = tup ink=k’" AN (3 nf . EF h, k, e fh’, k, v, nf
A nf < n))

lemma egSemRABound [rule-format):
(V td.3 r.(E1,E2) b hktd,elh’ kw,r) =
(3 n.(E1,E2) b hk,el(f,n) h'k,v)

apply (rule eg-reflection)
apply (rule iffI)

thm eqSemRADepth

apply (erule-tac z=td in allE)
apply (elim exE)
apply (simp add: SafeBoundSem-def)
apply (drule-tac ?f=f in eqgSemRADepth)
apply (elim exE)

apply (rule-tac x=z in exl)

apply (rule-tac x=z in exl)

apply (rule congl ,assumption,simp)

apply (simp add: SafeBoundSem-def del: Product- Type.split-paired-Ex)
apply (elim exE)

apply (elim conjE)

apply (rule alll)

apply (drule-tac td=td in eqSemDepthRA)
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apply (elim exE)
apply (rule-tac =z in exl)
by assumption

lemma egSemBoundRA [rule-format]:
3 n. (B1,E2) F hk,el(f,n) h' ko =
r.(E1,E2) F hktd,elh’ kv,r
apply (rule eg-reflection)
apply (rule iffT)

apply (simp add: SafeBoundSem-def del: Product- Type.split-paired-Ex)
apply (elim exE)

apply (elim conjE)

apply (drule-tac td=td in egSemDepthRA)

apply (elim exE)

apply (rule-tac z=z in exI)

apply assumption

apply (elim exE)
apply (simp add: SafeBoundSem-def)
apply (drule-tac ?f=f in eqSemRADepth)
apply (elim exE)

apply (rule-tac =z in exl)

apply (rule-tac x=z in exl)

apply (rule conjl,assumption,simp)

done

lemma impSemBoundRA [rule-format]:
(E1,E2) b hk,ell(f,n) h'\kov =
3 r.(E1,E2) F hktd,elh’ ko,r
apply (simp add: SafeBoundSem-def del: Product- Type.split-paired-Ex)
apply (elim exE elim conjE)
apply (drule-tac td=td in egSemDepthRA)
apply (elim exFE)
apply (rule-tac x=z in exl)
by assumption

end

9 Closure Heap
theory ClosureHeap

imports SafeHeap ../ CoreSafe/SafeRASemantics
begin
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inductive-set
closureL :: Location = Heap = Location set
for p :: Location and h :: Heap
where
closureL-basic: p € closureL p h
| closureL-step: [q € closureL p h; d € descendants q h] = d € closureL p h

constdefs closure :: Environment = string = Heap = Location set
closure E x h = (case ((fst E) z) of Some (Loc p) = closureL p h
l-={}

constdefs closureV :: Val = Heap = Location set
closureV v h = (case v of IntT i = {}

| BoolT b = {}

| Loc p = closureL p h)

constdefs closureLS :: Environment = string set = Heap = Location set
closureLS E L h = (|Jz€L. closure E x h)
constdefs identityClosure :: Environment = string = Heap = Heap = bool
identityClosure E © h hh = closure E © h = closure E © hh A

(Vp € closure E z h. (fst h) p = (fst hh) p)
constdefs identityClosureL :: Location = Heap = Heap = bool

identityClosureL q h hh = closurel q h = closureL q hh A
(Vp € closureL q h. (fst h) p = (fst hh) p)

defs def-copy:
def-copy p h == (V q € closureL p h. ¢ € dom (fst h))

constdefs scope :: Environment = Heap = Location set
scope E h = closureLS E (dom (fst E)) h

constdefs live :: Environment = string set = Heap = Location set
live E L h = closureLS E' L h

constdefs closed :: Environment = string set = Heap = bool
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closed E L h = (live E L h) C domHeap h

lemma closed-Empty : closed E {} h
by (simp add: closed-def add: live-def add: closureLS-def)

lemma closed-monotone: closed E (L1 U (L2 — {x1})) h = closed E L1 h
by (simp add: closed-def add: live-def add: closureLS-def)

constdefs closed-f :: Val = Heap = bool
closed-f v h = (case v of IntT i = True
| BoolT b = True
| Loc p = closureL p h C domHeap h)

inductive-set
recReachL :: Location = Heap = Location set
for p :: Location and h :: Heap
where
recReachL-basic: p € recReachL p h
| recReachL-step: [ q € recReachL p h; d € recDescendants g h] => d € recReachL
ph

constdefs recReach :: Environment = string = Heap = Location set
recReach E x h = (case ((fst E) z) of Some (Loc p) = recReachL p h

l-={})

lemma transit-auz: | r € closurelL d h | = d € descendants gqa h — r €

closureL qa h

apply (erule closureL.induct)

apply (rule impl)

apply (subgoal-tac ga € closureL qa h)
apply (erule closureL-step, assumption)
apply (rule closureL-basic)

apply (rule impl)

apply (drule mp)

apply assumption

by (erule closureL-step, assumption)

lemma transit-auz2: [ r € closureL d h; d € descendants qa h | = r € closureL
qa h

apply (subgoal-tac [ r € closureL d h | = d € descendants qa h — r € closureL
qa h, simp)

by (rule transit-auz,assumption)

lemma transit: [p € closureL q h] = Vr. r € closureL p h
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— r € closureL q h
apply (erule closureL.induct)
apply simp
apply clarsimp
apply (erule allE, erule mp)
apply (erule thin-rl)
by (erule transit-auz2,assumption)

lemma closureL-transit: [p € closureL q h; v € closureL p h] = r € closureL q
h
by (frule transit,simp)

lemma closure-transit: [p € closure E x h; q € closureL p h] = q € closure E
zh

apply (simp add: closure-def)

apply (case-tac fst E x)

apply simp

apply simp

apply (case-tac a)

apply simp-all

apply (erule closureL-transit)

by assumption

lemma closureL-monotone: p € closureL g (h1', h2') = closureL p (h1’, h2’)
C closureL q (h1', h2’)

apply (erule closureL.induct)

apply simp

apply (subgoal-tac closureL d (h1’, h2') C closureL qa (h1', h2"))

apply blast

apply (rule subsetl, rule transit-auz2)

apply simp

by simp

lemma closure-recReach-monotone:
[ p € closure (E1(z1 — 1), E2) y (h1’, h2);
closureL p (h1’, h2') N recReach (E1(x1 — r), E2) z (h1', h2') # {} ]
= closure (E1(z1 — 1), E2) y (h1’, h2’) N recReach (E1(z1 — 1), E2)
(h1', h2) £ {}
apply (case-tac y#z1)
apply (simp add: closure-def)
apply (case-tac E1 y)
apply simp
apply simp
apply (case-tac a, simp-all,clarsimp)
apply (subgoal-tac p € closureL nat (h1', h2') = closureL p (hl1’, h2') C
closureL nat (h1', h2'))
apply blast
apply (erule closureL-monotone)
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apply (simp add: closure-def)

apply (case-tac r,simp-all,clarsimp)

apply (subgoal-tac p € closurel nat (h1’, h2') = closureL p (h1’, h2’) C
closureL nat (h1', h2'))

apply blast

by (erule closureL-monotone)

lemma closure-monotone: [y # z1;p € closure (E1(zl — 1), E2) y (h1’, h2')]
= closureL p (h1’, h2") C closure (E1(z1 — 1), E2) y (h1’, h2’)

apply (simp add: closure-def)

apply (case-tac E1 y,simp-all)

apply (case-tac a, simp-all)

by (erule closureL-monotone)

lemma identityClosureL-monotone-h:
[z € closureL q h] = q € closureL p h — identityClosureL p h hh — z €

closureL q hh
apply (erule closureL.induct)

apply (intro impl, rule closureL-basic)
apply (intro impl)
apply simp
apply (subgoal-tac d € descendants ga hh)
apply (erule closureL-step,simp)
apply (simp add: identityClosureL-def)
apply (erule conjE)
apply (erule-tac x=qa in ballE)
apply (subgoal-tac qa € closureL q h)
apply (subgoal-tac d € closureL q h)

apply (simp add: descendants-def)
apply (erule closureL-step,simp)
apply simp
apply (subgoal-tac q € closureL p h)
prefer 2 apply simp
apply (subgoal-tac [ qa € closureL q h; q € closureL p h] = qa € closureL p
h,simp)
by (rule closureL-transit)

Py

lemma identityClosureL-monotone-hh:
[z € closureL q hh] = q € closureL p h — identityClosureL p h hh — x €

closureL q h

apply (erule closureL.induct)

apply (intro impl, rule closureL-basic)

apply (intro impl)

apply simp

apply (subgoal-tac d € descendants ga h)

apply (erule closureL-step,simp)

apply (simp add: identityClosureL-def )

apply (erule conjE)

apply (erule-tac x=qa in ballE)
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apply (subgoal-tac ga € closureL q hh)
apply (subgoal-tac d € closureL q hh)
apply (simp add: descendants-def)
apply (erule closureL-step,simp)
apply simp
apply (subgoal-tac q € closureL p hh)
prefer 2 apply simp
apply (subgoal-tac | ga € closureL q hh; q € closureL p hh] = qa € closurelL
p hh,simp)
by (rule closureL-transit)

lemma identityClosureL-monotone:
[identityClosureL p h hh; q € closureL p h] = identityClosureL q h hh

apply (simp (no-asm) add: identityClosureL-def)
apply (rule conjI)

apply (rule equalityl )

apply (rule subsetl)

apply (subgoal-tac [z € closureL q h] = q € closureL p h — identityClosureL
p h hh — x € closureL q hh,simp)

apply (rule identityClosureL-monotone-h,simp)

apply (rule subsetl)

apply (subgoal-tac [z € closureL q hh] = q € closureL p h — identityClosureL
p h hh — x € closureL q h,simp)

apply (rule identityClosureL-monotone-hh,simp)
apply (simp add: identityClosureL-def )
apply (rule balll)
apply (erule conjE)
apply (subgoal-tac q € closureL p h)

apply (frule-tac r=pa and h=h in closureL-transit)

apply (rule closureL-basic)

apply (erule-tac z=pa in ballE clarsimp)
apply (frule-tac r=pa and h =h and p=gq in closureL-transit,clarsimp)
apply simp
by simp

lemma identityClosure-closureL-monotone:
[ identityClosure E x h hh; q € closure E x h] = identityClosureL q h hh
apply (simp add: identityClosure-def)
apply (simp add: closure-def)
apply (case-tac fst E z,simp-all)
apply (case-tac a,simp-all)
apply (subgoal-tac closurel nat h = closureL nat hh A (¥ pEclosurel nat h. fst h
p = fst hh p) — identityClosureL nat h hh,simp)
apply (erule identityClosureL-monotone,simp)
by (simp add: identityClosureL-def)

lemma recReachL-subseteq-closureL:
recReachL p h C closureL p h
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apply clarify

apply (erule recReachL.induct)

apply (simp add: closure-def)

apply (rule closureL-basic)

apply (simp add: closure-def)

apply (subgoal-tac recDescendants ¢ h C descendants q h)

apply (erule closureL-step, blast)

apply (simp add: recDescendants-def add: descendants-def)

apply (case-tac fst h q, simp, simp)

apply (subgoal-tac getRecursive ValuesCell (snd a) C getNonBasicValuesCell (snd
a), simp)

apply (simp add: getRecursive ValuesCell-def add: getNonBasicValuesCell-def)
apply (simp add: isRecursive-def add: isNonBasic Value-def)

apply auto

done

lemma recReach-subseteq-closure:
recReach F z h C closure E z h

apply (simp add: recReach-def)

apply (case-tac fst E z,simp-all)

apply (case-tac a,simp-all)

apply (simp add: closure-def)

by (rule recReachL-subseteg-closurel)

lemma identityClosure-equals-recReach-hh:
p€ recReachL q hh = closureL q h = closureL ¢ hh — (¥ p € closureL q h.

(fst h) p = (fst hh) p) — p € recReachL q h

apply (erule recReachL.induct)

apply (intro impl)

apply (rule recReachL-basic)

apply clarsimp

apply (erule-tac c=qa in equalityCE)

apply (subgoal-tac d € recDescendants qa hh = d € recDescendants qa h,simp)
apply (erule recReachL-step,simp)

apply (simp add: recDescendants-def)

apply (subgoal-tac recReachL q h C closureL q h)

apply blast

by (rule recReachL-subseteq-closurel)

lemma identityClosure-equals-recReach-h:
p€ recReachl g h = closureL q h = closureL ¢ hh — (¥ p € closureL q h. (fst
h) p = (fst hh) p) — p € recReachL q hh
apply (erule recReachL.induct)
apply (intro impl)
apply (rule recReachL-basic)
apply clarsimp
apply (erule-tac c=qa in equalityCE)
apply (subgoal-tac d € recDescendants qa h => d € recDescendants qa hh,simp)
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apply (erule recReachL-step,simp)
apply (simp add: recDescendants-def)
apply (subgoal-tac recReachL q hh C closureL q hh)
apply blast
by (rule recReachL-subseteq-closureL)

lemma identityClosure-equals-recReach:
identityClosure E x h hh = recReach E © h = recReach E z hh
apply (simp add: identityClosure-def)
apply (simp add: closure-def)
apply (case-tac fst E z,simp-all)
apply (simp add: recReach-def)
apply (case-tac a,simp-all)
apply (elim conjE)
apply (simp-all add: recReach-def)
apply (rule equalityl )
apply (rule subsetl)
apply (subgoal-tac za€ recReachL nat h =
closureL nat h = closureL nat hh — (¥ p € closureL nat h. (fst
h) p = (fst hh) p) — za € recReachL nat hh,simp)
apply (rule identityClosure-equals-recReach-h,simp)
apply (rule subsetl)
apply (subgoal-tac za€ recReachL nat hh —>
closureL nat h = closureL nat hh — (VY p € closureL nat h. (fst
h) p = (fst kh) p) — za € recReachL nat h,simp)
by (rule identityClosure-equals-recReach-hh,simp)

lemma closure-monotone-extend:
[ Vi<length alts. set (snd (extractP (fst (alts ! 7)))) N dom E = {} A
length (snd (extractP (fst (alts ! 4)))) = length vs;
z€ dom FE;
length alts > 0;
i < length alts |
= closure (E, E') z (h, k) = closure (extend E (snd (extractP (fst (alts ! i))))
vs, E'Y z (h, k)
apply (erule-tac z=i in dllE)
apply (subgoal-tac z ¢ set (snd (extractP (fst (alts ! i)))))
apply (subgoal-tac
E x = extend E (snd (extractP (fst (alts ! 4)))) vs )
apply (simp add:closure-def)
apply (rule extend-monotone-i)
apply (simp,simp,simp)
by blast

lemma closure-monotone-extend-2:
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[ set (snd (extractP (fst (alts !14)))) N dom E = {};
length (snd (extractP (fst (alts ! i)))) = length vs;
€ dom F;
length alts > 0,
i < length alts |
= closure (E, E') x (h, k) = closure (extend E (snd (extractP (fst (alts ! i))))
vs, E') z (h, k)
apply (subgoal-tac z ¢ set (snd (extractP (fst (alts ! i)))))
apply (subgoal-tac
E x = extend E (snd (extractP (fst (alts ! 4)))) vs )
apply (simp add:closure-def)
apply (rule extend-monotone-i)
apply (simp,simp,simp)
by blast

lemma closure-monotone-extend-3:
[ set (snd (extractP (fst (alts !4)))) N dom E = {};
length (snd (extractP (fst (alts ! i)))) = length vs;
€ dom F;
length alts > 0;
i < length alts;
za € closure (extend E (snd (extractP (fst (alts ! 7)))) ws, E') z (h, k) ]
= za € closure (E, E') z (h, k)
apply (subgoal-tac z ¢ set (snd (extractP (fst (alts ! i)))))
apply (subgoal-tac
E x = extend E (snd (extractP (fst (alts ! 4)))) vs )
apply (simp add:closure-def)
apply (rule extend-monotone-i)
apply (simp,simp,simp)
by blast

lemma recReach-monotone-extend:
[ Vi<length alts. set (snd (extractP (fst (alts ! i)))) N dom E = {} A
length (snd (extractP (fst (alts ! 4)))) = length vs;
x € dom FE;
length alts > 0; i < length alts]
= recReach (E, E’) xz (h, k) = recReach (extend E (snd (extractP (fst (alts !
i) vs, E) z (h, k)
apply (erule-tac z=i in dllE)
apply (subgoal-tac z ¢ set (snd (extractP (fst (alts ! i)))))
apply (subgoal-tac
E x = extend E (snd (extractP (fst (alts ! 4)))) vs )
apply (simp add:recReach-def)
apply (rule extend-monotone-i)
apply (simp,simp,simp)
by blast

lemma recReach-monotone-extend-2:
[ set (snd (extractP (fst (alts !14)))) N dom E = {};
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length (snd (extractP (fst (alts ! 1)))) = length vs;
x € dom F,
length alts > 0; i < length alts]
= recReach (E, E’) = (h, k) = recReach (extend E (snd (extractP (fst (alts !
) vs, B o (b, k)
apply (subgoal-tac z ¢ set (snd (extractP (fst (alts ! i)))))
apply (subgoal-tac
E z = extend E (snd (extractP (fst (alts ! 7)))) vs x)
apply (simp add:recReach-def)
apply (rule extend-monotone-i)
apply (simp,simp,simp)
by blast

lemma monotone-extend-closures:
[V i < length assert. fst (assert ! i) C dom (snd (assert ! i));
V i < length alts. set (snd (extractP (fst (alts ! 4)))) N dom E1 = {} A
length (snd (extractP (fst (alts ! 4)))) = length vs;
YV i < length assert. dom (snd (assert ! i)) C dom (extend E1 (snd (extractP
(fst (alts ! 7)))) vs);
z€fst (assert ! i); z & set (snd (extractP (fst (alts ! 1))));
length alts = length assert;
closure (E1, E2) x (h, k) N recReach (E1, E2) z (h, k) # {};
x€ dom FE1,
length assert > 0;
i < length alts |
.
closure (extend E1 (snd (extractP (fst (alts ! i)))) vs, E2) x (h, k) N
recReach (extend E1 (snd (extractP (fst (alts ! i)))) vs, E2) z (h, k) # {}
apply (subgoal-tac closure (E1, E2) x (h, k) =
closure (extend E1 (snd (extractP (fst (alts ! 1i)))) vs, E2) z (h,
B)

prefer 2 apply (simp,rule closure-monotone-extend,simp,simp,simp,simp)
apply (subgoal-tac z € dom E1)
apply (subgoal-tac recReach (E1, E2) z (h, k) =

recReach (extend E1 (snd (extractP (fst (alts ! 1)))) vs, E2) z (h,
k))

prefer 2 apply (rule recReach-monotone-extend,assumption+,simp,simp)
apply (erule-tac z=i in allE,simp)

apply (erule-tac z=14 in allE,simp)

apply (erule-tac =i in allE,simp)

apply (erule-tac x=i in allE,simp)

apply (subgoal-tac z € dom (extend E1 (snd (extractP (fst (alts ! 14)))) vs))
prefer 2 apply blast

apply (elim conjE)

by (rule extend-prop1,assumption+)
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lemma monotone-extend-closures-i:
[ set (snd (extractP (fst (alts ! 4)))) N dom E1 = {} A length (snd (extractP (fst
(alts 1 1)))) = length vs;

fst (assert ! i) C dom (snd (assert ! i));

z€fst (assert ! i); z ¢ set (snd (extractP (fst (alts ! 7))));

length alts = length assert;

length alts > 0;

closure (E1, E2) x (h, k) N recReach (E1, E2) z (h, k) # {};

dom (snd (assert ! 1)) C dom (extend E1 (snd (extractP (fst (alts ! i)))) vs);

x€ dom E1;

i < length alts |
_

closure (extend E1 (snd (extractP (fst (alts ! 1)))) vs, E2) z

recReach (extend E1 (snd (extractP (fst (alts ! 1)))) vs, E2)
apply (elim conjE)
apply (subgoal-tac closure (E1, E2) z (h, k) =

closure (extend E1 (snd (extractP (fst (alts ! 4)))) vs, E2) z (h,

B)

prefer 2 apply (simp, rule closure-monotone-exctend-2,simp,assumption-+,simp,simp)

(h, k) N
z (h, k) # {}

apply (subgoal-tac z € dom E1)
apply (subgoal-tac recReach (E1, E2) z (h, k) =

recReach (extend E1 (snd (extractP (fst (alts ! i)))) vs, E2) z (h,
k)

prefer 2 apply (rule recReach-monotone-extend-2,simp,assumption+,simp)
apply (subgoal-tac z € dom (extend E1 (snd (extractP (fst (alts ! 4)))) vs))
prefer 2 apply blast

by (rule extend-propl,assumption+)

end
10 SafeDAssBasic

constdefs SSet :: string set = TypeEnvironment = Environment = Heap =
Location set
SSet LT E h = let LS = {2€L.T z = Some s''}

in (UzeLS. closure E x h)

constdefs SSet! :: string set = TypeEnvironment = TypeEnvironment = Mark
= FEnvironment = Heap = Location set

SSet1 LTI T mEh = (Jze{2€L.T z = (Somem) AT'1 z = (Some s")}. closure
Ezh)

constdefs RSet :: string set = TypeEnvironment = Environment = Heap =
Location set
RSet LT Eh= {p€live ELh 32z€ L.T z = Some d" A

closureL p h N recReach E z h # {}}
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constdefs RSet! :: string set = TypeEnvironment = TypeEnvironment = Mark
= FEnvironment = Heap = Heap = Location set
RSet1t LTI T m Ehhh = {p € live ELh. 326 L.T z = Somem AT1 z =
Some d"" A
closureL p h N recReach E z h # {}} U
{p € scope E h. —identityClosureL p h hh }

constdefs RSet2 :: string set = string set = TypeEnvironment = Environment
= Heap = Location set
RSet2 LL'T Eh= {p€live EL' h.3z€ L.T z = Some d" A

closureL p h N recReach E z h # {}}

constdefs shareRec :: string set = TypeFEnvironment = Environment = Heap =
Heap = bool
shareRec LT E h hh = (Vz€ dom (fst E). Y 2z € L. T z = Some d”" A
closure E x h N recReach E z h # {}
— z €dom T AT z # Some s"')
A
(Vze dom (fst E). — identityClosure E x h hh
— z € dom T AT z # Some s"')

constdefs wellFormed :: string set = TypeEnvironment = unit Exp = bool
wellFormed LT e = (V E1 E2 h k td hh v r.
(F1,E2) b hk,td, e |} hhkv,r
A dom I' C dom E1
ANLC domT
ANfveCL
— (Vz€ dom E1.¥Y z € L.T z = Some d" A
closure (E1,E2) x (h,k) N recReach (E1,E2) z (h,k) # {}
— xz € dom I AT z # Some s'"'))

constdefs wellFormedDepth :: string = nat = string set = TypeEnvironment =
unit Exp = bool
wellFormedDepth fn LT e = (V El E2 h k hh v.
(E1,E2) &+ hk, e U(f,n) hh,k,v
A dom I' C dom E1
AL C dom T
ANfveCL
— (Vze dom E1.¥Y z € L. T z = Some d” A
closure (E1,E2) © (h,k) N recReach (E1,E2) z (h,k) # {}
— xz € dom ' AT z # Some s"))

lemma imp-wellFormed-wellFormedDepth:
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wellFormed L T e = wellFormedDepth fn LT e
apply (simp only: wellFormed-def)
apply (simp only: wellFormedDepth-def)
apply (rule alll)+
apply (rule impl)
apply (elim conjE)
apply (frule impSemBoundRA [where td=td))
apply (elim exE)
apply (erule-tac z=FE1 in ollF)
apply (erule-tac z=E2 in ollF)
apply (erule-tac x=h in allE)
apply (erule-tac x=Fk in allE)
apply (erule-tac z=td in allE)
apply (erule-tac x=hh in allE)
apply (erule-tac z=v in allE)
apply (erule-tac z=r in allF)
apply (drule mp,simp)
by (frule impSemBoundRA,simp)

constdefs SR :: string set = TypeEnvironment = Environment = Heap = Heap
= string set

SRLT Ehhh={z€ dom (fst £). 3 z € L.T' z = Some d” A closure E z h N
recReach E z h # {}}

definition
restrict-neg-map = (‘a ~Y=> 'b) => ‘a set => (‘a Y=> 'b) where
restrict-neg-map m A = (Az. if x : A then None else m )

consts
maps-of :: ('a x 'b) list => ('a ~=> ') list

primrec
maps-of [| = [empty]
maps-of (p#ps) = [fst p — snd p] # maps-of ps

axioms z-in-SR:
- identityClosure (E1, E2) z (h, k) (h', k) = 2z € SR LT (E1,E2) (h,k)
(h'E")

types MarkEnv = string — Mark list

constdefs SafeDAss ::
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unit Exp = string set = TypeEnvironment = bool (-:{ -, -} 1000)
SafeDAss e LT =
foeC LANLCdomT A
(V E1 E2 hktd hh v r.
(E1,E2) & h.k,td, e |} hh,k,v,r
A dom I' C dom E1
— shareRec LT (E1,E2) (h
A (closed (E1,E2) L (h.k)
A SSet LT (E1,E2) (h,k) N RSet LT (E1,E2) (h,k) = {}
— closed-f v (hh,k)))

k) (hh,k)

inductive
ValidGlobalMarkEnv :: MarkEnv = bool (= - 1000)

where
base: = empty
| step: [ E Xm; f ¢ dom Ym;
Lf = set (varsAPP Xf f); T'f = empty ((varsAPP Xf f) [—] ms);
(bodyAPP Sf f) : { Lf ,Tf }] = & Zm(froms)

constdefs SafeDAssCnixt ::

unit Exp = MarkEnv = string set = TypeEnvironment = bool (-, -: { -, -
} 1000)

SafeDAssCntzt e Xm LT = (F ¥m — e: { L, T |)

constdefs SafeDAssDepth ::
unit Exp = string = nat = string set = TypeEnvironment = bool (- - _ {
-, - 1000)
SafeDAssDepth e fn LT =
foeCLANLCdomT A
(Y E1 E2 h k hh v.
(E1,E2) & h, k, e U(f,n) hh, k, v
A dom I' C dom E1
— shareRec LT (E1,E2) (h
A (closed (E1,E2) L (h.k)
A SSet LT (E1,E2) (h,k) N RSet LT (E1,E2) (h,k) = {}
— closed-f v (hh,k)))

k) (hh,k)

inductive ValidGlobalMarkEnvDepth :: string = nat = MarkEnv = bool
(-, - - 1000)
where
base : [ Xm; f ¢ dom Em] = =, Em
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| depth0 = [ = Em; f ¢ dom ¥m] = |=¢ g Em(f—ms)

| step : [EXm; f ¢ dom Tm;
Lf = set (varsAPP Xf f); T'f = empty ((varsAPP Xf f) [—] ms);
(bodyAPP Xf f) ‘fon {Lf . Tf ] = ':f,Suc n 2m(froms)

| 9 [EfnEm;g ¢ dom Sm; g#f;
Lg = set (varsAPP Xf g); Tg = empty ((varsAPP Xf g) [—] ms);
(bodyAPP Xf g) : { Lg ., Tg |} | = k¢,  Em(g—ms)

constdefs SafeDAssDepthCnixt ::

unit Bxp = MarkEnv = string = nat = string set = TypeEnvironment = bool
('a':-,—{|_7_|}1000)

SafeDAssDepthCntzt e ¥m fn LT = (=, Xm — ey, {L,T']})

Lemmas

lemma equals-recReach:
[z # 21; z€ L; T z = Some s”; identityClosure (E1,E2) z h hh]
= recReach (E1,E2) z h = recReach (E1(z1 — 1), E2) 2z hh
apply (subgoal-tac z # ©1 = recReach (E1(xz1 — 1), E2) z hh = recReach (E1,
E2) z hh,simp)
apply (erule identityClosure-equals-recReach)
apply simp
by (simp add: recReach-def)

lemma monotone-identityClosure:

[x#x1; identityClosure (E1, E2) z (h, k) (h', k’);
identityClosure (E1(x1 — r), E2) « (h', k') (hh, kk)]

= identityClosure (E1, E2) x (h, k) (hh, kk)

apply (simp add: identityClosure-def)

apply (elim conjE)

apply (rule congl)

apply (simp add: closure-def)

apply (rule balll)

apply (erule-tac z=p in ballE)+
apply simp

apply (simp add: closure-def)

by simp

lemma unsafe-GammaZ2-identityClosure:
[ L2 C dom (disjointUnionEnv T'2 (empty(z1 — m)));
def-disjointUnionEnv T'2 (empty(zl — m));
dom (disjointUnionEnv T'2 (empty(zl — m))) C insert z1 (dom E1); y # z1;
Vzedom E1. (3z€L1.T1 2z = Some d" A closure (E1, E2) z (h, k) N recReach
(E1, E2) z (h, k) #{}) — z € domT1 ANT1z # Some s”;
Vzedom E1. - identityClosure (E1, E2) z (h, k) (b, k') — x € dom T'1 A
'l x # Some s”;
def-pp I'1 T2 L2;
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2y # Some s'; y € L2]
= identityClosure (E1, E2) y (h, k) (h', k')
apply (erule-tac =y in ballE)+
prefer 2 apply blast
prefer 2 apply blast
apply (frule-tac z=y in safe-Gamma-triangle-3, assumption+)
apply (case-tac — identityClosure (E1, E2) y (h, k) (h', k)
apply simp
apply simp
done

lemma closure-subset-live:

ly # x1; y € L2] = closure (E1,E2) y (h, k) C live (E1, E2) (L1 U (L2 —
{s1})) (b, b)

apply (simp add: live-def add: closureLS-def)

apply blast

done

lemma closure-live-monotone:

[ p € closure (E1(z1 — 1), E2) y
closure (E1(z1 — 1), E2) y (h/,

k)1

= p € live (E1, E2) (L1 U (L2 — {=z1})) (h, k)

apply blast

done

!/
)

(h', k");
k) C 1

we (E1, E2) (L1 U (L2 — {a1})) (h,

end

11 Derived Assertions. P2. dom I' C dom E

theory SafeDAss-P2 imports SafeDAssBasic
begin

Lemmas for LET1 and LET2

lemma dom-I'1-subseteq-triangle-I'1-I"'2-L2:
dom T1 C dom (pp T'1 T2 L2)
by (simp add: pp-def, force)

lemma dom-I'2-subseteg-triangle-I'1-I"'2-L2:
dom I'2 C dom (pp I'1 T2 L2)
by (simp add: pp-def, clarsimp)

lemma P2-LET-el:
[dom (pp T'1 T2 L2) C dom E1]
— dom I'1 C dom E1
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apply (subgoal-tac dom T'1 C dom (pp T'1 T2 L2))
by (blast, rule dom-T"1-subseteq-triangle-I'1-T'2-L2)

lemma P2-LET-e2:
[ def-disjointUnionEnv T'2 [zl — m];
x1 ¢ dom E1;
dom (pp T'1 T2 L2) C dom E1]
= dom (T'2 + [z1 — m]) C dom (EI(zl — vl))
apply (rule subsetl)
apply (case-tac x#x1,simp)
apply (subgoal-tac z € dom (pp T'1 T'2 L2))
apply blast
apply (frule union-dom-disjointUnionEnv,simp add: def-disjointUnionEnv-def)
apply (subgoal-tac dom T2 C dom (pp T'1 T2 L2))
apply blast
apply (rule dom-T'2-subseteg-triangle-I'1-T'2-L2)
by simp

lemma P2-LET:
[ def-disjointUnionEnv T'2 (empty(zl—m));
x1 ¢ dom E1;
dom (pp T'1 T2 L2) C dom El]
= dom T'1 C dom E1 A dom (T2 + (empty(zl — m))) C dom (E1(zxl —
r))
apply (rule congl)
apply (erule P2-LET-el)
by (erule P2-LET-e2,assumption)

Lemmas for CASE

lemma P2-CASE:
[ length assert > 0; i < length alts; length assert = length alts;
def-extend E1 (snd (extractP (fst (alts ! i)))) vs;
dom (foldl op ® empty (map snd assert)) C dom E1 |
= dom (snd (assert | i)) C dom (extend E1 (snd (extractP (fst (alts ! 7))))
vs)
apply (frule dom-T'i-subseteq-dom-T'-case)
apply (subgoal-tac dom E1 C dom (extend E1 (snd (extractP (fst (alts!1)))) vs))
apply (erule-tac x=4 in allE, simp)
by (simp add: extend-def blast)

lemma P2-CASE-1-1:
[ length assert > 0; i < length alts; length assert = length alts;
dom (foldl op ® empty (map snd assert)) C dom E1 |
= dom (snd (assert ! i)) C dom E1
apply (frule dom-T'i-subseteq-dom-T'-case)
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by (erule-tac =i in allE,simp)

Lemmas for CASED

lemma dom-restrict-neg-map:

dom (restrict-neg-map m A) = dom m — (dom m N A)
apply (simp add: restrict-neg-map-def ;auto)
by (split split-if-asm,simp,simp)

lemma dom-G-dom-restrict-neg-map:

dom G = dom (restrict-neg-map G A) U (dom G N A)
apply (subst dom-restrict-neg-map)
by blast

lemma dom-map-of-zip:

length xs = length ys

= dom (map-of (zip zs ys)) = set s
by (induct zs ys rule: list-induct2’ simp-all)

lemma dom-foldl-disjoint UnionEnv-monotone-generic:

dom (foldl op @ (empty ® y) ys + [z — d]) =
dom y U dom (foldl op @ empty ys) U dom [z +— d'
apply (subgoal-tac empty @ y = y @ empty,simp)
apply (subgoal-tac foldl op ® (y ® empty) ys =
y ® foldl op ® empty ys,simp)

apply (subst dom-disjointUnionEnv-monotone)
apply (subst union-dom-nonDisjointUnionEnv)
apply simp

apply (rule foldl-prop1)

apply (subgoal-tac def-nonDisjointUnionEnv empty y)

apply (erule nonDisjoint UnionEnv-conmutative)

by (simp add: def-nonDisjointUnionEnv-def)

lemma dom-monotone-foldl-nonDijoint UnionEnv-Gis:
length Gis > i => dom (Gis ! i) C dom (foldl op @ empty Gis + [z — d"])
apply (induct Gis i rule: list-induct3, simp-all)
apply (subgoal-tac dom (foldl op @ (empty ® za) zs + [z — d"]) =
dom za U dom (foldl op @ empty xzs) U dom [z — d''],simp)
apply blast
apply (rule dom-foldl-disjoint UnionEnv-monotone-generic)
apply (subgoal-tac dom (foldl op ® (empty ® za) zs + [z — d"]) =
dom za U dom (foldl op ® empty xs) U dom [z — d''],simp)
apply (subgoal-tac dom (foldl op ® empty xs + [z — d']) =
dom (foldl op @ empty zs) U dom [z — d''],simp)
apply blast
apply (rule dom-disjoint UnionEnv-monotone)
by (rule dom-foldl-disjointUnionEnv-monotone-generic)
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lemma dom-T'-case-subseteq-dom-T'i [rule-format]:
dom (foldl op @ empty Gis + [z — d']) C dom E1
— def-disjointUnionEnv (foldl op ® empty Gis) [z — d"]
— length Gis > 0
— 1 < length Gis
— dom (Gisli) C dom E1
apply (rule impl)+
apply (subgoal-tac
dom (Gis ! i) C dom (foldl op @ empty Gis + [z — d'']))
apply blast
by (rule dom-monotone-foldl-nonDijoint UnionEnv-Gis,assumption)

lemma P2-CASED:
[ length assert > 0; length assert = length alts; © € dom E1;
length (snd (extractP (fst (alts ! )))) = length vs;
1 < length alts;
def-disjointUnionEnv (foldl op ® empty
(map (A(Li, T'%). restrict-neg-map T'i (insert z (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))))
[z — d"];
length (snd (extractP (fst (alts ! i)))) = length vs;
dom (foldl op ® empty
(map (A(Li, T'%). restrict-neg-map T'i (insert © (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))) +
[z — d"]) C dom EI1]
= dom (snd (assert ! 1)) C dom (extend E1 (snd (extractP (fst (alts ! i))))
vs)
apply (subst dom-G-dom-restrict-neg-map [where A= (insert z (set (snd (extractP
(fst (alts 10))))))])
apply (simp add: extend-def)
apply (rule congl)
apply (frule dom-I'-case-subseteq-dom-T'1)
apply (assumption+,simp,simp,simp)
apply force
apply (subst dom-map-of-zip,simp)
by blast

end

12 Derived Assertions. P3. L dom G

theory SafeDAss-P3 imports SafeDAssBasic
begin

Lemmas for LET
lemma dom-I'2-subseteq-triangle-I'1-I'2-L2:
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dom T2 C dom (pp T'1 T2 L2)
by (simp add: pp-def, clarsimp)

lemma set-atom2var-as-subeteq-I'1:
YV a€set as. atom a
= set (map atomZvar as) C
dom (map-of (zip (map atom2var as) (replicate (length as) s'’)))
apply (induct as,simp,clarsimp)
apply (case-tac a,simp-all)
by force

lemma P3-LET-el:

[L1 C dom T1]

= L1 Cdom (ppT'1 T2L2)
by (simp add: pp-def, auto)

lemma P3-LET-e2:
[def-disjointUnionEnv I'2 (empty(zl — m));
L2 C dom (disjointUnionEnv T'2 (empty(zl — m)))]
= L2 — {z1} C dom (pp T'1 T2 L2)
apply (rule subsetl)
apply (frule union-dom-disjointUnionEnv)
apply (simp add: def-disjointUnionEnv-def )
apply (subgoal-tac dom I'2 C dom (pp I'1 T'2 L2),blast)
by (rule dom-T' 2-subseteg-triangle-I'1-T2-L2)

lemma P3-LET:
[ def-disjointUnionEnv T'2 (empty(zl — m));

L1 CdomT1;
L2 C dom (disjointUnionEnv T'2 (empty(zl — m)))]
= L1 U (L2 — {z1}) C dom (pp I'1 T'2 L2)

apply clarsimp

apply (rule congl)

apply (erule P3-LET-el)

by (erule P3-LET-e2,assumption)

Lemmas for CASE

lemma P3-CASE:

[ length assert > 0,
length alts = length assert;
(Vi < length alts. fst (assert ! 1) C dom (snd (assert ! i)));
z € dom (nonDisjointUnionEnvList (map snd assert)) |

= (Ui < tength aits f5t (assert 1 i) — set (snd (extractP (fst (alts ! i))))) U {z}
-

dom (nonDisjointUnionEnvList (map snd assert))
apply (frule dom-Ti-subseteq-dom-T"-case)
by (clarsimp,blast)

Lemmas for CASED
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lemma P3-1-CASED:
[ length assert > 0;
length assert = length alts;
(Vi < length alts. fst (assert ! i) C dom (snd (assert ! i))) ]
= z € dom (foldl op ® empty
(map (A(Li, T'i). restrict-neg-map T'i (insert z (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))) +
[z — d")
apply (subst dom-disjointUnionEnv-monotone)
by (simp add: dom-def)

lemma dom-restrict-neg-map:
dom (restrict-neg-map m A) = dom m — (dom m N A)
apply (simp add: restrict-neg-map-def)
apply auto
by (split split-if-asm,simp-all)

lemma dom-foldl-monotone-generic:

dom (foldl op @ (empty ® z) xs) =

dom x U dom (foldl op ® empty xs)
apply (subgoal-tac empty @ x = x ® empty,simp)
apply (subgoal-tac foldl op ® (z ® empty) zs =
z ® foldl op @ empty xs,simp)

apply (rule union-dom-nonDisjointUnionEnv)
apply (rule foldl-prop1)
apply (subgoal-tac def-nonDisjointUnionEnv empty )
apply (erule nonDisjoint UnionEnv-conmutative)
by (simp add: def-nonDisjointUnionEnv-def)

lemma dom-foldl-disjoint UnionEnv-monotone-generic-2:
dom (foldl op ® (empty @ y) ys + A) =
dom y U dom (foldl op ® empty ys) U dom A
apply (subgoal-tac empty @ y = y @ empty,simp)
apply (subgoal-tac foldl op ® (y ® empty) ys =
y ® foldl op ® empty ys,simp)
apply (subst dom-disjointUnionEnv-monotone)
apply (subst union-dom-nonDisjointUnionEnv)
apply simp
apply (rule foldl-prop1)
apply (subgoal-tac def-nonDisjointUnionEnv empty y)
apply (erule nonDisjoint UnionEnv-conmutative)
by (simp add: def-nonDisjointUnionEnv-def)

lemma dom-T'i-in-T'cased [rule-format]:
length assert > 0
— length assert = length alts
— def-disjointUnionEnv
(foldl op ® empty
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(map (N(Li, T'i). restrict-neg-map T'i (insert x (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))))
[z — d”]
— (¥ i < length alts. y € dom (snd (assert ! i))
— y ¢ set (snd (extractP (fst (alts ! i))))
— y € dom (foldl op ® empty
(map (N(Li, T'i). restrict-neg-map T'i (insert x (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))) +
[z — d"]))
apply (induct assert alts rule:list-induct2’,simp-all)
apply (rule impl)+
apply (case-tac xs = [|,simp)
apply (rule impl)
apply (subst empty-nonDisjointUnionEnv)
apply (subst union-dom-disjointUnionEnv)
apply (subst (asm) empty-nonDisjointUnionEnv)
apply simp
apply (subst dom-restrict-neg-map)
apply force
apply simp
apply (drule mp)
apply (simp add: def-disjointUnionEnv-def )
apply (subst (asm) dom-foldl-monotone-generic)
apply blast
apply (rule alll, rule impl)
apply (case-tac i,simp-all)
apply (rule impl)
apply (subst dom-foldl-disjointUnionEnv-monotone-generic-2)
apply (subst dom-restrict-neg-map)
apply force
apply (rule impl)
apply (rotate-tac 3)
apply (erule-tac x=nat in allE simp)
apply (subst dom-foldl-disjointUnionEnv-monotone-generic-2)
apply (subst (asm) union-dom-disjoint UnionEnv)
apply (simp add: def-disjointUnionEnv-def )
apply (subst (asm) dom-foldl-monotone-generic)
apply blast
by blast

lemma P3-2-CASED:
[ length assert > 0;
length assert = length alts;
def-disjoint UnionEnv
(foldl op ® empty
(map (A(Li, T'%). restrict-neg-map T'i (insert © (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))))
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[z — d"l;
YV i < length alts. ¥V j < length alts. i # j — (fst (assert ! i) N set (snd
(extractP (fst (alts ! 7))))) = {};
(Vi < length alts. fst (assert ! i) C dom (snd (assert ! i))) ]
= (Ui < tength aits f5t (assert 1 i) — set (snd (extractP (fst (alts ! i)))))
C dom (foldl op ® empty
(map (A(Li, T'). restrict-neg-map T'i (insert © (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))) +
@ d"])
rule subsetl simp)
rename-tac y)
apply (elim bexE, elim conjE)
apply (erule-tac x=i in allE,simp)
apply (subgoal-tac y € dom (snd (assert ! i)))
prefer 2 apply blast
apply (rule dom-TI'i-in-I"cased)
by (simp,assumption+)

apply
apply

Py

lemma union-dom-nonDisjointUnionSafeEnv:

dom (nonDisjointUnionSafeEnv A B) = dom A U dom B

apply (simp add: nonDisjointUnionSafeEnv-def add: unionEnv-def ,auto)
by (split split-if-asm,simp-all)

lemma nonDisjointUnionSafe Env-assoc:
nonDisjointUnionSafeEnv (nonDisjointUnionSafeEnv G1 G2) G8 =
nonDisjointUnionSafeEnv G1 (nonDisjointUnionSafeEnv G2 G3)
apply (simp add: nonDisjointUnionSafeEnv-def add: unionEnv-def)
apply (rule ext, auto)
apply (split split-if-asm, simp, simp)
apply (split split-if-asm, simp,simp)
by (split split-if-asm, simp, simp add: dom-def)

lemma foldl-nonDisjointUnionSafeEnv-prop:
foldl nonDisjointUnionSafeEnv (G’ @& G) Gs = G' @ foldl op ® G Gs
apply (induct Gs arbitrary: G)
apply simp
by (simp-all add: nonDisjointUnionSafe Env-assoc)

lemma nonDisjoint UnionSafe Env-conmutative:

def-nonDisjointUnionSafeEnv G G' = (G & G') = (G' & G)
apply (simp add: nonDisjointUnionSafeEnv-def add: unionEnv-def)
apply (rule ext)
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apply (simp add: def-nonDisjointUnionSafe Env-def)
apply (simp add: safe-def)
by clarsimp

lemma dom-foldl-nonDisjointUnionSafe Env-monotone:

dom (foldl nonDisjointUnionSafeEnv (emply ® x) zs) =
dom xz U dom (foldl op @ empty zs)
apply (subgoal-tac empty & © = x & empty,simp)
apply (subgoal-tac foldl op ® (z @ empty) zs =
x @ foldl op ® empty xs,simp)

apply (rule union-dom-nonDisjointUnionSafeEnv)
apply (rule foldl-nonDisjointUnionSafeEnv-prop)

apply (rule nonDisjointUnionSafeEnv-conmutative)

by (simp add: def-nonDisjointUnionSafeEnv-def)

lemma nonDisjoint UnionSafe Env-empty:
nonDisjointUnionSafeEnv empty x = x

apply (simp add: nonDisjointUnionSafe Env-def )

by (simp add: unionEnv-def)

declare dom-fun-upd [simp del]

lemma dom-atom2var-fv:

(Jy. = VarE y unit)

= dom [atom2var x — y] = foz
apply (case-tac x)
apply (simp-all add: atom2var.simps)
by (simp add: dom-def)

declare nonDisjointUnionSafeEnvList.simps [simp del]

lemma atom-fus-VarE:
[ (Vv a € set as. atom a); za € fus’ as |
= (3 i < length as. 3 a. asli = VarE za a)
apply (induct as,simp-all)
apply (case-tac a, simp-all)
by force

lemma nth-nonDisjointUnionSafeEnvList:
[ length xs = length ms; def-nonDisjointUnionSafeEnvList (maps-of (zip xs ms))

]
= (V i < length zs . nonDisjointUnionSafeEnvList (maps-of (zip xs ms))
(zs'i) = Some (msli))
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apply (induct xs ms rule: list-induct2’,simp-all)
apply clarsimp
apply (case-tac 1)
apply simp
apply (simp add: nonDisjointUnionSafeEnvList.simps)
apply (subgoal-tac empty & [z — y] = [x — y| & empty,simp)
apply (subgoal-tac foldl op @ ([z — y] ® empty) (maps-of (zip xs ys)) =
[z — y] & foldl op @© empty (maps-of (zip xs ys)),simp)
apply (simp add: nonDisjointUnionSafeEnv-def)
apply (simp add: unionEnv-def)
apply (simp add: dom-def)
apply (rule foldl-nonDisjointUnionSafeEnv-prop)
apply (subst nonDisjointUnionSafe Env-empty)
apply (subst nonDisjointUnionSafe Env-conmutative)
apply (simp add: def-nonDisjoint UnionSafe Env-def )
apply (subst nonDisjointUnionSafeEnv-empty)
apply simp
apply clarsimp
apply (simp add: nonDisjointUnionSafeEnvList.simps)
apply (subgoal-tac empty @& [z — y] = [z — y] & empty,simp)
apply (subgoal-tac foldl op @ ([x — y] ® empty) (maps-of (zip xs ys)) =
[ — y] ® foldl op ® empty (maps-of (zip xs ys)),simp)
apply (simp add: Let-def)
apply (erule-tac x=nat in allE,simp)
apply (simp add: nonDisjointUnionSafe Env-def )
apply (simp add: unionEnv-def)
apply (rule conjI)
apply (rule impl)+
apply (elim conjE)
apply (simp add: def-nonDisjointUnionSafeEnv-def)
apply (erule-tac z=x in ballE)
apply (simp add: safe-def)
apply (simp add: dom-def)
apply clarsimp
apply (rule foldl-nonDisjointUnionSafe Env-prop)
apply (rule nonDisjointUnionSafe Env-conmutative)
by (simp add: def-nonDisjointUnionSafeEnv-def )

lemma dom-nonDisjointUnionSafe EnvList-fus:
[V a € set zs. atom a; length xs = length ys |
= fus’ xs C dom (nonDisjointUnionSafeEnvList (maps-of (zip (map atom2var
as) ys)))
apply (induct s ys rule: list-induct2’,simp-all)
apply (simp add: nonDisjointUnionSafeEnvList.simps)
apply (subst dom-foldl-nonDisjoint UnionSafeEnv-monotone)
apply (rule conjI)
apply (case-tac x, simp-all)
apply (simp add: dom-def)
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apply (subst dom-foldl-nonDisjointUnionSafeEnv-monotone)
by blast

declare nonDisjointUnionSafe EnvList.simps [simp add]
declare def-nonDisjointUnionSafeEnvList.simps [simp add] thm dom-map-add
declare atom.simps [simp del]

lemma nonDisjointUnionSafe EnvList-prop1:
[ nonDisjointUnionSafeEnvList (maps-of (zip (map atom2var as) ms)) C,, T;
za € fvs’ as; I’ za = Some y;
def-nonDisjointUnionSafeEnvList (maps-of (zip (map atom2var as) ms));
(V a € set as. atom a); length as = length ms |
= 3 i < length as. 3 a. as!i = VarE xa a AN msli = y
apply (frule atom-fus-VarE ,assumption+)
apply (elim exE, elim conjE, elim exE)
apply (rule-tac =i in exl,simp)
apply (simp add: map-le-def)
apply (erule-tac x=za in ballE simp)
apply (subgoal-tac length (map atom2var as) = length ms)
prefer 2 apply simp
apply (frule nth-nonDisjoint UnionSafe EnvList,assumption+)
apply (erule-tac x=i in allE, simp)
apply (frule dom-nonDisjointUnionSafe EnvList-fus,assumption+,simp)
by blast

lemma P3-APP:
[ length as = length ms; ¥V a € set as. atom a;
nonDisjointUnionSafeEnvList (maps-of (zip (map atomZvar as) ms)) Cp, T ]
= fvs’ as C dom T’
apply (induct as ms rule: list-induct2’,simp-all)
apply (elim conjE)
apply (frule map-le-implies-dom-le)
apply (frule dom-nonDisjointUnionSafe EnvList-fus,assumption+)
apply (subgoal-tac
dom (nonDisjointUnionSafeEnvList ([atom2var x — y] # maps-of (zip (map
atom2var zs) ys))) =
dom [atom2var © +— y] U dom (nonDisjointUnionSafeEnvList (maps-of (zip
(map atom2var xs) ys))))
apply simp
apply (rule congl)
apply (case-tac x,simp-all add: atom.simps)
apply force

apply force
by (rule dom-foldl-nonDisjoint UnionSafe Env-monotone)
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lemma P3-APP-PRIMOP:
[T0 = [atom2var al — s", atom2var a2 — s';
[atom2var al — s', atomZvar a2 — s'] C,, T
= {atom2var al, atom2var a2} C dom T
apply (simp add: map-le-def)
apply (rule congl)
apply (erule-tac x=atom2var al in ballFE)
apply (split split-if-asm)
apply (drule-tac t=T (atom2var al) in sym,force)
apply (drule-tac t=T" (atom2var al) in sym, simp add: dom-def)
apply (simp add: dom-def)
apply (split split-if-asm,simp,simp)
apply (erule-tac x=atom2var a2 in ballE)
apply (split split-if-asm)
apply (drule-tac t=T (atom2var a2) in sym,force)
apply (drule-tac t=T (atom2var a2) in sym, simp add: dom-def)
by (simp add: dom-def)

end

13 Derived Assertions. P1. Semantic

theory SafeDAss-P1 imports SafeDAssBasic
begin

Lemmas for REUSE

lemma P1-REUSE:
[ (E1,E2) & h,k,td,(ReuseE z a){ hhk,v,r ]
= 3 pqgc.Elx= Some (Loc p)
A h p = Some c

A fresh q h
A hh = (h(p:=None))(q — ¢)
A v = Loc q

apply (ind-cases (E1,E2) b h.k,td,(ReuseE x a)l} hh,k,v,r)
by force

Lemmas for COPY

lemma P1-COPY:
[(EBl,E2)Fh,k,td,zQral hh,k,v,rs]
= 3 pp’'j. Elz = Some (Loc p)
A E2 r = Some j
Aj <=k
A copy (h,k) pj = ((hh,k),p’)
A def-copy p (h,k)
A v = Loc p’
apply (ind-cases (E1, E2) - h ,k ,td ,x Qra | hh , k, v, rs)
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by force

Lemmas for LET1 and LET?2

lemma PI-LET:
[V Casra’ el # ConstrE C asr a’;
(E1,E2) &b h, k, td, Let 1 = el In e2 al} hh, k02, r']
= 3 h'vlr" " (E1,E2)F h, k, 0, el b/, k 01, r”
A (El(zl — v1),E2)F L'k, (td+1), e2 | hhkv2,r""
Azl ¢ dom E1
apply (ind-cases (E1,E2) - h, k, td, Let z1 = el In €2 al hh, k,v2,r")
prefer 2
apply (erule-tac z=C in JllE)
apply (erule-tac x=as in allE)
apply (erule-tac x=r in allF)
apply (erule-tac z=a’ in allE)
apply simp
apply (rule-tac x=h'in exl)
apply (rule-tac x=v1 in exl)
apply (rule-tac z=(61, m1, s1) in exl)
apply (rule-tac z=(62, m2, s2) in exl)
by simp

lemma P1-f-n-LET:
[V Casra' el # ConstrE Casr a'
(E1,E2)F hy, k, Letzl = el Ine2a Y(f, n) B" k, v2]
= 3 h'wvl.
(E1,E2) & h, k, el J(f,n) h', k, vi
A (El(zl — v1),E2) - h', k, e2 J(f,n) ", k, v2
Azl ¢ dom E1
apply (simp add: SafeBoundSem-def)
apply (elim exE, elim conjE)
apply (erule SafeDepthSem.cases,simp-all)
apply (elim conjE)
apply (rule-tac z=h'in exl)
apply (rule-tac z=v1 in ezl)
apply (rule congl)
apply (rule-tac x=nl in exl simp)
apply (rule-tac x=n2 in exl simp)
done

lemma PI1-LETC:
[(E1,E2) b h,k, td, Let x1 = ConstrE C as r o’ In e2 a | hh,k,v,rs |
= 3 rs'pj.
(E1(zl — Val.Loc p),E2) & h(p — (4,(C,map (atom2val E1) as))),k,
(td+1),e2 | hhk,v,rs’
Azl ¢ dom E1
A fresh p h
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A E21r = Some j

ANj<k

A r # self
apply (ind-cases (E1,E2) b hk, td, Let x1 = ConstrE C as r o’ In e2 a |
hh,k,v,rs)
by force+

lemma P1-f-n-LETC"
[ (E1,E2)F h,k, Letzl = ConstrE Casra’Ine2a | (f,n) hh, &k, o]
= 3 rs'pj.
(E1(x! — Loc p), E2) F h(p — (j, C, map (atom2val E1) as)) , k , e2
Ufn) Bk
Azl ¢ dom E1
A fresh p h
A E2 r = Some j
ANj<k
A 1 # self
apply (simp add: SafeBoundSem-def)
apply (elim exE, elim conjE)
apply (erule SafeDepthSem.cases,simp-all)
apply force

apply force
done

Lemmas for CASE

lemma P1-CASE:
[ E1 x = Some (Val.Loc p);
(E1,E2) b h.k,td, Case (VarE x a) Of alts a | h'\k,v,r ]
= 3 j Cuvs. hp = Some (j,C,vs) A
(3 i < length alts. 3 td r.
def-extend E1 (snd (extractP (fst (alts ! 4)))) vs
A (extend E1 (snd (extractP (fst (alts !4)))) vs, E2) b h , k , td , snd (alts
YOy r kv, )
apply (ind-cases (E1,E2) b hk, td, Case (VarE x a) Of alts a |} h',k,v,r clarsimp)
apply (rule-tac z=i in ezl ,force)
by (simp-all)

lemma P1-CASE-1-1:

[ E1 z = Some (IntT n);

(E1,E2) b hk,td, Case (VarE x a) Of alts a’ || hh,kv,r ]
= (3 i < length alts.
(3 td r. (F1,E2) b h.k, td, snd (alts ! i) | hh.k,v,r
A fst (alts | i) = ConstP (LitN n)))

apply (ind-cases (E1,E2) - h,k, td, Case (VarE z a) Of alts a’ |} hh,k,v,r clarsimp)
apply (rule-tac =i in exl,force)
by (simp-all)
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lemma P1-CASE-1-2:

[ E1 x = Some (BoolT b);

(E1,E2) F h.k,td, Case (VarE x a) Of alts o' | hh,k,v,r ]
= (3 @ < length alts.
3 tdr. (F1,E2) b bk, td, snd (alts ! 1) | hh,k,v,r
A fst (alts ! i) = ConstP (LitB b))

apply (ind-cases (E1,E2) & h,k, td, Case (VarE z a) Of alts a’ |} hh,k,v,r clarsimp)
apply (rule-tac x=i in exI force)
by force

lemma P1-f-n-CASE:
[ E1 x = Some (Val.Loc p);
(E1,E2) - h , k, Case VarE z a Of alts o’ | (f, n) hh , k, v]
= 3 j Cuvs. hp = Some (j,C,vs) A
(3 i < length alts.
def-extend E1 (snd (extractP (fst (alts ! 4)))) vs
A (extend E1 (snd (extractP (fst (alts ! i)))) vs, E2) F h , k , snd (alts ! 7)
W(f, m) Bh Lk, 0)
apply (simp add: SafeBoundSem-def)
apply (elim exE, elim conjE)
apply (erule SafeDepthSem.cases,simp-all)
by force

lemma P1-f-n-CASE-1-1:
[ Ef z = Some (IntT n');
(E1, E2) - h , k, Case VarE z a Of alts o’ | (f, n) hh , k, v]
= (3 i < length alts.
((E1,E2)F-h , k, snd (alts ! i) § (f, n) hh, kv
A fst (alts | i) = ConstP (LitN n')))
apply (simp add: SafeBoundSem-def)
apply (elim exE, elim conjE)
apply (erule SafeDepthSem.cases,simp-all)
by force

lemma P1-f-n-CASE-1-2:
[ E1 x = Some (BoolT b);
(E1,E2) - h , k, Case VarE z a Of alts o’ | (f, n) hh , k, v]
= (3 ¢ < length alts.
(E1, E2)F h , k, snd (alts ') | (f, n) hh , k, v
A fst (alts ! i) = ConstP (LitB b))
apply (simp add: SafeBoundSem-def)
apply (elim exE, elim conjE)
apply (erule SafeDepthSem.cases,simp-all)
by force
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Lemmas for CASED

lemma P1-CASED:
[(E1,E2) & h.k, td,CaseD (VarE z a) Of alts o’ |} hh,kk,v,r |
= 3 pj Cus. E1 x = Some (Loc p) AN hp = Some (j,C,vs) A
(3 i < length alts. 3 td r.
def-extend E1 (snd (extractP (fst (alts ! 1)))) vs

A (extend E1 (snd (extractP (fst (alts ! i)))) vs, E2) = h(p := None), k,
td, snd (alts ! i) $hhk | v, 1)
apply (ind-cases (E1,E2) - h,k, td, CaseD (VarE z a) Of alts a’ || hh,kk,v,r clarsimp)
by (rule-tac z=i in ezl ,force)

lemma P1-f-n-CASED:
[(E1,E2) F h,k,CaseD (VarE z a) Of alts o’ I(f,n) hh,kk,v |
= 3 pj Cus. E1 x = Some (Loc p) AN hp = Some (§,C,vs) A
(3 i < length alts.
def-extend E1 (snd (extractP (fst (alts ! 1)))) vs
A (extend E1 (snd (extractP (fst (alts ! i)))) vs, E2) = h(p := None), k,
snd (alts ! 1) Y(f,n) hh,k , v)
apply (simp add: SafeBoundSem-def)
apply (elim conjE, elim exE, elim conjE)
apply (erule SafeDepthSem.cases,simp-all)
by force

Lemmas for APP

lemma P1-APP:
[(E1,E2)-h ,k,td, AppE fasrs’ a l hh , k , v, r; primops f = None;
Xff = Some (zs, rs, ef) ]
= 3 h'd ms.
(map-of (zip zs (map (atom2val E1) as)), map-of (zip rs (map (the o E2)
rs’))(self — Suc k)) F
h, Suc k , (length as + length rs) , ef 4 h', Suck , v, (8, m, s)
A length xs = length as
A distinct s
A length rs = length rs’
A distinct rs
A hh = h'|*{p. p € dom h' & fst (the (b’ p)) < k}
A dom E1 N set xs = {}
apply (ind-cases (E1, E2) b h , k, td , AppE fasrs’ al hh , k , v, r ,clarsimp)
apply (rule-tac x=h'in exl)
apply (rule-tac =6 in exl)
apply (rule-tac z=m in exl)
apply (rule-tac z=s in exl)
by (rule conjl,simp,simp)

lemma P1-f-n-APP:
[ (E1,E2) v h,k, AppE fas rs’ a {(f,n) hh , k , v; primops f = None;

80



Sff = Some (zs, s, ef) ]
=3 n
(map-of (zip zs (map (atom2val E1) as)), map-of (zip rs (map (the o E2)
rs’))(self — Suc k)) F
h, Suck ,ef U(fin)h', Suck , v
A length xs = length as
A distinct xs
A length rs = length rs’
A distinct rs
A hh = h'|“{p.p € dom h'& fst (the (h' p)) < k}
A dom E1 N set zs = {}
An >0
apply (simp add: SafeBoundSem-def)
apply (elim exE, elim conjE)
apply (erule SafeDepthSem.cases,simp-all)
apply clarsimp
by force

lemma P1-f-n-ge-0-APP:
[ (El, E2) & h, k, AppE fas rs’ a J(f,Suc n) hh | k , v; primops f = None;
Xff = Some (zs, s, ef) ]
=3 h"
(map-of (zip zs (map (atom2val E1) as)), map-of (zip rs (map (the o E2)
rs’))(self — Suc k)) F
h, Suck ,ef Y(fin) h', Suck , v
A length xs = length as
A distinct xs
A length rs = length rs’
A distinct rs
A hh = h'|*{p. p € dom h' & fst (the (h'p)) < k}
A dom E1 N set zs = {}
apply (simp add: SafeBoundSem-def)
apply (elim exE, elim conjE)
apply (erule SafeDepthSem.cases,simp-all)
apply clarsimp
by auto

lemma P1-f-n-APP-2:
[(E1, E2) - h, k, AppE g as rs’ a J(f,n) hh , k , v; primops g = None; f#g;
Xf g = Some (zs, rs, ef ) ]
=37
(map-of (zip zs (map (atom2val E1) as)), map-of (zip rs (map (the o E2)
rs’))(self — Suc k)) b
h, Suck, ef J(f,n) h', Suck , v
A length xs = length as
A distinct zs
A length rs = length rs’
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A distinct rs
A hh= h'|*{p. p € dom h' & fst (the (b’ p)) < k}
A dom E1 N set zs = {}

apply (simp add: SafeBoundSem-def)

apply (elim exE, elim conjE)

apply (erule SafeDepthSem.cases,simp-all)

apply clarsimp

by force

end

14 Region Definitions

theory SafeRegion-definitions imports SafeRASemantics
SafeDepthSemantics
../ SafeImp / ClosureHeap

begin

types RegionTypeVariable = string

constdefs
oself :: string
oself = "'rho-self"

types VarType = string

datatype TypeEzxpression = VarT VarType
| ConstrT string TypeExpression list VarType list

types TypeMapping = (string — TypeExpression)
types RegMapping = (string — string)

types ThetaMapping = TypeMapping x RegMapping

types InstantiationMapping = VarType — nat
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types TypeMu = (string — TypeExpression) X (string — string)

consts mu-ext :: TypeMu = TypeFExpression = TypeFxpression
mu-exts ;1 TypeMu = TypeFExpression list = TypeExpression list
primrec
mu-ext p (VarT a) = the ((fst u) a)
mu-ext p (ConstrT T tm os) = (ConstrT T (mu-exts pn tm) (map (the o (snd

©)) 0s))

mu-exts p || =]
mu-exts p (zH#xs) = mu-ext p x # (mu-exts p xs)

fun atoms :: (‘a Exp) list = bool
where
atoms as = (¥ i < length as. (3 ¢ a. asli = ConstE (LitN ¢) a) V
(3 b a. asli = ConstE (LitB b) a) V
(3 z a. asli = VarE z a))

fun argP-auzx :: (string — TypeExpression) = 'a Exp = TypeExpression = bool
where
argP-auz ¥ (ConstE (LitN -) -) t = (t = (ConstrT intType [ []))
| argP-auz ¥ (ConstE (LitB -) -) t = (t = (ConstrT boolType ] []))
| argP-auz ¥ (VarE z -) t = (¥ © = Some t)

fun
argP
TypeExpression list = VarType = ('a Exp) list = RegVar = ThetaMapping =
bool
where
argP ti o as r (91,92) = (
length ti = length as A
atoms as N\
(V i < length as. argP-auz 91 (asli) (tili)) A
32 r = Some o)

types
ConstructorSignatureFun = string — TypeEzpression list x VarType x TypeExpression

consts constructorSignature :: ConstructorSignatureFun
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constdefs coherentC :: Constructor = bool
coherentC C' =
(let (nargs,n,largs) = the (ConstructorTable C);
(ts,ol,t) = the (constructorSignature C')
in length ts = length largs A
(3 T tm ps. t = ConstrT T tm ps) A
(V i < length ts. (tsli = ConstrT intType || [| —
(snd (snd (the (ConstructorTable C))))li = IntArg)
A (tsli = ConstrT boolType [] [] —
(snd (snd (the (ConstructorTable C))))li = BoolArg)
A((3 T tm’ gs'. (tsli = ConstrT T' tm’ ps’ A tsli £ t) V
(3 a. tsli = VarT a)) —
(snd (snd (the (ConstructorTable C))))!i = NonRecursive)
A (tsli =t — (snd (snd (the (ConstructorTable C))))li = Recursive)))

constdefs coherent :: ConstructorSignatureFun = ConstructorTableFun = bool
coherent T'c Te = dom T'e = dom Te A (V C € dom Te. coherentC C')

definition
map-f-comp :: ('b => 'c) => (‘a “=>"b) => ('a “=> 'c) where
map-f-comp f g = (A k. case g k of None = None | Some v = Some (f v))

notation (zsymbols)
map-f-comp (infixl oy 55)

fun
argP-app ::
TypeExpression list = RegVar list = (‘a Exp) list = RegVar list = ThetaMap-
ping = bool
where
argP-app ti s as rs (V1,92) = (
length ti = length as A
length os = length rs A
atoms as N
(V i < length as. argP-auz 91 (as'i) (tili)) A
(V i < length rs. 92 (rsli) = Some (psli)))

declare argP-app.simps [simp del]

consts functionSignature :: string — TypeEzxpression list x VarType list x TypeEzpression
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consts regions :: TypeEzpression = string set
regions’ :: TypeErpression list = string set

primrec
regions (VarT a) = {}
regions (ConstrT T tm ps) = (regions’ tm) U set os

regions’ || = {}
regions’ (t#tts) = regions t U regions’ ts

constdefs regionV :: HeapMap = Location = nat
regionV h p = (case h p of Some (j,C,vs) = j)

constdefs regionsV :: HeapMap = Location set = nat set
regionsV h ps = J p € ps. {regionV h p}

consts variables :: TypeFxpression = string set
variables’ :: TypeExzpression list = string set

primrec
variables (VarT a) = {a}
variables (ConstrT T tm os) = (variables’ tm)

variables’ [| = {}
variables’ (t#ts) = variables t U variables’ ts

fun
wellT = TypeEzpression list = VarType = TypeEzpression = bool
where
wellT tn o (ConstrT T tm gs) =
((length 0s > 0 N o = last os A distinct os N last os ¢ regions’ tm)
A (VY i < length tn. regions (tn!i) C regions (ConstrT T tm ps) A
variables (tnli) C wvariables (ConstrT T tm gs)))

constdefs
ofake :: string
ofake = "'rho-fake'

constdefs p-ren :: string = string
o-ren o = (if o = oself then ofake else o)
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consts t-ren :: TypeExpression = TypeEzpression
t-rens :: TypeExrpression list = TypeExrpression list
primrec
t-ren (VarT a) = (VarT a)
t-ren (ConstrT T tm gs) = ConstrT T (t-rens tm) (map o-ren 9s)

t-rens [| = ||
t-rens (z#txs) = t-ren x # (t-rens xs)

constdefs p-ren-inv :: string = string
o-ren-inv o = (if o = ofake then oself else o)

consts t-ren-inv 1 TypeEzrpression = TypeExpression
t-ren-invs :: TypeFExpression list = TypeExpression list

primrec
t-ren-inv (VarT a) = (VarT a)
t-ren-inv (ConstrT T ts rs) = ConstrT T (t-ren-invs ts) (map o-ren-inv 1s)

t-ren-invs [| = []
t-ren-invs (t#tm) = (t-ren-inv t) # t-ren-invs tm

consts notFake :: TypeFEzpression = bool
notFakes :: TypeEzpression list = bool
primrec
notFake (VarT a) = (a # ofake)
notFake (ConstrT T tm ps) = ((notFakes tm) A (VY o € set ps. o # ofake))

notFakes [| = True
notFakes (x#xs) = (notFake x A notFakes xs)

constdefs mu-ext-def :: TypeMu = TypeExpression = bool
mu-ext-def u t = notFake (mu-ext p t)

consts mu-exts-def :: TypeMu = TypeEzpression list = bool
primrec

mu-exts-def p[] = True

mu-exts-def p (z#xs) = (mu-exst-def p x A mu-exts-def p xs)

fun p-ren :: TypeMu = TypeMu
where
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p-ren (pl,u2) = (A z. Some (t-ren (the (ul x))),
A 0. Some (p-ren (the (12 0))))

constdefs n-ren :: InstantiationMapping = InstantiationMapping
n-ren 1 = (X z. if x = pself then None else n z) ++
(if (oself € dom n) then [ofake — the (n oself)] else empty)

inductive
consistent-v :: [ TypeExpression, InstantiationMapping, Val, HeapMap | = bool
where

primitivel . consistent-v (ConstrT intType [] []) n (IntT i) h
| primitiveB  : consistent-v (ConstrT boolType [] []) n (BoolT b) h
| variable : consistent-v (VarT a) n v h
| algebraic-None : p ¢ dom h = consistent-v t  (Loc p) h
| algebraic : [ hp = Some (j,C,on);
ol = last ps;

ol € dom n; n (ol) = Some j;

constructorSignature C = Some (tn',0’,ConstrT T tm’ ps’);
wellT tn’ (last ps’) (TypeExpression.ConstrT T tm' os’);

length vn = length tn’;

3 pl p2. (((the (u2 (last ps")), mu-ext (ul,n12) (ConstrT T

tm' os')) =
(ol,ConstrT T tm ps) A
(V i < length vn. consistent-v ((map (mu-ext (ul,u2)) tn)li) n
(vnli) h)) ]
= consistent-v (ConstrT T tm ps) n (Loc p) h
fun

consistent :: ThetaMapping = InstantiationMapping = Environment = HeapMap
= bool
where
consistent (91,92) n (E1,E2) h =
(VzedomFEl. 3 tv. 91z = Somet
AN Elx = Somew
A consistent-vt n v h)
AN redomE2.3 r'r". 92r = Some r’
A nr'= Somer"
A E27r = Somer")
A self € dom E2
A 92 self = Some pself)
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constdefs
admissible :: InstantiationMapping = nat = bool
admissible n k =
oself € dom n A
(V o € dom n.
3k
n o = Some k' A
(0= oself — k'=k) A
(0 # oself — k' < k))

fun extend-heaps :: Heap = Heap = bool (- C - 1000)
where
(h,k) C (h'k") = (VY p € dom h. (dom h' — dom h) N closureL p (h.k) = {}
ANhp=nh'p)

types RegionEnv = string — TypeFxpression list x VarType list x TypeFxpression

constdefs typesArgAPP :: RegionEnv = string = TypeFEzpression list
typesArgAPP % [ == (case ¥ f of Some (ti,os,tf) = ti)

constdefs regionsArgAPP :: RegionEnv = string = string list
regionsArgAPP ¥ f = (case X f of Some (ti,o0s,tf) = 0s)

constdefs typeResAPP :: RegionEnv = string = TypeEzrpression
typeResAPP ¥ f = (case X f of Some (ti,0s,tf) = tf)

fun
SafeRegionDAss::unit Exp = ThetaMapping = TypeExpression = bool
(-:{-,-] 1000)
where

SafeRegionDAss e (91,02) t =
(V E1 E2hktdh' vra.

(E1,E2) b h, k, td, e } h', k, v, r (% P1 x)

A fue C dom E1 A fuReg e C dom E2 (% P1' %)

A dom E1 C dom 91 A dom E2 C dom 92 (x P2 x)
A admissible n k (x P3 *)

A consistent (91,92) n (E1,E2) h (x P4 *)

— consistent-v t n v h')
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inductive
ValidGlobalRegionEnv :: RegionEnv = bool (= - 1000)

where
base: = empty
| step: [ | Xt; f ¢ dom Xt;
91 = map-of (zip (varsAPP Xf f) ti);
¥2 = map-of (zip (regionsAPP Xf f) 0s) ++ [self — oself];
(bodyAPP 3f f) : { (91,92) , tf }] = E Zt(f—(ti,0s,tf))

constdefs SafeRegionDAssCntxt ::

unit Exp = RegionEnv = ThetaMapping = TypeExpression = bool (-, -:{ -
, - |} 1000)

SafeRegionDAssCntat e Xt 9t = (E Xt — e: {9, t])

fun
SafeRegionDAssDepth::unit Exp = string = nat = ThetaMapping = TypeFEz-
pression = bool

(-:,-{ - -} 1000)
where

SafeRegionDAssDepth e fn (91,02) t =
(V E1 E2hkh'vn.

(F1,E2) F h, k, e U(f,n) h', k, v (x P1 %)
A foe C dom E1 A fuReg e C dom E2 (x P1' %)
A dom E1 C dom 91 N dom E2 C dom 92 (x P2 x)
A admissible n k (x P3 x)
A consistent (91,92) n (E1,E2) h (x P4 *)

— consistent-v t n v h')

inductive ValidGlobalRegionEnvDepth :: string = nat = RegionEnv = bool
(- .- - 1000)

base : [ Xt; f ¢ dom Xt] = ¢ , Bt
| depth0 = [ |= Xt; f ¢ dom Et] = |=¢ o Bt(f—(ti,08,1f))
| step : [ E Xt f ¢ dom Xt;
91 = map-of (zip (varsAPP Xf f) ti);
92 = map-of (zip (regionsAPP Xf f) os) ++ [self — oself];
(bodyAPP Xf f) 1p  { (91,92) , tf } | =
':f,Suc n St(f=(ti,08,1f))
| 9 ¢ [Epn2t g ¢ dom St; g#f;
91 = map-of (zip (varsAPP Xf g) ti);
92 = map-of (zip (regionsAPP Xf g) o0s) ++ [self — oself];
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(bodyAPP Xf g) : { (91,92) , tf } | =
':f7 n Et(gH(tZ,gs,tf))

constdefs SafeRegionDAssDepthCnixt ::
unit Bxp = RegionEnv = string = nat = ThetaMapping = TypeFxpression =

bool (-,-: - {-,-} 1000)
SafeRegionDAssDepthCntzt e Ym fn 9 t =
(':f,nzm_’ E:f,nﬂﬁvtﬂ)

end

15 Basic Facts

theory BasicFacts imports SafeRegion-definitions

begin

axioms Regions-Lemma-5:

[e:{ @W1,92), ¢t} ]
= e { ((mu-ext (pu1,12)) oy V1, (u2 oy V2)), (mu-ext (pn1,p02) t) |}

axioms Regions-Lemma-5-Depth:

[[6 ‘f,n {[(7‘91702)7 tﬂﬂ
= ¢ iy 5 { ((mu-ext (u1,u2)) of 91, (u2 o 92)), (mu-ext (u1,p2) t) |

axioms gfake-not-in-dom-n:
ofake ¢ dom n

axioms no-cycles:
h p = Some (j, C, vn)
=V i < length vn. p & closureV (vnli) (h,k)

axioms fresh-notin-closureL:

fresh p h
=V ¢ € dom h. p ¢ closureL q (h,k)

axioms semantic-extend-pointers:
(E1,E2)Fh,k,td, el h' kv, r
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= (VpEdom h. p ¢ dom h/V hp =h'p)

axioms semantic-no-capture-h:
[(El,E2)Fh,k,td, el b k,v,r;
v’ € rangeHeap h — domLoc h |
= v’ ¢ domLoc h'

axioms semantic-no-capture-E1:
[(E1,E2)Fh,k,td, el b k,v,r;
E1 z = Some (Loc p);
p & dom h]
= p ¢ dom h’

axioms semantic-no-capture-E1-fresh:
[(EBl,E2)Fh,k,td, el b k,v,r;
fresh p h']
=V z € dom E1.V q. E1l x = Some (Loc q) — p # ¢

axioms semantic-no-capture-E1-fresh-2:
[(EF1,E2)Fh,k,td, el b k,v,r;
fresh p h']
=V z € dom E1.V q. E1 x = Some (Loc q) — p ¢ closureL q (h,k)

axioms semantic-no-capture-FE1-fresh-2-semDepth:
[ (E1, E2)Fh,k,el(fn) A, Kk, v
fresh p h']
=V z € dom E1.V q. E1 x = Some (Loc q) — p ¢ closureL q (h,k)

axioms closureV-equals-closureL:
h p = Some (j,C,vs)
= closureL p (h,k) = (U ¢ < length vs. closureV (vsli) (h,k)) U {p}

axioms closureV-subseteq-closureL-None:
h p = Some (j,C,vs)
= (U ¢ < length vs. closureV (wsli) (h(p:=None),k)) C closureL p (h(p:=None),k)

axioms SafeDA Region-Var2-2:
Vi<length tn'. consistent-v (mu-ext (u1, p2) (tn’1i))n' (vn i) h
= Vi<length (snd (mapAccumL (copy’ j) h (zip vn (recursiveArgs C)))).
consistent-v (map (mu-ext (ul, p2(o — 0'))) tn'1 i) n’
(snd (mapAccumL (copy’ j) h (zip vn (recursiveArgs C))) ! i) h’

axioms dom-copy”:
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copy (h, k) pj = ((h', k), p')
= copy’-dom (j, h, Loc p, True)

end

16 Derived Assertions. P5. shareRec L T' E h. P6.
- identityClosure

theory SafeDAss-P5-P6 imports SafeDAssBasic
SafeRegion-definitions
BasicFacts

begin

Lemma for REUSE

lemma P5-REUSE:
[T z = Somed";
wellFormed {z} T' (ReuseFE z ());
(E1,E2) - h , k,td, ReuseE z () | h(p := None)(q — ¢) , k, Loc q , r;
dom T' C dom E1; E1 x = Some (Loc p)]
= Vzacdom EI.
closure (E1, E2) za (h, k) N recReach (E1, E2) z (h, k) # {}
— xza € dom T AT za # Some s”
apply (simp only: wellFormed-def)
apply (erule-tac x=E1 in allF)
apply (erule-tac t=E2 in allF)
apply (erule-tac x=h in allE)
apply (erule-tac x=Fk in allE)
apply (erule-tac z=td in allE)
apply (erule-tac x=h(p := None)(q — c) in allF)
apply (erule-tac x=Loc ¢ in allFE)
apply (erule-tac z=r in allF)
apply (rule balll, rule impI)
apply (rename-tac y)
apply (drule mp,simp, simp add: dom-def)
apply (erule-tac =y in ballE)
prefer 2 apply force
apply (erule-tac x=x in ballE)
prefer 2 apply blast
by simp

lemma reuse-identityClosure-y-in-E1:
[ (F1,E2)F h ,k,td, ReuseE z () || h(p := None)(q — ¢) , k, Loc ¢ , r ;
p & closure (E1,E2) y (h,k); h p = Some c¢; fresh q h ]
= identityClosure (E1, E2) y (h, k) (h(p := None)(q — c¢), k)
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apply (subgoal-tac p#q)
prefer 2 apply (simp add: fresh-def, blast)

apply (simp add: identityClosure-def)
apply (simp add: closure-def)

apply (case-tac E1 y, simp-all)
apply (case-tac a, simp-all)

apply clarsimp

apply (rename-tac w)

apply (case-tac w = p)

apply (subgoal-tac p € closureL p (h,k),simp)
apply (rule closureL-basic)

apply (frule semantic-no-capture-E1-fresh-2,simp)

apply (erule-tac =y in ballE)
prefer 2 apply force

apply (erule-tac z=w in allE, simp)
apply (rule conjI)

apply (rule equalityl )

apply (rule subsetl)

apply (erule closureL.induct)
apply (rule closureL-basic)

apply (subgoal-tac ga # q)

apply (rule closureL-step,simp)
apply (simp add: descendants-def)
apply (case-tac h ga,simp-all)
apply force

apply force

apply (rule subsetl)
apply (erule closureL.induct)
apply (rule closureL-basic)
apply (rule closureL-step,simp)
apply (subgoal-tac qa # q)

apply (subgoal-tac qa # p)

apply (simp add: descendants-def)
apply force

apply force
by force

lemma P6-REUSE:
[T 2z = Some d”; h p = Some c; fresh q h;
wellFormed {z} T' (ReuseE z ());
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(F1, E2) - h , k , td , ReuseE z () | h(p := None)(q — ¢) , k, Loc q , 1 ;
dom T C dom E1; E1 x = Some (Loc p)]
= Vzedom EI.
- identityClosure (E1, E2) z (h, k) (h(p := None)(q — c¢), k)
—x € dom ' AT z # Some s'
apply (rule balll, rule impI)
apply (rename-tac y)
apply (frule P5-REUSE assumption+)
apply (erule-tac z=y in ballE)
prefer 2 apply simp
apply (case-tac p € closure (E1, E2) y (h, k))
apply (subgoal-tac p € recReach (E1, E2) z (h, k),force)
apply (simp add: recReach-def)
apply (rule recReachL-basic)
apply (frule-tac g=q and c=c in reuse-identityClosure-y-in-E1)
by (assumption+,simp)

lemma P5-P6-REUSE:
[T z = Some d"; wellFormed {z} T' (ReuseE z ());
h p = Some c; fresh q h;
(F1,E2) - h , k , td , ReuseE z () { h(p := None)(q — ¢) , k, Loc q , ;
dom I' C dom E1;
E1 x = Some (Loc p)]
= shareRec {z} T' (E1, E2) (h, k) (h(p := None)(q — c¢), k)
apply (simp add: shareRec-def)
apply (rule congl)
apply (rule P5-REUSE assumption+)
by (rule P6-REUSEassumption+)

Lemma for COPY

lemma P5-COPY:
[ wellFormed {z} T (z @ r ());

(F1,E2)F-h k,td ,2Qr () J hh,k,v, ra;
dom T' C dom E1; E1 x = Some (Loc p)]
= (Vaza€dom E1.T z = Some d"' N closure (E1, E2) za (h, k) N recReach

(B1, B2) @ (h, k) # {}

—> za € dom T' AT za # Some s")

simp only: wellFormed-def)

erule-tac z=F1 in allF)

erule-tac t=E2 in allF)

erule-tac z=h in allE)

erule-tac =k in allF)

erule-tac z=td in allE)

erule-tac z=hh in allE)

erule-tac z=v in allE)

erule-tac z=ra in allE)

rule balll, rule impl)

apply
apply
apply
apply
apply
apply
apply
apply
apply
apply

Py
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apply (rename-tac y)

apply (drule mp,simp, simp add: dom-def)
apply (erule-tac =y in ballE)

prefer 2 apply force

apply (erule-tac z=xz in ballF)

prefer 2 apply blast

by simp

lemma P6-COPY:

[ wellFormed {z} T (z @ r ());
(F1,E2)Fh,k,td ,2Qr () J hh,k,v, ra;
dom I C dom E1; E1 x = Some (Loc p)]
= Vzedom EI.

- identityClosure (E1, E2) z (h, k) (hh, k)
—x € dom T AT z # Some s
apply (rule balll, rule impI)
apply (rename-tac y)
apply (frule P5-COPY ,assumption+)
apply (erule-tac z=y in ballE)
prefer 2 apply simp
apply (frule-tac L={z} and I'=T" in z-in-SR)
by (simp add: SR-def)

lemma P5-P6-COPY:
[ wellFormed {z} T (z @ r ());
(F1,E2)F-h,k,td ,2Qr () J hh,k,v, ra;
dom T' C dom FEI,
E1 x = Some (Loc p)]
= shareRec {z} T (E1, E2) (h, k) (hh, k)
apply (simp add: shareRec-def)
apply (rule congI)
apply (rule P5-COPY ,assumption+)
by (rule P6-COPY ,assumption+)

Lemmas for LET1 and LET?2

lemma I'12-s-1"2z-d-equals-recReach:
[ def-disjointUnionEnv T2 (empty(zl — m)); dom 't C dom F1;
shareRec L1 T'1 (E1, E2) (h, k) (h',k");
z € dom E1; z#x1;
'l z = Some s"; z € L1]
= recReach (E1, E2) z (h, k) = recReach (E1(z1 — 1), E2) z (h', k')
apply (simp only: shareRec-def)
apply (elim conjE)
apply (erule-tac x=x in ballE) prefer 2 apply simp
apply (erule-tac x=zin ballE) prefer 2 apply simp apply blast
apply (case-tac — identityClosure (E1, E2) z (h, k) (h', k'),simp)
apply simp apply (rule equals-recReach, assumption+)
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done

lemma P5-1'2z-d-T"1z-s:
[def-pp T'1 T2 L2; dom I'1 C dom EI;
def-disjointUnionEnv T'2 (empty(zl — m));
dom (pp I'1 T2 L2) C dom ET;
shareRec L2 (disjointUnionEnv T'2 (empty(zl — m))) (E1(zl — 1), E2) (b,
k') (hh,kk);
shareRec L1 T'1 (E1, E2) (h, k) (h'k');
x € dom FE1,;
I'1 z = Some s"; zeL1,;
z € L2; 21 ¢ L1; T2z = Some d"
(ppT1T2L2) z= Some d"
zl ¢ dom FE1,;
z # xl;
closure (E1, E2) x (h, k) N recReach (E1, E2) z (h, k) # {}]
=z € dom (pp T1 T2L2) A (pp T'1 T2L2) z # Some s"
apply (frule-tac r=r in T'1z-s-T'2z-d-equals-recReach, assumption+)
apply (case-tac identityClosure (E1, E2) x (h, k) (h',k"))
apply (simp add: identityClosure-def)
apply (elim conjE)
apply (subgoal-tac z#x1) prefer 2 apply blast
apply (subgoal-tac x#x1 = closure (E1, E2) x (h', k') = closure (E1(x1 —
r), E2) z (h', k')
prefer 2 apply (simp add: closure-def)
apply simp
apply (simp add: shareRec-def)
apply (elim conjE)
apply (erule-tac z=x in ballF)+
prefer 2 apply simp
prefer 2 apply simp
prefer 2 apply simp
prefer 2 apply simp
apply (frule Gamma2-d-disjointUnionEnv-m-d,simp)
apply simp
apply (drule-tac Q= z € dom (T'2 + [z1 — m]) A (T2 + [z1 — m]) z # Some
s in mp)
apply (rule-tac z=z in bezl)
prefer 2 apply simp
apply (rule conjl,simp) apply blast
apply (elim conjE)
apply (rule congl)
apply (rule dom-Gamma2-dom-triangle,assumption+)
apply (rule usafe-Gamma2-unsafe-triangle,assumption+)
apply (simp add: shareRec-def)
apply (elim conjE)
apply (erule-tac x=x in ballE)+
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prefer 2 apply simp

prefer 2 apply simp

prefer 2 apply simp

prefer 2 apply simp

apply (simp add: identityClosure-def)
apply (elim conjE)

by (rule triangle-prop)

lemma P5-T'1z-d: [shareRec L1 T'1 (E1, E2) (h, k) (h',k");
z € dom E1; (pp T'1 T2 L2) z = Some d"’;
closure (E1, E2) z (h, k) N recReach (E1, E2) z (h, k) # {}; 2 €
L1;T1 z = Some d"]
=z € dom (pp T'1 T2L2) A (pp T1 T2L2) x # Some s"
apply (simp add: shareRec-def)
apply (elim conjE)
apply (erule-tac x=x in ballE)+
apply clarsimp
apply (drule mp)
apply (rule-tac x=z in bexl)
apply (rule conjI, assumption, clarsimp)
apply simp
apply (erule conjE)
apply (rule triangle-prop, assumption+)
apply simp
apply simp
done

lemma P5-LET-L1: [def-pp T'1 T2 L2;

L1 C dom I'I;

dom (pp T'1 T2 L2) C dom E1; dom T'1 C dom E1;

def-disjointUnionEnv T2 (empty(zl — m));

shareRec L1 T'1 (E1, E2) (h, k) (h',k");

shareRec L2 (disjointUnionEnv T'2 (empty(zl — m))) (E1(xl — 1),
E2) (h', k') (hh.kk);

xz € dom E1; z1 ¢ dom F1; 21 ¢ L1,

(pp T1 T2L2) 2= Some d";

closure (E1, E2) x (h, k) N recReach (E1, E2) z (h, k) # {};

z € L1]

=z €dom (pp T1 T2L2) A (pp T1T2L2)x # Somes”
apply (subgoal-tac [(pp T'1 T2 L2) z = Some d'] = T'1 z = Some d"”" VT2 z
= Some d")
prefer 2 apply (erule triangle-d-Gammal-d-or-Gamma2-d, simp)
apply (erule disjE)

apply (rule P5-T'12-d, assumption+)

apply (frule triangle-d-Gamma2-d-Gammal-s,assumption+)
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apply (erule conjE)

apply (case-tac z#x1)

apply (rule P5-T'2z-d-T'1z-s, assumption+)
by simp

lemma P5-z-notin-L1-TI'1z-s-I'2z-d:
[def-pp T'1 T2 L2; def-disjointUnionEnv T'2 [z1 — m]; dom (pp T'1 T2 L2) C
dom E1;
shareRec L2 (T'2 + [z1 — m]) (E1(zl — 1), E2) (h', k') (hh,kk); shareRec
L1 T1 (E1, E2) (h, k) (hk");
x € dom E1;T'1 z = Some s
z€ L2zl ¢ L1;T22 = Somed"; (pp T'1 T2 L2) z = Some d"; 1 ¢ dom
El; z # 1,
closure (E1, E2) z (h, k) N recReach (E1(z1 — 1), E2) z (b, k') £ {};
recReach (E1, E2) z (h, k) = recReach (E1(z1 — 1), E2) z (h', k)]
=z €dom (ppT1T2L2) AN (ppT1T2L2)x# Somes”
apply (case-tac identityClosure (E1, E2) x (h, k) (h',k"))
apply (simp add: identityClosure-def)
apply (elim conjE)
apply (subgoal-tac z#x1) prefer 2 apply blast
apply (subgoal-tac x#£x1 = closure (E1, E2) z (h', k') = closure (F1(z1 —
r), B2) @ (b, £)
prefer 2 apply (simp add: closure-def)
apply simp
apply (simp add: shareRec-def)
apply (elim conjE)
apply (erule-tac x=x in ballE)+
prefer 2 apply simp
prefer 2 apply simp
prefer 2 apply simp
prefer 2 apply simp
apply (frule Gamma?2-d-disjointUnionEnv-m-d, assumption—+)
apply (drule-tac Q= = € dom (I'2 + [z1 — m]) A (T'2 + [z1 — m]) z # Some
s in mp)
apply (rule-tac x=z in bexl)
prefer 2 apply simp
apply (rule conjl,simp)
apply simp
apply (elim conjE)
apply (rule congl)
apply (rule dom-Gamma2-dom-triangle,assumption+)
apply (rule usafe-Gamma2-unsafe-triangle,assumption+)
apply (simp add: shareRec-def)
apply (elim conjE)
apply (erule-tac =z in ballE)+
prefer 2 apply simp
prefer 2 apply simp
prefer 2 apply simp
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prefer 2 apply simp

apply (simp add: identityClosure-def)
apply (elim conjE)

by (rule triangle-prop)

lemma P5-1'2z-d-T"1z-s-z-in-L2:
[def-pp T'1 T2 L2;
def-disjointUnionEnv T2 (empty(zl — m));
dom (pp T'1 T2 L2) C dom ET;
shareRec L2 (disjointUnionEnv T'2 (empty(zl — m))) (E1(zl — 1), E2) (b,
K) (hhokk):
shareRec L1 T'1 (E1, E2) (h, k) (h",k");
x € dom E1;
't z = Some s";z € L2; 21 ¢ L1; T2z = Some d"
(pp T1T2L2) 2= Some d";
zl ¢ dom FE1,;
z # xl;
recReach (E1, E2) z (h, k) = recReach (E1(z1 — r), E2) z (h', k');
closure (E1, E2) z (h, k) N recReach (E1, E2) z (h, k) # {}]
=z € dom (pp T1 T2L2) A (ppT1T2L2)x # Some s”
apply (case-tac x#z1)
apply (subgoal-tac x#x1 = closure (E1, E2) z (h', k') = closure (E1(z1 —
r), E2) z (h', k"))
prefer 2 apply (simp add: closure-def)
apply simp
prefer 2 apply simp
apply (frule P5-z-notin-L1-I'12-s-T'22-d, assumption+)
done

lemma P5-T'2z-d-z-notin-I'1:
[def-pp T'1 T2 L2;
def-disjointUnionEnv T2 (empty(zl — m));
dom (pp T'1 T2 L2) C dom ET;
shareRec L2 (disjointUnionEnv I'2 (empty(zl — m))) (E1(zl — 1), E2) (b,
K) (hhokh):
shareRec L1 T'1 (E1, E2) (h, k) (h",k");
x € dom E1;
z & domT1; 2 € L2;z1 ¢ L1;T2 2 = Some d";
(pp T1T2L2) 2= Some d";
zl ¢ dom FE1,;
z # xl;
recReach (E1, E2) z (h, k) = recReach (E1(z1 — r), E2) z (h', k');
closure (E1, E2) z (h, k) N recReach (E1, E2) z (h, k) # {}]
=z €dom (ppT1T2L2) A (ppT1T2L2)x# Somes”
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apply (case-tac identityClosure (E1, E2) x (h, k) (h',k"))
apply (simp add: identityClosure-def)

apply (elim conjE)

apply (subgoal-tac x#x1) prefer 2 apply blast

apply (subgoal-tac t#x1 = closure (E1, E2) x (h', k') = closure (E1(x1 —
r), E2) = (h', k')

prefer 2 apply (simp add: closure-def)

apply simp

apply (simp add: shareRec-def)

apply (elim conjE)

apply (erule-tac x=x in ballE)+

prefer 2 apply simp

prefer 2 apply simp

prefer 2 apply simp

prefer 2 apply simp

apply (frule Gamma?2-d-disjointUnionEnv-m-d, assumption—+)
apply (drule-tac Q= = € dom (T'2 + [z1 — m]) A (T2 + [z1 — m]) z # Some
s in mp)

apply (rule-tac =z in bezl)

prefer 2 apply simp

apply (rule conjl,simp)

apply simp

apply (elim conjE)

apply (rule congl)

apply (rule dom-GammaZ2-dom-triangle,assumption+)
apply (rule usafe-GammaZ2-unsafe-triangle,assumption+)
apply (simp add: shareRec-def)

apply (elim conjE)

apply (erule-tac x=x in ballE)+

prefer 2 apply simp

prefer 2 apply simp

prefer 2 apply simp

prefer 2 apply simp

apply (simp add: identityClosure-def)

apply (elim conjE)

by (rule triangle-prop)

lemma P5-LET-L2:
[ L1 C domT1; domT'1 C dom F1;
L2 C dom (disjointUnionEnv T'2 (empty(zl — m)));
def-pp 't T2 L2;
dom (pp T'1 T2 L2) C dom E1,
def-disjointUnionEnv T'2 (empty(zl — m));
shareRec L1 T'1 (E1, E2) (h, k) (h",k");
shareRec L2 (disjointUnionEnv T'2 (empty(xl — m))) (El(x1 — r), E2) (h/,
k) (hh,kk);
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x € dom E1; z1 ¢ dom E1; x1 ¢ L1,

(pp T1 T2L2) 2= Some d"

closure (E1, E2) x (h, k) N recReach (E1, E2) z (h, k) # {};

z € L2; z # x1]

=z €dom (ppT1T2L2) A (ppT1T2L2)x # Somes”
apply (frule triangle-d-Gammal-s-or-not-dom-Gammal, assumption+)
apply (erule disjE)

apply (subgoal-tac [(pp T'1 T2 L2) z = Some d”'; T1 z = Some s"] = T2z =
Some d")

prefer 2 apply (rule triangle-d-Gammal-s-Gamma2-d, assumption+)

apply simp

apply (subgoal-tac z€ dom E1)

prefer 2 apply blast

apply (case-tac identityClosure (E1, E2) z (h, k) (h',k"))

apply (frule identityClosure-equals-recReach)

apply (subgoal-tac z#x1 = recReach (E1, E2) z (h', k') = recReach (E1(x1
1), B2) 2 (I, k)

prefer 2 apply (simp add: recReach-def)

apply simp

apply (rule P5-z-notin-L1-T'1z-s-T 22-d, assumption+)

apply (simp add: shareRec-def)

apply (case-tac z€ dom E1) prefer 2 apply blast

apply (case-tac identityClosure (E1, E2) z (h, k) (h',k"))
apply (frule identityClosure-equals-recReach)

apply (subgoal-tac z#£x1 = recReach (E1, E2) z (h', k') = recReach (E1(x1
— ), E2) z (h', k')

prefer 2 apply (simp add: recReach-def)

apply simp

apply (subgoal-tac T2 z = Some d"')

apply (rule P5-T'2z-d-z-notin-I'1, assumption+) apply simp
apply (simp add: pp-def)

by (simp add: shareRec-def)

lemma P5-Cond2:
[L1 C dom T1;

L2 C dom (disjointUnionEnv T2 (empty(zl — m)));

x1 ¢ dom F1; z1 ¢ L1,

dom (pp I'1t T2 L2) C dom EI;

def-pp T'1 T2 L2;

def-disjointUnionEnv T2 (empty(zl — m));

shareRec L1 T'1 (E1, E2) (h, k) (h'k');

shareRec L2 (disjointUnionEnv T'2 (empty(zl — m))) (E1l(zl — 1),

E2) (h', k') (hh,kk)]

= Vazedom E1. - identityClosure (E1, E2) x (h, k) (hh, kk) — z €
dom (pp T1 T2 L2) A (pp T'1 T2 L2) x # Some s"
apply (rule balll, rule impI)
apply (case-tac —identityClosure (E1, E2) x (h, k) (h', k"))
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apply (simp add: shareRec-def)
apply (elim conjE)
apply (erule-tac z=xz in ballE)+
prefer 2 apply simp
prefer 2 apply simp
prefer 2 apply simp
prefer 2 apply simp
apply simp
apply (elim conjE)
apply (rule triangle-prop,assumption+)
apply (case-tac — identityClosure (E1(x1 — r), E2) = (h', k') (hh, kk))
apply (simp add: shareRec-def)
apply (elim conjE)
apply (erule-tac z=xz in ballF)+
prefer 2 apply simp
prefer 2 apply simp
prefer 2 apply simp
prefer 2 apply simp
apply simp
apply (elim conjE)
apply (subgoal-tac © # 1) prefer 2 apply blast
apply (rule congl)
apply (rule dom-Gamma2-dom-triangle,assumption+)
apply (rule usafe-Gamma2-unsafe-triangle,assumption+)
apply simp
apply (subgoal-tac © # 1) prefer 2 apply blast
apply (frule monotone-identityClosure, assumption+)
by simp

lemma P5-P6-LET:
[ L1 C dom T1; dom T'1 C dom EI;
L2 C dom (disjointUnionEnv T'2 (empty(zl — m)));
x1 ¢ dom E1; z1 ¢ L1,
dom (pp I't T2 L2) C dom F1,
def-pp I'1 T2 L2;
def-disjointUnionEnv T2 (empty(zl — m));
shareRec L1 T'1 (E1, E2) (h, k) (h'k');
shareRec L2 (disjointUnionEnv T'2 (empty(zl — m))) (E1(z1 — r), E2) (b,
B (hh,8)]
= shareRec (L1 U (L2 — {x1})) (pp T1 T2 L2) (E1, E2) (h, k) (hh,kk)
apply (simp (no-asm) add: shareRec-def)
apply (rule congl)
apply (rule balll, rule impI)
apply (erule bexE)
apply (erule conjE)+
apply simp
apply (erule disjE)
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apply (erule P5-LET-L1, assumption+)

apply (erule conjE)+
apply (erule P5-LET-L2, assumption+)

by (erule P5-Cond2,assumption—+)

lemma I'7-z-Some-s:

z € atom2var ‘ set as

= (map-of (zip (map atom2var as) (replicate (length as) s''))) z = Some s”’
by (induct as,simp,clarsimp)

lemma P5-LETC-el:
Vazedom (fst (E1, E2)).
Y zeset (map atom2var as).
map-of (zip (map atom2var as) (replicate (length as) s’’)) z = Some
a’ A
closure (E1, E2) x (h, k) N recReach (E1, E2) z (h, k) # {} —
z € dom (map-of (zip (map atom2var as) (replicate (length as) s'))) A
map-of (zip (map atom2var as) (replicate (length as) s'')) © # Some s’
apply (rule balll)+
apply (rule impl, elim conjE simp)
by (frule T'1-z-Some-s,simp)

lemma ext-h-same-descendants:
[ fresh p h; ¢ # p ]
= descendants q (h, k) =
descendants q (h(p — ¢), k)
apply (rule equalityl )
apply (rule subsetl)
apply (frule-tac k=Fk in fresh-notin-closurel)
apply (subgoal-tac ¢ € dom h)
apply (simp add: descendants-def)
apply (erule-tac x=q in ballE)
apply (simp add: descendants-def)
apply (case-tac h q,simp-all)
apply force
apply (simp add: descendants-def)
apply (case-tac h q,simp-all)
apply force
apply (rule subsetl)
apply (frule-tac k=Fk in fresh-notin-closurel)
apply (subgoal-tac ¢ € dom h)
apply (simp add: descendants-def)
apply (erule-tac x=q in ballE)
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prefer 2 apply simp

apply (simp add: descendants-def)
apply (case-tac h q,simp-all)
apply force
apply (simp add: descendants-def)
apply (case-tac h q,simp-all)
by force

lemma ext-h-same-recDescendants:
[ fresh p h; q # p ]
= recDescendants q (h, k) =
recDescendants q (h(p — ¢), k)
apply (rule equalityl )
apply (rule subsetl)
apply (frule-tac k=Fk in fresh-notin-closurel)
apply (subgoal-tac ¢ € dom h)
apply (simp add: recDescendants-def)
apply (erule-tac z=q in ballE)
apply (simp add: recDescendants-def)
apply (case-tac h q,simp-all)
apply force
apply (simp add: recDescendants-def)
apply (case-tac h q,simp-all)
apply force
apply (rule subsetl)
apply (frule-tac k=Fk in fresh-notin-closurel)
apply (subgoal-tac ¢ € dom h)
apply (simp add: recDescendants-def)
apply (erule-tac z=q in ballE)
prefer 2 apply simp
apply (simp add: recDescendants-def)
apply (case-tac h q,simp-all)
apply force
apply (simp add: recDescendants-def)
apply (case-tac h q,simp-all)
by force

lemma ext-h-same-closure:
[(Bl,E2)Fh,k,td, el b k,v,r;
fresh p h']
= closure (E1,E2) x (h,k) =
closure (E1,E2) x (h(p — ¢), k)
apply (simp add: closure-def)
apply (case-tac E1 x,simp-all)
apply (case-tac a,simp-all)
apply clarsimp
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apply (rename-tac q)
apply (frule-tac k=k in semantic-no-capture-E1-fresh-2,assumption+)
apply (erule-tac =z in ballE)
prefer 2 apply force
apply (erule-tac z=q in allE simp)
apply (rule equalityl )
apply (rule subsetl)
apply (erule closureL.induct)
apply (rule closureL-basic)
apply (subgoal-tac ga # p)
apply (subgoal-tac d € descendants qa (h(p — c¢), k))
apply (rule closureL-step,assumption—+)
apply (subst (asm) ext-h-same-descendants,assumption+)
apply (simp add: descendants-def)
apply (case-tac h qa, simp-all)
apply (simp add: fresh-def, force)
apply (rule subsetl)
apply (erule closureL.induct)
apply (rule closureL-basic)
apply (subgoal-tac d € descendants qa (h, k))
apply (rule closureL-step,assumption+)
apply (subst ext-h-same-descendants,assumption)
apply (case-tac ga # p,simp,simp)
by simp

lemma ext-h-same-recReach:
[(EBl,E2)Fh,k,td, ey h'  , k,v,r;
fresh p h']
= recReach (E1,E2) z (h,k) =
recReach (E1,E2) z (h(p — ¢), k)
apply (simp add: recReach-def)
apply (case-tac E1 z,simp-all)
apply (case-tac a,simp-all)
apply clarsimp
apply (rename-tac q)
apply (frule-tac k=k in semantic-no-capture-E1-fresh-2,assumption+)
apply (erule-tac x=x in ballE)
prefer 2 apply force
apply (erule-tac x=q in allE,simp)
apply (rule equalityl)
apply (rule subsetl)
apply (erule recReachL.induct)
apply (rule recReachL-basic)
apply (subgoal-tac qa # p)
apply (subgoal-tac d € recDescendants qa (h(p — c), k))
apply (rule recReachL-step,assumption+)
apply (subst (asm) ext-h-same-recDescendants,assumption+)
apply (simp add: recDescendants-def)
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apply (case-tac h ga, simp-all)
apply (simp add: fresh-def, force)
apply (rule subsetl)

apply (erule recReachL.induct)
apply (rule recReachL-basic)

apply (subgoal-tac d € recDescendants ga (h, k))

apply (rule recReachL-step,assumption+)

apply (subst ext-h-same-recDescendants,assumption+)

apply (case-tac qa # p,simp,simp)

apply (subgoal-tac recReachL q (h, k) C closureL q (h, k))

apply blast
apply (rule recReachL-subseteq-closurel)
by simp

lemma closure-upt-monotone:
[z € dom E1; 21 ¢ dom EI |
= closure (E1, E2) z (h, k) =
closure (E1(z1 — Loc p),E2) z (h, k)
apply (simp add: closure-def)
apply (rule impl)
by (simp add: dom-def)

lemma recReach-upt-monotone:
[z € dom E1; 21 ¢ dom E1 |
= recReach (E1, E2) x (h, k) =
recReach (E1(xz1 — Loc p) E2) z (h, k)
apply (simp add: recReach-def)
apply (rule impl)
by (simp add: dom-def)

lemma cvte-ext-h-inter-closure-recReach:
[(E1,E2)bh,k,td, el h ,k,v,r;
fresh p h;
x1 ¢ dom E1; x € dom El; z € dom EI;

closure (E1, E2) z (h, k) N recReach (E1, E2) z
= closure (E1(x1 — Loc p), E2) z (h(p — (j, C, map (atom2val E1) as

k)N

recReach (E1(z1 — Loc p), E2) z (h(p — (j, C, map (atom2val E1) as

k) # {}

(h, k) # {} ]

apply (subst (asm) ext-h-same-closure, assumption+)
apply (subst (asm) ext-h-same-recReach, assumption+)

apply (subst

sm) closure-upt-monotone,assumption+)

(a
by (subst (asm) recReach-upt-monotone,assumption+)
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lemma ext-h-same-identityClosure-upt:
[ fresh p h; x € dom E1;
(B1,E2)F h,k,td, el h'  k,v,r]
= identityClosure (E1,E2) z (h,k) (h(p — ¢), k)
apply (case-tac E1 x)
apply (simp add: dom-def)
apply (case-tac a,simp-all)

stmp add: identityClosure-def )

rule congl)

rule ext-h-same-closure,assumption+)

rule impl)

apply (simp add: closure-def)

apply (frule semantic-no-capture-E1-fresh-2,assumption+)
apply force

apply
apply
apply
apply

Py

apply (simp add: identityClosure-def)
apply (simp add: closure-def)

apply (simp add: identityClosure-def)
apply (simp add: closure-def)
done

lemma P6-LETC-el:
[ (F1, E2)F h ,k,td, Let 21 = ConstrE Casra’Ine2al hh , k, v, ra;
(E1(xz1 — Loc p), E2) - h(p — (j, C, map (atom2val E1) as)) , k , (td +
1),e2 | hh kv, rs’;
xl ¢ L1; z1 ¢ dom EI;
def-pp (map-of (zip (map atom2var as) (replicate (length as) s'))) T'2 L2;
dom (pp (map-of (zip (map atomZvar as) (replicate (length as) s’'))) T2 L2)
C dom E1;
fresh p h;
Yazedom (fst (E1(z1 — Loc p), E2)).
= ddentityClosure (E1(x1 — Loc p), E2) z (h(p — (j, C, map (atom2val
E1) as)), k) (hh, k) —
z € dom (T2 4+ [z — m"]) A (T2 + [z — m"]) © # Some s"]
= VYzedom (fst (E1, E2)).
— identityClosure (E1, E2) z (h, k) (h(p — (4, C, map (atom2val ET)
as)), k) —
z € dom (map-of (zip (map atom2var as) (replicate (length as) s''))) A
map-of (zip (map atom2var as) (replicate (length as) s")) © # Some s"’
apply (rule balll ;rule impl)
apply (subgoal-tac x#£x1)
prefer 2 apply force
apply (erule-tac =z in ballE)
prefer 2 apply simp
apply (frule ext-h-same-identityClosure-upt)
by (assumption+,simp,force)
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lemma P5-P6-LETC-el:
[(El, E2) - h , Kk, td, Let x1 = ConstrE Casra’Ine2a | hh , k, v, ra;
(E1(zl — Loc p), E2) F h(p — (j, C, map (atom2val E1) as)) , k, (td + 1)
,e2 hh kv, s,
zl ¢ L1; z1 ¢ dom E1;
L1 = set (map atom2var as);
' = map-of (zip (map atom2var as) (replicate (length as) s”'));
dom (pp (map-of (zip (map atom2var as) (replicate (length as) s'))) T'2 L2)
C dom E1;
def-pp (map-of (zip (map atom2var as) (replicate (length as) s'’))) I'2 L2;
shareRec L2 (T2 + [z1 — m"]) (E1(zl — Loc p), E2) (h(p — (j, C, map
(atom2val E1) as)), k) (hh, k);
fresh p h']
= shareRec L1 T'1 (E1, E2) (h,k) (h(p — (4, C, map (atom2val E1) as)),
5
apply (simp only: shareRec-def)
apply (elim conjE)
apply (rule conjI)
apply (rule P5-LETC-el)
by (rule P6-LETC-el ,assumption—+)

lemma ext-h-same-closure-semDepth:
[(E1,E2)Fh,k,eld(fn) R, k, v
fresh p h']
= closure (E1,E2) xz (h,k) =
closure (E1,E2) x (h(p — ¢), k)
apply (simp add: closure-def)
apply (case-tac E1 x,simp-all)
apply (case-tac a,simp-all)
apply clarsimp
apply (rename-tac q)
apply (frule-tac k=k in semantic-no-capture-E1-fresh-2-semDepth,assumption+)
apply (erule-tac z=xz in ballF)
prefer 2 apply force
apply (erule-tac x=q in allE,simp)
apply (rule equalityl )
apply (rule subsetl)
apply (erule closureL.induct)
apply (rule closureL-basic)
apply (subgoal-tac qa # p)
apply (subgoal-tac d € descendants qa (h(p — c¢), k))
apply (rule closureL-step,assumption+)
apply (subst (asm) ext-h-same-descendants,assumption)
apply (simp add: descendants-def)
apply (case-tac h ga, simp-all)
apply (simp add: fresh-def, force)
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apply (rule subsetl)

apply (erule closureL.induct)

apply (rule closureL-basic)

apply (subgoal-tac d € descendants qa (h, k))
apply (rule closureL-step,assumption—+)

apply (subst ext-h-same-descendants,assumption)
apply (case-tac ga # p,simp,simp)

by simp

lemma ext-h-same-identityClosure-upt-semDepth:
[ fresh p h; x € dom EI;
(E1,E2)F h,k,el(fin) h', &, ]
= identityClosure (E1,E2) z (h,k) (h(p — ¢), k)
apply (case-tac E1 x)
apply (simp add: dom-def)
apply (case-tac a,simp-all)

apply (simp add: identityClosure-def)

apply (rule congl)

apply (rule ext-h-same-closure-semDepth,assumption+)

apply (rule impl)

apply (simp add: closure-def)

apply (frule semantic-no-capture-E1-fresh-2-semDepth,assumption+)
apply force

apply (simp add: identityClosure-def)
apply (simp add: closure-def)

apply (simp add: identityClosure-def)
apply (simp add: closure-def)
done

lemma P6-f-n-LETC-el:
[ (E1, E2)F h , k, Let x1 = ConstrE C as r a’ In e2 a {(f,n) hh , k , v;
(E1(zl — Loc p), E2) F h(p — (4, C, map (atom2val E1) as)) , k , e2 (f,n)
hh , k , v;
xl ¢ L1; z1 ¢ dom ET;
def-pp (map-of (zip (map atom2var as) (replicate (length as) s'))) I'2 L2;
dom (pp (map-of (zip (map atom2var as) (replicate (length as) s’'))) T2 L2)
C dom E1;
fresh p h;
Yazedom (fst (E1(z1 — Loc p), E2)).
= ddentityClosure (E1(x1 — Loc p), E2) z (h(p — (j, C, map (atom2val
E1) as)), k) (hh, k) —
z € dom (T2 4+ [z — m"]) A(T2 + [ — m"]) z # Some s"]
= VYzedom (fst (E1, E2)).
= ddentityClosure (E1, E2) x (h, k) (h(p — (j, C, map (atom2val E1)
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as)), k) —
z € dom (map-of (zip (map atom2var as) (replicate (length as) s''))) A
map-of (zip (map atom2var as) (replicate (length as) s'')) © # Some s”

apply (rule balll ,rule impl)

apply (subgoal-tac x#x1)

prefer 2 apply force

apply (erule-tac x=x in ballE)

prefer 2 apply simp

apply (frule ext-h-same-identityClosure-upt-semDepth)

by (assumption+,simp,force)

lemma P5-P6-f-n-LETC-el:
[(E1, E2) - h , k, Let 21 = ConstrE C asra’ In e2 a }(f,n) hh , k | v;

(E1(z1 — Loc p), E2) F h(p — (4, C, map (atom2val E1) as)) , k , e2 |}(f,n)
hh , k , v;

zl ¢ L1; z1 ¢ dom ET;

L1 = set (map atom2var as);

I'1 = map-of (zip (map atom2var as) (replicate (length as) s'));

dom (pp (map-of (zip (map atom2var as) (replicate (length as) s'))) T'2 L2)
C dom E1;

def-pp (map-of (zip (map atomZvar as) (replicate (length as) s'’))) T'2 L2;

shareRec L2 (T2 + [zl — m']) (E1l(zl — Loc p), E2) (h(p — (j, C, map
(atom2uval E1) as)), k) (hh, k);

fresh p h']

= shareRec L1 T'1 (E1, E2) (h,k) (h(p — (j, C, map (atom2val E1) as)),
k)
apply (simp only: shareRec-def)
apply (elim conjE)
apply (rule congl)
apply (rule P5-LETC-el)
by (rule P6-f-n-LETC-el ,assumption+)

Lemmas for CASE

lemma P5-CASE-shareRec:
[(E1, E2)F h ,k,td, Case VarEx () Of alts ()  hh , k , v, T ;
dom (foldl op ® empty (map snd assert)) C dom E1;
insert © (U < length aits f5t (assert 1 i) — set (snd (extractP (fst (alts ! i)))))
C dom (foldl op ® empty (map snd assert));
fo (Case VarE x () Of alts () C insert © (U; < tength aits fot (assert ! i) —
set (snd (extractP (fst (alts ! 1)))));
wellFormed (insert x (U < tength alts f5t (assert i) — set (snd (extractP (fst
(alts 1 1))))))
(foldl op ® empty (map snd assert)) (Case VarE x () Of alts ()) |
= VYzacdom (fst (E1, E2)).
Vzeinsert © (U < length alts ISt (assert | i) — set (snd (extractP (fst
(alts 1 ))))).
foldl op ® empty (map snd assert) z = Some d'' A closure (E1, E2) za
(h, k) N recReach (E1, E2) z (h, k) # {} —
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za € dom (foldl op ® empty (map snd assert)) A foldl op @ empty (map
snd assert) za # Some s’
apply (simp only: wellFormed-def)
apply (erule-tac z=E1 in ollE)
apply (erule-tac z=E2 in ollF)
apply (erule-tac x=h in allE)
apply (erule-tac x=Fk in allE)
apply (erule-tac z=td in allE)
apply (erule-tac z=hh in allF)
apply (erule-tac z=v in allE)
apply (erule-tac z=r in allF)
apply (drule mp,simp)
by simp

lemma closure-monotone-extend:
[ z € dom E;
def-extend E (snd (extractP (fst (alts ! 4)))) vs;
length alts > 0; i < length alts |
= closure (E, E') = (h, k) =
closure (extend E (snd (extractP (fst (alts ! 4)))) ws, E') z (h, k)
apply (simp add: def-extend-def)
apply (subgoal-tac z ¢ set (snd (extractP (fst (alts ! 4)))))
apply (subgoal-tac
E z = extend E (snd (extractP (fst (alts ! 1)))) vs z)
apply (simp add:closure-def)
apply (rule extend-monotone-i)
apply (assumption+,simp,simp)
by blast

lemma identityClosure-monotone-extend:
[ z € dom EI;
length alts > 0; 1 < length alts;
def-extend E1 (snd (extractP (fst (alts ! 1)))) vs;
= identityClosure (E1, E2) x (h, k) (hh, k) ]
= - identityClosure (extend E1 (snd (extractP (fst (alts ! 14)))) vs, E2) z (h,
k) (hh, k)
apply (simp add: identityClosure-def)
apply (rule impl)
apply (subgoal-tac
closure (E1, E2) z (h, k) =
closure (extend E1 (snd (extractP (fst (alts ! 1)))) vs, E2) z (h, k),simp)
apply (subgoal-tac
closure (E1, E2) x (hh, k) =
closure (extend E1 (snd (extractP (fst (alts ! 1)))) vs, E2) x (hh, k),simp)
apply (rule closure-monotone-extend,assumption+,simp,assumption+)
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by (rule closure-monotone-extend,assumption+,simp,assumption—+)

lemma P5-CASE-identityClosure:
[ length assert = length alts;
length alts > 0; 1 < length alts;
def-extend E1 (snd (extractP (fst (alts ! 1)))) vs;
def-nonDisjointUnionEnvList (map snd assert);
(Vzedom (fst (extend E1 (snd (extractP (fst (alts ! 1)))) vs, E2)).
= identityClosure (extend E1 (snd (extractP (fst (alts ! 4)))) vs, E2) x (h,
k) (hh, k) —
z € dom (snd (assert ! i)) A snd (assert ! i) x # Some s") ]
=Vazedom (fst (E1, E2)).
= identityClosure (E1, E2) z (h, k) (hh, k) —
x € dom (foldl op ® empty (map snd assert)) A foldl op @ empty (map
snd assert) © # Some s"’
apply (rule balll)
apply (erule-tac z=xz in ballF)
apply (rule impl)
apply (drule mp)
apply (rule identityClosure-monotone-extend,simp,assumption+)
apply (elim conjE)
apply (rule congl)
apply (subgoal-tac length assert > i)
apply (frule dom-monotone)
apply blast
apply simp
apply (rule Otimes-prop2)
apply (simp,simp,assumption+)
apply (subgoal-tac
E1 z = extend E1 (snd (extractP (fst (alts ! i)))) vs z)
apply (simp add: dom-def)
apply (rule extend-monotone-i,assumption+)
apply (simp add: def-extend-def)
by blast

lemma P5-P6-CASE:
[ (E1, E2)F h ,k,td, Case VarE xz () Of alts () Y hh , k , v, r;

dom (foldl op ® empty (map snd assert)) C dom FE1;

insert © (U < length alts 5t (assert ! i) — set (snd (extractP (fst (alts ! i)))))
C dom (foldl op ® empty (map snd assert));

fo (Case VarE x () Of alts () C insert © (U; < jength aits fot (assert 1 i) —
set (snd (extractP (fst (alts ! 1)))));

1 < length alts;
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def-extend E1 (snd (extractP (fst (alts ! i)))) vs;
def-nonDisjointUnionEnvList (map snd assert); alts # [|; length assert = length
alts;
wellFormed (insert x (U < tength aits fst (assert i) — set (snd (extractP (fst
(alts ! 1))))
(foldl op ® empty (map snd assert)) (Case VarE x () Of alts ());
(E1,E2) - h ,k,td, Case VarE z () Of alts () 4 hh , &k, v, r;
shareRec (fst (assert ! i)) (snd (assert ! i)) (extend E1 (snd (extractP (fst
(alts ! 1)))) vs, E2) (h, k) (hh, k)]
= shareRec (insert © (U; < tength aits fst (assert ! 1) — set (snd (extractP
(fst (alts ! 1))))))
(foldl op ® empty (map snd assert)) (E1, E2) (h, k) (hh, k)
apply (simp (no-asm) only: shareRec-def)
apply (rule conjI)
apply (rule P5-CASE-shareRec,assumption)
apply (simp only: shareRec-def)
apply (rule P5-CASE-identityClosure,assumption)
by (simp,simp,assumption+,simp)

lemma P5-f-n-CASE-shareRec:
[ (E1, E2)F h , Kk, Case VarE z () Of alts () 4(f,n) hh , k , v ;
dom (foldl op ® empty (map snd assert)) C dom E1;
insert © (U < length aits f5t (assert 1 i) — set (snd (extractP (fst (alts ! i)))))
C dom (foldl op ® empty (map snd assert));
fo (Case VarE x () Of alts () C insert  (U; < tength aits fot (assert ! i) —
set (snd (extractP (fst (alts ! 1)))));
wellFormedDepth f n (insert © (U; < length aits fst (assert ! i) — set (snd
(extractP (fst (alts ! 1))))))
(foldl op ® empty (map snd assert)) (Case VarE x () Of alts ()) |
= Vazacdom (fst (E1, E2)).
Vzeinsert © (U < length alts f5t (assert | i) — set (snd (extractP (fst
(alts 1 ))))).
foldl op ® empty (map snd assert) z = Some d'' A closure (E1, E2) za
(h, k) N recReach (E1, E2) z (h, k) # {} —
za € dom (foldl op ® empty (map snd assert)) A foldl op @ empty (map
snd assert) ra # Some s'’
apply (simp only: wellFormedDepth-def)
apply (erule-tac x=E1 in allF)
apply (erule-tac t=E2 in allF)
apply (erule-tac x=h in allE)
apply (erule-tac x=Fk in allE)
apply (erule-tac x=hh in allFE)
apply (erule-tac z=v in allE)
apply (drule mp,simp)
by simp
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lemma P5-P6-f-n-CASE:
[ (E1, E2)F h , Kk, Case VarE z () Of alts () J(f,n) hh , k , v;
dom (foldl op ® empty (map snd assert)) C dom E1;
insert © (U < length aits f5t (assert 1i) — set (snd (extractP (fst (alts ! i)))))
C dom (foldl op ® empty (map snd assert));
fo (Case VarE x () Of alts () C insert © (U; < tength aits fot (assert ! i) —
set (snd (extractP (fst (alts ! 1)))));
i < length alts;
def-extend E1 (snd (extractP (fst (alts ! 4)))) vs;
def-nonDisjointUnionEnvList (map snd assert); alts # [|; length assert = length
alts;
wellFormedDepth f n (insert © (U; < length aits fst (assert ! i) — set (snd
(extractP (fst (alts ! 1))))))
(foldl op ® empty (map snd assert)) (Case VarE x () Of alts ());
shareRec (fst (assert ! i)) (snd (assert | i)) (extend E1 (snd (extractP (fst
(alts 1 9)))) vs, E2) (h, k) (hh, k)]
= shareRec (insert © (U; < tength aits fst (assert 1) — set (snd (extractP
(fst (alts ! 7))))))
(foldl op ® empty (map snd assert)) (E1, E2) (h, k) (hh, k)
apply (simp (no-asm) only: shareRec-def)
apply (rule congl)
apply (rule P5-f-n-CASE-shareRec,assumption+)
apply (simp only: shareRec-def)
apply (rule P5-CASE-identityClosure,assumption)
by (simp,simp,assumption+,simp)

lemma P5-CASE-1-1-identityClosure:
[ length assert = length alts;
length alts > 0; i < length alts;
fst (alts ! i) = ConstP (LitN n);
def-nonDisjoint UnionEnvList (map snd assert);
(Vzedom (fst (E1, E2)). - identityClosure (E1, E2) x (h, k) (hh, k)
— x € dom (snd (assert ! i)) A snd (assert | i) x # Some s”) |
=Vazedom (fst (E1, E2)).
= ddentityClosure (E1, E2) z (h, k) (hh, k) —
x € dom (foldl op ® empty (map snd assert)) A foldl op @ empty (map
snd assert) © # Some s’
apply (rule balll)
apply (erule-tac z=xz in ballF)
apply (rule impl)
apply (drule mp,simp)
apply (rule congl)
apply (subgoal-tac length assert > 1)
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apply (frule dom-monotone)

apply blast

apply simp
apply (rule Otimes-prop2)
apply (simp,simp,assumption+,simp,simp)
by (simp add: dom-def)

lemma P5-P6-CASE-1-1:
[ (E1, E2)F h ,k,td, Case VarExz () Of alts ()  hh , k , v, r;
fst (alts ! i) = ConstP (LitN n);
dom (foldl op ® empty (map snd assert)) C dom E1;
insert © (U < length alts 5t (assert i) — set (snd (extractP (fst (alts ! )))))
C dom (foldl op ® empty (map snd assert));
fo (Case VarE x () Of alts () C insert © (U; < jength aits fot (assert 1) —
set (snd (extractP (fst (alts ! 1)))));
1 < length alts;
def-nonDisjointUnionEnvList (map snd assert); alts # [|; length assert = length
alts;
wellFormed (insert x (U < tength aits fst (assert i) — set (snd (extractP (fst
(alts 1 4))))))
(foldl op ® empty (map snd assert)) (Case VarE x () Of alts ());
(F1, E2)F-h , k ,td , Case VarE x () Of alts () 4 hh , k , v, 1 ;
shareRec (fst (assert ! i)) (snd (assert ! 1)) (E1, E2) (h, k) (hh, k)]
= shareRec (insert © (U; < length alts f5t (assert ! i) — set (snd (extractP
(fst (alis 1 ))))))
(foldl op ® empty (map snd assert)) (E1, E2) (h, k) (hh, k)
apply (simp (no-asm) only: shareRec-def)
apply (rule conjI)
apply (rule P5-CASE-shareRec,assumption)
apply (simp only: shareRec-def)
apply (rule P5-CASE-1-1-identityClosure,assumption+)
by (simp,force,force,assumption+,simp)

lemma P5-P6-f-n-CASE-1-1:
[ (E1, E2)F h , Kk, Case VarE z () Of alts () 4(f,n) hh , k , v;

fst (alts ! i) = ConstP (LitN n’);

dom (foldl op ® empty (map snd assert)) C dom EI;

insert © (U < length aits f5t (assert 1i) — set (snd (extractP (fst (alts ! i)))))
C dom (foldl op ® empty (map snd assert));

fo (Case VarE x () Of alts () C insert  (U; < tength aits fot (assert ! i) —
set (snd (extractP (fst (alts ! 1)))));

i < length alts;

def-nonDisjointUnionEnvList (map snd assert); alts # [|; length assert = length
alts;

wellFormedDepth f n (insert © (U < jength alts fst (assert | i) — set (snd
(extractP (fst (alts ! 1))))))
(foldl op ® empty (map snd assert)) (Case VarE x () Of alts ());
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shareRec (fst (assert ! 1)) (snd (assert ! i) (E1, E2) (h, k) (hh, k)]

= shareRec (insert © (U; < tength aits fst (assert 1) — set (snd (extractP
(fst (alts 1 0))))

(foldl op ® empty (map snd assert)) (E1, E2) (h, k) (hh, k)

apply (simp (no-asm) only: shareRec-def)
apply (rule conjI)
apply (rule P5-f-n-CASE-shareRec,assumption+)
apply (simp only: shareRec-def)
apply (rule P5-CASE-1-1-identityClosure,assumption+)
by (simp,force,force,assumption+,simp)

lemma P5-CASE-1-2-identityClosure:
[ length assert = length alts;
length alts > 0; i < length alts;
fst (alts ! i) = ConstP (LitB b);
def-nonDisjoint UnionEnvList (map snd assert);
(Vzedom (fst (E1, E2)). - identityClosure (E1, E2) x (h, k) (hh, k)
— x € dom (snd (assert ! i)) A snd (assert | i) x # Some s”) |
=Vazedom (fst (E1, E2)).
= identityClosure (E1, E2) z (h, k) (hh, k) —
x € dom (foldl op ® empty (map snd assert)) A foldl op @ empty (map
snd assert) © # Some s’
apply (rule balll)
apply (erule-tac z=xz in ballF)
apply (rule impl)
apply (drule mp,simp)
apply (rule congl)
apply (subgoal-tac length assert > i)
apply (frule dom-monotone)
apply blast
apply simp
apply (rule Otimes-prop2)
apply (simp,simp,assumption+,simp,simp)
by (simp add: dom-def)

lemma P5-P6-CASE-1-2:
[ (E1, E2) b h ,k,td, Case VarE z () Of alts () § hh , k , v, 1 ;

fst (alts ! i) = ConstP (LitB b);

dom (foldl op ® empty (map snd assert)) C dom E1;

insert © (Ui < length alts 5t (assert i) — set (snd (extractP (fst (alts ! 9)))))
C dom (foldl op ® empty (map snd assert));

fo (Case VarE x () Of alts () C insert © (U; < jength alts fot (assert 1) —
set (snd (extractP (fst (alts ! 1)))));

i < length alts;
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def-nonDisjointUnionEnvList (map snd assert); alts # [|; length assert = length
alts;
wellFormed (insert x (U < tength alts f5t (assert i) — set (snd (extractP (fst
(alts ! 1))))
(foldl op ® empty (map snd assert)) (Case VarE x () Of alts ());
(E1,E2) - h ,k,td, Case VarE z () Of alts () 4 hh , k , v, r;
shareRec (fst (assert ! 1)) (snd (assert ! i)) (E1, E2) (h, k) (hh, k)]
= shareRec (insert © (U; < tength aits f5t (assert 1 i) — set (snd (extractP
(fst (alts ! ))))))
(foldl op ® empty (map snd assert)) (E1, E2) (h, k) (hh, k)
apply (simp (no-asm) only: shareRec-def)
apply (rule congl)
apply (rule P5-CASE-shareRec,assumption+)
apply (simp only: shareRec-def)
apply (rule P5-CASE-1-2-identityClosure,assumption+)
by (simp,force,force,assumption+,simp)

lemma P5-P6-f-n-CASE-1-2:
[ (E1, E2)F h, k, Case VarE z () Of alts () 4(f,n) hh , k , v;

fst (alts ! i) = ConstP (LitB b);

dom (foldl op ® empty (map snd assert)) C dom E1;

insert © (U < length aits f5t (assert 1 i) — set (snd (extractP (fst (alts ! i)))))
C dom (foldl op ® empty (map snd assert));

fo (Case VarE z () Of alts () C insert  (U; < tength aits fot (assert ! i) —
set (snd (extractP (fst (alts ! 1)))));

1 < length alts;

def-nonDisjointUnionEnvList (map snd assert); alts # [|; length assert = length
alts;

wellFormedDepth f n (insert © (U < jength aits f5t (assert ! i) — set (snd
(extractP (fst (alts ! 14))))))
(foldl op ® empty (map snd assert)) (Case VarE z () Of alts ());
shareRec (fst (assert ! 1)) (snd (assert ! 1)) (E1, E2) (h, k) (hh, k)]
= shareRec (insert © (U; < tength aits fst (assert ! 1) — set (snd (extractP
(fst (alts ! 1))
(foldl op ® empty (map snd assert)) (E1, E2) (h, k) (hh, k)

apply (simp (no-asm) only: shareRec-def)
apply (rule conjI)
apply (rule P5-f-n-CASE-shareRec,assumption)
apply (simp only: shareRec-def)
apply (rule P5-CASE-1-2-identityClosure,assumption+)
by (simp,force,force,assumption+,simp)
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lemma closureL-p-None-p:

closureL p (h(p := None), k) = {p}
apply (rule equalityl)

apply (rule subsetl)

apply (erule closureL.induct,simp)
apply (simp add: descendants-def)
apply (rule subsetl,simp)
by (rule closureL-basic)

lemma recReachL-p-None-p:
recReachL p (h(p := None), k) = {p}

apply (rule equalityl )

apply (rule subsetl)

apply (erule recReachL.induct,simp)
apply (simp add: recDescendants-def)

apply (rule subsetl,simp)

by (rule recReachL-basic)

lemma descendants-p-None-q:
[ d € descendants q (h(p:=None).k); q#p |
= d € descendants q (h,k)

by (simp add: descendants-def)

lemma recDescendants-p-None-q:
[ d € recDescendants q (h(p:=None),k); q#p |
= d € recDescendants q (h,k)

by (simp add: recDescendants-def)

lemma closureL-p-None-subseteq-closurelL:
PFq
= closureL q (h(p := None), k) C closureL q (h, k)
apply (rule subsetl)
apply (erule closureL.induct)
apply (rule closureL-basic)
apply clarsimp
apply (subgoal-tac d € descendants qa (h,k))
apply (rule closureL-step,simp,simp)
apply (rule descendants-p-None-q,assumption+)
apply (simp add: descendants-def)
by (case-tac ga = p,simp-all)

lemma recReachL-p-None-subseteg-recReachL:
PF#4q
= recReachL q (h(p := None), k) C recReachL q (h, k)
apply (rule subsetl)
apply (erule recReachL.induct)
apply (rule recReachL-basic)
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apply clarsimp

apply (subgoal-tac d € recDescendants ga (h,k))
apply (rule recReachL-step,simp,simp)

apply (rule recDescendants-p-None-q,assumption+)
apply (simp add: recDescendants-def)

by (case-tac qa = p,simp-all)

lemma dom-foldl-monotone-list:

dom (foldl op ® (empty ® z) xs) =

dom x U dom (foldl op ® empty xs)
apply (subgoal-tac empty @ x = x ® empty,simp)
apply (subgoal-tac foldl op ® (z ® empty) zs =
z ® foldl op @ empty xs,simp)

apply (rule union-dom-nonDisjointUnionEnv)
apply (rule foldl-prop1)
apply (subgoal-tac def-nonDisjointUnionEnv empty )
apply (erule nonDisjoint UnionEnv-conmutative)
by (simp add: def-nonDisjointUnionEnv-def)

lemma dom-restrict-neg-map:
dom (restrict-neg-map m A) = dom m — (dom m N A)
apply (simp add: restrict-neg-map-def)
apply auto
by (split split-if-asm,simp-all)

lemma z-notin-I'-cased:
z ¢ dom (foldl op ® empty
(map (M(Li, T'i). restrict-neg-map T'i (insert z (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))))
apply (induct-tac assert alts rule: list-induct2’,simp-all)
apply (subgoal-tac
dom (foldl op ® (empty ® restrict-neg-map (snd za) (insert z (set (snd (extractP

(fst 1))
(map (A(Lt, T'7). restrict-neg-map T'i (insert x (set Li))) (zip (map
(Aa. snd (extractP (fst a))) ys) (map snd xs)))) =
dom (restrict-neg-map (snd za) (insert x (set (snd (extractP (fst y)))))) U
dom (foldl op @ empty (map (A(Li, T'i). restrict-neg-map T'i (insert x (set Li)))

(zip (map (Aa. snd (extractP (fst a))) ys) (map snd
25)))),simp)
apply (subst dom-restrict-neg-map,blast)
by (rule dom-foldl-monotone-list)

lemma I'-case-z-is-d:
[ T = foldl op ® empty
(map (A(Li, T'7). restrict-neg-map T'i (insert x (set Li))) (zip (map
(snd o extractP o fst) alts) (map snd assert))) +
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[z — d"]
= I' z = Some d”
apply (simp add: disjointUnionEnv-def)
apply (simp add: unionEnv-def)
apply (rule impl)
apply (insert x-notin-I'-cased)
by force

lemma closureL-p-None-p:

closureL p (h(p := None), k) = {p}
apply (rule equalityl )

apply (rule subsetl)

apply (erule closureL.induct,simp)
apply (simp add: descendants-def)
apply (rule subsetl,simp)
by (rule closureL-basic)

lemma recReachL-p-None-p:
recReachL p (h(p := None), k) = {p}

apply (rule equalityl)

apply (rule subsetl)

apply (erule recReachL.induct,simp)
apply (simp add: recDescendants-def)

apply (rule subsetl,simp)

by (rule recReachL-basic)

lemma descendants-p-None-q:
[ d € descendants q (h(p:=None),k); q¢#p |
= d € descendants q (h,k)

by (simp add: descendants-def)

lemma recDescendants-p-None-q:
[ d € recDescendants q (h(p:=None),k); q#p |
= d € recDescendants q (h,k)

by (simp add: recDescendants-def)

lemma closureL-p-None-subseteq-closureL:
pF#q
= closureL q (h(p := None), k) C closureL q (h, k)
apply (rule subsetl)
apply (erule closureL.induct)
apply (rule closureL-basic)
apply clarsimp
apply (subgoal-tac d € descendants ga (h,k))
apply (rule closureL-step,simp,simp)
apply (rule descendants-p-None-q,assumption+)
apply (simp add: descendants-def)
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by (case-tac qa = p,simp-all)

lemma recReachL-p-None-subseteq-recReachL:
PFq
= recReachL q (h(p := None), k) C recReachL q (h, k)
apply (rule subsetl)
apply (erule recReachL.induct)
apply (rule recReachL-basic)
apply clarsimp
apply (subgoal-tac d € recDescendants ga (h,k))
apply (rule recReachL-step,simp,simp)
apply (rule recDescendants-p-None-q,assumption+)
apply (simp add: recDescendants-def)
by (case-tac ga = p,simp-all)

lemma p-in-closure-q-p-none:
[ p#£q; closureL q (h, k) # closureL q (h(p := None), k) |
= p € closureL q (h(p := None),k)
apply auto
apply (erule closureL.induct)
apply (rule closureL-basic)
apply (subgoal-tac p#£qa)
prefer 2 apply blast
apply (rule closureL-step,simp)
apply (simp add: descendants-def)
apply (frule closureL-p-None-subseteg-closureL)
by blast

lemma not-identityClosure-h-h-p-none-inter-not-empty-h:

[y € dom E1; E1 x = Some (Loc p); h p = Some (j,C,vn);
= identityClosure (E1, E2) y (h, k) (h(p := None), k) ]

= closure (E1,E2) y (h, k) N recReach (E1,E2) z (h, k) # {}

apply (simp only: identityClosure-def)

apply (simp add: closure-def)

apply (case-tac E1 y,simp-all)

apply (case-tac a, simp-all)

apply (simp add: recReach-def)

apply (rename-tac q)

apply (case-tac p=q)

apply simp

apply (subgoal-tac q € recReachL q (h,k))
apply (subgoal-tac recReachL q (h,k) C closureL q (h,k))
apply blast
apply (rule recReachL-subseteg-closurel)

apply (rule recReachL-basic)

apply (case-tac
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closureL q (h, k) # closureL q (h(p := None), k),simp-all)
apply (frule-tac h=h and k=Fk in p-in-closure-g-p-none,simp)
apply (frule-tac h=h and k=Fk in closureL-p-None-subseteg-closureL)
apply (subgoal-tac
p € recReachL p (h, k))
apply blast
apply (rule recReachL-basic)
apply (elim bexE)
apply (case-tac pa = p,simp-all)
apply (subgoal-tac
p € recReachL p (h, k))
apply blast
by (rule recReachL-basic)

lemma dom-foldl-monotone-generic:

dom (foldl op ® (empty @ x) xzs) =

dom z U dom (foldl op ® emply zs)
apply (subgoal-tac empty @ © = x @ empty,simp)
apply (subgoal-tac foldl op ® (z ® empty) zs =
z ® foldl op @ empty xs,simp)

apply (rule union-dom-nonDisjointUnionEnv)
apply (rule foldl-prop1)
apply (subgoal-tac def-nonDisjointUnionEnv empty x)
apply (erule nonDisjoint UnionEnv-conmutative)
by (simp add: def-nonDisjointUnionEnv-def)

lemma dom-T'i-in-T'cased-2 [rule-format]:
length assert > 0
— T FY
— length assert = length alts
— (V @ < length alts. y € dom (snd (assert ! i))
— y ¢ set (snd (extractP (fst (alts ! 7))))
— y € dom (foldl op ® empty
(map (A(Li, T'%). restrict-neg-map T'i (insert © (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert)))))
apply (induct assert alts rule:list-induct2’,simp-all)
apply (rule impl)+
apply (case-tac zs = [],simp)
apply (rule impl)+
apply (subst empty-nonDisjointUnionEnv)
apply (subst dom-restrict-neg-map)
apply force
apply simp
apply (rule alll, rule impl)
apply (case-tac i,simp-all)
apply (rule impl)+
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apply (subst dom-foldl-monotone-generic)
apply (subst dom-restrict-neg-map)
apply force

apply (rule impl)

apply (erule-tac z=nat in allE,simp)
apply (rule impl)+

apply (subst dom-foldl-monotone-generic)
by blast

lemma z-notin-I'-cased:
z ¢ dom (foldl op ® empty
(map (M(Li, T'i). restrict-neg-map T'i (insert z (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))))
apply (induct-tac assert alts rule: list-induct2’,simp-all)
apply (subgoal-tac
dom (foldl op ® (empty ® restrict-neg-map (snd za) (insert z (set (snd (extractP

(fst 1))
(map (A(Li, T'7). restrict-neg-map T'i (insert x (set Li))) (zip (map
(Ma. snd (extractP (fst a))) ys) (map snd xs)))) =
dom (restrict-neg-map (snd za) (insert x (set (snd (extractP (fst y)))))) U
dom (foldl op @ empty (map (A(Li, T'i). restrict-neg-map T'i (insert x (set Li)))

(zip (map (Aa. snd (extractP (fst a))) ys) (map snd
25)))),simp)
apply (subst dom-restrict-neg-map,blast)
by (rule dom-foldl-monotone-generic)

lemma I'-case-z-is-d:

[ T = foldl op ® empty

(map (A(Li, T'7). restrict-neg-map T'i (insert x (set Li))) (zip (map
(snd o extractP o fst) alts) (map snd assert))) +
[z — d"]

= I' 2z = Some d”
apply (simp add: disjointUnionEnv-def)
apply (simp add: unionEnv-def)
apply (rule impl)
apply (insert x-notin-I'-cased)
by force

lemma disjointUnionEnv-G-G'-G-x:
[ = ¢ dom G’ def-disjointUnionEnv G G']
= (G+ G)z=Gz
apply (simp add: disjointUnionEnv-def)
apply (simp add: unionEnv-def)
apply (simp add: def-disjointUnionEnv-def )
by force
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lemma restrict-neg-map-not-s:

[ Gy # Somes"; x# y;y ¢ L]

= restrict-neg-map G (insert x L) y # Some s’
by (simp add: restrict-neg-map-def)

declare def-nonDisjointUnionEnvList.simps [simp del]

lemma Otimes-prop-cased-not-s [rule-format]:
length assert > 0
— length assert = length alts
— def-nonDisjointUnionEnvList (map (A(Li, I'i). restrict-neg-map I'i (insert
z (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd
assert)))
— def-disjointUnionEnv
(foldl op ® empty
(map (M(Li, I'i). restrict-neg-map T'i (insert « (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))))
[z — d"]
— (V @ < length alts. y € dom (snd (assert ! i))
— snd (assert | i) y # Some s”’
— y & set (snd (extractP (fst (alts ! 7))))
— (foldl op ® empty
(map (A(Li, T'i). restrict-neg-map T'i (insert z (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))) +
[ — d"]) y # Some s
apply (case-tac x = y,simp)
apply (rule impl)+
apply (rule alll)
apply (rule impl)+
apply (subgoal-tac
(foldl op ® empty
(map (N(Li, 'i). restrict-neg-map T'i (insert x (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))) +
[z — d"]) z = Some d" simp)
apply (rule-tac
I'=(foldl op ® empty
(map (N(Li, T'i). restrict-neg-map T'i (insert x (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))) +
[z — d"]) in T-case-2-is-d,force)
apply (induct assert alts rule:list-induct2’,simp-all)
apply (rule impl)+
apply (case-tac xs = [|,simp)
apply (rule impl)
apply (subst empty-nonDisjointUnionEnv)
apply (simp add: disjointUnionEnv-def)
apply (simp add: unionEnv-def)
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apply (rule impl)+
apply (simp add: restrict-neg-map-def)
apply simp
apply (drule mp)
apply (simp add: def-nonDisjointUnionEnvList.simps)
apply (simp add: Let-def)
apply (drule mp)
apply (simp add: def-disjoint UnionEnv-def )
apply (subst (asm) dom-foldl-monotone-generic)
apply blast
apply (rule alll, rule impI)
apply (case-tac i,simp-all)
apply (rule impl)+
apply (subst disjointUnionEnv-G-G'-G-z,simp,simp)
apply (subst nonDisjoint UnionEnv-conmutative)
apply (simp add: def-nonDisjointUnionEnv-def)
apply (subst foldl-prop1)
apply (subst nonDisjointUnionEnv-prop5)
apply (subst dom-restrict-neg-map,force)
apply (rule restrict-neg-map-not-s,assumption—+,simp)
apply (rule impl)+
apply (rotate-tac 5)
apply (erule-tac x=nat in allE simp)
apply (subst disjointUnionEnv-G-G’-G-z,simp,simp)
apply (subst nonDisjoint UnionEnv-conmutative)
apply (simp add: def-nonDisjoint UnionEnv-def)
apply (subst foldl-prop1)
apply (subst (asm) disjointUnionEnv-G-G'-G-x,simp)
apply (simp add: def-disjoint UnionEnv-def )
apply (rule z-notin-I"-cased)
apply (subst nonDisjoint UnionEnv-prop6)
apply (simp add: def-nonDisjointUnionEnvList.simps)
apply (simp add: Let-def)
apply (subgoal-tac
y € dom (foldl op ® empty
(map (A(Li, T'i). restrict-neg-map T'i (insert z (set Li)))
(zip (map (snd o extractP o fst) ys) (map snd xs)))),simp)
apply (rule dom-Ti-in-T"cased-2)
by (force,assumption+,simp)

lemma closure-monotone-extend-def-extend:

[ def-extend E (snd (extractP (fst (alts ! 1)))) vs;
z€ dom FE;
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length alts > 0;
i < length alts |
= closure (E, E') z (h, k) = closure (extend E (snd (extractP (fst (alts ! 1))))
vs, E') z (h, k)
apply (simp add: def-extend-def)
apply (elim conjE)
apply (subgoal-tac z ¢ set (snd (extractP (fst (alts ! i)))))
apply (subgoal-tac
E x = extend E (snd (extractP (fst (alts ! 4)))) vs )
apply (simp add:closure-def)
apply (rule extend-monotone-i)
apply (simp,simp,simp)
by blast

lemma recReach-monotone-extend-def-extend:
[ def-extend E (snd (extractP (fst (alts ! 7)))) vs;
z€ dom FE;
length alts > 0;
i < length alts |
= recReach (E, E’) z (h, k) = recReach (extend E (snd (extractP (fst (alts !
i)))) vs, E') z (h, k)
apply (simp add: def-extend-def)
apply (elim conjE)
apply (subgoal-tac z ¢ set (snd (extractP (fst (alts ! 4)))))
apply (subgoal-tac
E x = extend E (snd (extractP (fst (alts ! 7)))) vs z)
apply (simp add:recReach-def)
apply (rule extend-monotone-i)
apply (simp,simp,simp)
by blast

lemma identityClosure-h-p-none-no-identity Closure-hh:
[y € dom E1; E1 x = Some (Loc p); h p = Some (j,C,vs);
1 < length alts; length assert = lenght alts; length alts > 0;
def-extend E1 (snd (extractP (fst (alts ! 1)))) vs;
identityClosure (E1, E2) y (h, k) (h(p := None), k);
= identityClosure (E1, E2) y (h, k) (hh, k) ]
= - identityClosure (extend E1 (snd (extractP (fst (alts ! 4)))) vs, E2) y (h(p
:= None), k) (hh, k)
apply (simp add: identityClosure-def)
apply (rule impl)
apply (elim conjE)
apply (subgoal-tac
y ¢ set (snd (extractP (fst (alts ! i)))))
prefer 2 apply (simp add: def-extend-def elim conjE blast)
apply (frule-tac E=E1 and vs=wvs in extend-monotone-i,simp,assumption)
apply (subgoal-tac
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closure (E1, E2) y (h(p := None), k) = closure (E1, E2) y (hh, k),simp)
prefer 2 apply (subst closure-monotone-extend-def-extend ,assumption+,simp,assumption+ )+
apply (subst (asm) closure-monotone-extend-def-extend [where E=FE1],assumption+,simp,assumption+)+
apply (simp add: closure-def)
apply (case-tac E1 y,simp-all)
apply (case-tac extend E1 (snd (extractP (fst (alts ! 4)))) vs y, simp-all)
apply (case-tac aa, simp-all)
apply (rename-tac q)
apply (case-tac p = q,simp-all)
apply clarsimp
apply (rule-tac z=pa in bexl)
prefer 2 apply simp
apply (rule congl)
apply (rule impl)
apply (erule-tac z=p in ballE)
prefer 2 apply simp
apply clarsimp
apply clarsimp
apply clarsimp
apply (rule-tac x=pa in bexl)
prefer 2 apply simp
apply (rule congl)
apply (erule-tac x=pa in ballE)
prefer 2 apply simp
apply clarsimp
by clarsimp

lemma dom-restrict-neg-map:
dom (restrict-neg-map m A) = dom m — (dom m N A)
apply (simp add: restrict-neg-map-def)
apply auto
by (split split-if-asm,simp-all)

lemma dom-foldl-monotone-generic:

dom (foldl op @ (empty ® z) xs) =

dom x U dom (foldl op ® empty xs)
apply (subgoal-tac empty @ x = x ® empty,simp)
apply (subgoal-tac foldl op ® (z ® empty) zs =
z ® foldl op @ empty xs,simp)

apply (rule union-dom-nonDisjointUnionEnv)
apply (rule foldl-prop1)
apply (subgoal-tac def-nonDisjointUnionEnv empty )
apply (erule nonDisjoint UnionEnv-conmutative)
by (simp add: def-nonDisjointUnionEnv-def)

lemma dom-foldl-disjoint UnionEnv-monotone-generic-2:

dom (foldl op ® (empty @ y) ys + A) =
dom y U dom (foldl op ® empty ys) U dom A

127



apply (subgoal-tac empty @ y = y @ empty,simp)

apply (subgoal-tac foldl op ® (y ® empty) ys =
y ® foldl op ® empty ys,simp)

apply (subst dom-disjointUnionEnv-monotone)
apply (subst union-dom-nonDisjointUnionEnv)
apply simp

apply (rule foldl-prop1)

apply (subgoal-tac def-nonDisjointUnionEnv empty y)
apply (erule nonDisjoint UnionEnv-conmutative)

by (simp add: def-nonDisjointUnionEnv-def)

lemma dom-T'i-in-T'cased [rule-format]:
length assert > 0
— length assert = length alts
— def-disjointUnionEnv
(foldl op ® empty
(map (A(Li, T'%). restrict-neg-map T'i (insert x (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))))
[z — d”]
— (¥ i < length alts. y € dom (snd (assert ! i))
— y ¢ set (snd (extractP (fst (alts ! 1))))
— y € dom (foldl op ® empty
(map (N(Li, T'i). restrict-neg-map T'i (insert x (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))) +
[z — d"]))
apply (induct assert alts rule:list-induct2’,simp-all)
apply (rule impl)+
apply (case-tac xs = [|,simp)
apply (rule impl)
apply (subst empty-nonDisjointUnionEnv)
apply (subst union-dom-disjointUnionEnv)
apply (subst (asm) empty-nonDisjointUnionEnv)
apply simp
apply (subst dom-restrict-neg-map)
apply force
apply simp
apply (drule mp)
apply (simp add: def-disjointUnionEnv-def )
apply (subst (asm) dom-foldl-monotone-generic)
apply blast
apply (rule alll, rule impl)
apply (case-tac i,simp-all)
apply (rule impl)
apply (subst dom-foldl-disjointUnionEnv-monotone-generic-2)
apply (subst dom-restrict-neg-map)
apply force
apply (rule impl)
apply (rotate-tac 3)
apply (erule-tac x=nat in allE simp)
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apply (subst dom-foldl-disjointUnionEnv-monotone-generic-2)
apply (subst (asm) union-dom-disjoint UnionEnv)

apply (simp add: def-disjoint UnionEnv-def )

apply (subst (asm) dom-foldl-monotone-generic)

apply blast

by blast

lemma identityClosure-h-h-p-none:
[ identityClosure (E1, E2) y (h, k) (h(p := None), k);
- identityClosure (E1, E2) y (h, k) (hh, k);
1 < length alts; length assert = length alts; length alts > 0;
def-extend E1 (snd (extractP (fst (alts ! i)))) vs;
y € dom E1; F1 © = Some (Loc p); h p = Some (j,C,vs);
def-nonDisjointUnionFEnvList
(map (A(Li, T'1). restrict-neg-map Ti (insert x (set Li))) (zip (map (snd o
extractP o fst) alts) (map snd assert)));
def-disjoint Union Env
(foldl op ® empty
(map (A(Li, T'1). restrict-neg-map T'i (insert x (set Li))) (zip (map (snd
o extractP o fst) alts) (map snd assert))))
[z — d"];
I' = nonDisjointUnionEnvList
(map (A(Li, T't). restrict-neg-map I'i (set Li U {z})) (zip (map (snd o
extractP o fst) alts) (map snd assert))) +
[z — d"];
(Yzedom (fst (extend E1 (snd (extractP (fst (alts ! i)))) vs, E2)).
= identityClosure (extend E1 (snd (extractP (fst (alts ! 0)))) vs, E2) z (h(p
:= None), k) (hh, k) —
z € dom (snd (assert ! i)) A snd (assert ! i) x # Some s") ]
= yedom T AT y # Some s"
apply (subgoal-tac y ¢ set (snd (extractP (fst (alts ! i)))))
prefer 2 apply (simp add: def-extend-def ,blast)
apply (frule-tac hh=hh and z=z in
identity Closure-h-p-none-no-identity Closure-hh,assumption+)
apply (erule-tac z=y in ballE simp)
apply (elim conjE)
apply (rule conjI)
apply (rule-tac i=i in dom-L'i-in-T"cased,simp,assumption—+)
apply (rule-tac alts=alts and z=z and assert=assert in Otimes-prop-cased-not-s)
apply force apply assumption+
by (simp add: extend-def)

lemma P6-CASED:
[ T = nonDisjointUnionEnvList
(map (A(Li, T'3). restrict-neg-map T'i (set Li U {z}))
(zip (map (snd o extractP o fst) alts) (map snd assert))) +
[z — d"];
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def-nonDisjoint UnionEnvList
(map (A(Li, T't). restrict-neg-map T'i (insert « (set Li))) (zip (map (snd o
extractP o fst) alts) (map snd assert)));
def-disjoint UnionEnv
(foldl op ® empty
(map (A(Li, T'%). restrict-neg-map T'i (insert x (set Li))) (zip (map (snd
o extractP o fst) alts) (map snd assert))))
[z — d";
dom I' C dom F1;
E1 x = Some (Loc p); h p = Some (j, C, vs); x € dom T}
def-extend E1 (snd (extractP (fst (alts ! 1)))) vs;
i < length alts; alts # [];
length assert = length alts;
shareRec (fst (assert ! i)) (snd (assert ! 1)) (extend E1 (snd (extractP (fst
(alts 1 7)))) vs, E2) (h(p:=None), k) (hh, k);
Yyedom (fst (E1, E2)).
Vzeinsert © (U < length aits fst (assert ! i) — set (snd (extractP (fst
(alts 1 9))))).
T z = Some d” A
closure (E1, E2) y (h, k) N recReach (E1, E2) z (h, k) # {} —
y € domT AT y # Some s”
y € dom (fst (E1, E2));
= identityClosure (E1, E2) y (h, k) (hh, k)]
= ye€dom T AT y # Some s"
apply (case-tac — identityClosure (E1,E2) y (h,k) (h(p:=None),k))

apply (frule not-identityClosure-h-h-p-none-inter-not-empty-h,simp, assumption+,simp)
apply (erule-tac z=y in ballE)
prefer 2 apply simp
apply (erule-tac x=x in ballE)
prefer 2 apply simp
apply (drule mp)
apply (rule congl)
apply (rule T'-case-z-is-d,force)
apply simp
apply simp

apply (rule identityClosure-h-h-p-none)
apply (simp,simp,assumption+,simp,assumption+,simp,assumption+)
by (simp add: shareRec-def)

lemma P5-CASED:
[ (F1,E2)F h,k,td, CaseD VarE x () Of alts () 4 hh , &k, v, r;
I' = disjointUnionEnv
(nonDisjointUnionEnvList ((map (A(Li,I't). restrict-neg-map T'i (set
Liu{z})))
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(zip (map (snd o extractP o fst) alts) (map snd assert))))
(empty(z—d"));
z € dom T
dom I' C dom F1,;
(Ui < tength aits fst (assert 1 1) — set (snd (extractP (fst (alts ! i))))) € dom
I
fo (CaseD VarE z () Of alts () C insert © (U; < ength aits fot (assert ! i) —
set (snd (extractP (fst (alts ! 1)))));
wellFormed (insert © (U; < jength aits f5t (assert Vi) — set (snd (extractP (fst
(alts 1 0))))))
T (CaseD VarE z () Of alts () |
= Vazacdom (fst (E1, E2)).
Vzeinsert © (Ui < tength aits f5t (assert ! i) — set (snd (extractP (fst
(alts 1 4))))).
'z = Some d"" A
closure (E1, E2) za (h, k) N recReach (E1, E2) z (h, k) # {} —
za € dom T' AT za # Some s’
apply (simp only: wellFormed-def)
apply (erule-tac x=FE1 in allF)
apply (erule-tac t=E2 in allFE)
apply (erule-tac z=h in allF)
apply (erule-tac x=Fk in allE)
apply (erule-tac z=td in allE)
apply (erule-tac x=hh in allE)
apply (erule-tac x=v in allE)
apply (erule-tac z=r in allFE)
apply (drule mp,simp)
by simp

lemma P5-P6-CASED:
[ (E1, E2)F h ,k,td, CaseD VarE z () Of alts () 4 hh , k , v, r;
I' = disjointUnionEnv
(nonDisjointUnionEnvList ((map (A(Li,I'i). restrict-neg-map T'i (set
Liu{z})))

(zip (map (snd o extractP o fst) alts) (map snd assert))))
(empty(x—d"));
def-nonDisjointUnionEnvList
(map (A(Li, T'i). restrict-neg-map T (insert x (set Li))) (zip (map (snd o
extractP o fst) alts) (map snd assert)));
def-disjoint UnionFEnv
(foldl op ® empty
(map (A(Li, T'%). restrict-neg-map T'i (insert x (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))))
[z — d";
dom T' C dom E1; E1 x = Some (Loc p); h p = Some (j,C,vs);
z € dom T
(Ui < tength aits fst (assert 1i) — set (snd (estractP (fst (alts ! i))))) C dom
F .

)
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fo (CaseD VarE z () Of alts () C insert x (U; < ength aits fst (assert ! i) —
set (snd (extractP (fst (alts ! 1)))));

i < length alts;

def-extend E1 (snd (extractP (fst (alts ! i)))) vs;

alts # []; length assert = length alts;

wellFormed (insert x (U < tength aits fst (assert i) — set (snd (extractP (fst
(alts 1 1))))

I’ (CaseD VarE z () Of alts ());

(E1,E2) - h ,k,td, CaseD VarE x () Of alts () 4 hh , k , v, 1 ;

shareRec (fst (assert ! i)) (snd (assert ! i)) (extend E1 (snd (extractP (fst
(alts 1 9)))) vs, E2) (h(p:=None), k) (hh, k)]

= shareRec (insert © (U; < length aits fst (assert 1 1) — set (snd (extractP
(fst (alts 1 4))))))

' (E1, E2) (h, k) (hh, k)

apply (simp (no-asm) only: shareRec-def)
apply (rule conjI)
apply (rule P5-CASED ,assumption—+)
apply (rule balll rule impl)
apply (frule P5-CASED ,assumption+)
by (rule P6-CASED [where p=p],assumption+)

lemma P5-f-n-CASED:
[ (E1, E2)F h , k, CaseD VarE x () Of alts () I(f,n) hh , k | v;
I' = disjointUnionEnv
(nonDisjointUnionEnvList ((map (A(Li,I'i). restrict-neg-map T'i (set
Liu{z})))

(zip (map (snd o extractP o fst) alts) (map snd assert))))
(empty(w—d");
z € dom T
dom I' C dom F1,;
(Ui < tength aits fst (assert 1 1) — set (snd (extractP (fst (alts ! i))))) € dom

fo (CaseD VarE z () Of alts () C insert © (U; < ength aits fot (assert ! i) —
set (snd (extractP (fst (alts ! 1)))));
wellFormedDepth f n (insert © (U < jength alts f5t (assert ! i) — set (snd
(extractP (fst (alts ! 4))))))
T (CaseD VarE x () Of alts ()) ]
= Vazacdom (fst (E1, E2)).
Vz€insert © (U < length aits f5t (assert ! i) — set (snd (extractP (fst
(alts 1 1))))).
I z = Some d" A
closure (E1, E2) za (h, k) N recReach (E1, E2) z (h, k) # {} —
za € dom ' AT za # Some s’
apply (simp only: wellFormedDepth-def)
apply (erule-tac x=FE1 in allF)
apply (erule-tac t=E2 in allFE)
apply (erule-tac z=h in allF)
apply (erule-tac z=Fk in allE)
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apply (erule-tac x=hh in allE)
apply (erule-tac x=v in allE)
apply (drule mp,simp)

by simp

lemma P5-P6-f-n-CASED:
[ (E1, E2) bk h , k, CaseD VarE z () Of alts () 4(f,n) hh, &k, v;
I' = disjointUnionFEnv
(nonDisjointUnionEnvList ((map (A(Li,I'i). restrict-neg-map T'i (set
Liu{z})))

(zip (map (snd o extractP o fst) alts) (map snd assert))))
(empty(z—d"));
def-nonDisjoint UnionEnvList
(map (A(Li, T'i). restrict-neg-map T'i (insert x (set Li))) (zip (map (snd o
extractP o fst) alts) (map snd assert)));
def-disjoint UnionEnv
(foldl op ® empty
(map (A(Li, I'i). restrict-neg-map T'i (insert x (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))))
[z — d";
dom T' C dom E1; E1 x = Some (Loc p); h p = Some (j,C,vs);
z € dom T
(Ui < length aits fst (assert Vi) — set (snd (eztractP (fst (alts !1))))) € dom
r;
fo (CaseD VarE z () Of alts () € insert x (U ; < tength aits f5t (assert i) —
set (snd (extractP (fst (alts ! 1)))));
i < length alts;
def-extend E1 (snd (extractP (fst (alts ! 4)))) vs;
alts # []; length assert = length alts;
wellFormedDepth f n (insert © (U < jength alts fst (assert | i) — set (snd
(extractP (fst (alts ! 4))))))
I' (CaseD VarE z () Of alts ());
shareRec (fst (assert ! i) (snd (assert ! i)) (extend E1 (snd (extractP (fst
(alts 1 7)))) vs, E2) (h(p:=None), k) (hh, k)]
= shareRec (insert © (U < tength alts 5t (assert ! i) — set (snd (extractP
(fst (alts ! 0))))))
T (E1, E2) (h, k) (hh, k)
apply (simp (no-asm) only: shareRec-def)
apply (rule congl)
apply (rule P5-f-n-CASED ,assumption+)
apply (rule balll ;rule impl)
apply (frule P5-f-n-CASED,assumption+)
by (rule P6-CASED [where p=p],assumption+)
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axioms SafeRASem-extend-heaps:
(E1,E2) b h,k,td, e || hhk,v,r
= extend-heaps (h,k) (hh,k)

axioms Lemmaj-consistent:
extend-heaps (h,k) (h',k")
— ¥ 91 92 y E1 E2.
consistent (91,92) n (E1,E2) h
— consistent (91,92) n (E1,E2) b’

axioms consistent-identityClosure:
consistent (01,92) n (E1,E2) h
— consistent (¥1,92) n (E1,E2) (' |* {p € dom h'. fst (the (h' p)) < k})
= Vaedom E1. identityClosure (E1, E2) z (h, k) (h'|* {p € dom h'. fst (the
(h'p)) < k}, k)

lemma P5-P6-APP:
[ (E1, E2)Fh ,k,td, AppE fasrs’ ) 4 hh , k, v, r;
hh = h'|* {p € dom h'. fst (the (b’ p)) < k};
dom I' C dom E1; Y a€Eset as. atom a;
length xs = length ms; length xs = length as;
wellFormed (fvs’ as) T (AppE f as s’ ());
fvs’ as C dom T
nonDisjointUnionSafeEnvList (maps-of (zip (map atom2var as) ms)) Cp, T
= shareRec (fvs’ as) T (E1, E2) (h, k) (hh, k)
apply (simp add: shareRec-def)
apply (rule congl)

simp only: wellFormed-def)

erule-tac t=FE1 in allF)

erule-tac t=E2 in allF)

erule-tac z=h in allE)

erule-tac =k in allE)

erule-tac z=td in allF)

erule-tac z= h' | {p € dom h'. fst (the (h' p)) < k} in allF)
erule-tac z=v in allE)

erule-tac z=r in allF)

drule mp)

apply
apply
apply
apply
apply
apply
apply
apply
apply
apply
apply (rule congl,simp)
apply (rule congl,simp)
apply (rule conjI)
apply simp
apply simp
apply simp

Py

apply (frule SafeRASem-extend-heaps)
apply (frule Lemma/-consistent)
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apply (erule-tac t=291 in allE)

apply (erule-tac t=92 in allE)

apply (erule-tac xz=n in allE)

apply (erule-tac z=FE1 in ollE)

apply (erule-tac z=E2 in ollF)

apply (frule consistent-identityClosure)
by simp

axioms SafeDepthSem-extend-heaps:
(E1,E2) & hk,e J(f,n) hhk,v
= extend-heaps (h,k) (hh,k)

lemma P5-P6-f-n-APP:
[ (E1, E2)F h , k, AppE fasrs' () 4(f,n) bh , k , v;
hh = h'|*{p € dom h'. fst (the (b’ p)) < k};
dom I' C dom E1; ¥V a€set as. atom a;
length xs = length ms; length xs = length as;
wellFormedDepth fn (fvs’ as) T' (AppE f as rs’ ());
fus’ as C dom T
nonDisjointUnionSafeEnvList (maps-of (zip (map atom2var as) ms)) Cp, T']
= shareRec (fvs’ as) T' (E1, E2) (h, k) (hh, k)
apply (simp add: shareRec-def)
apply (rule conjI)

apply (simp only: wellFormedDepth-def)
apply (erule-tac x=FE1 in allFE)
apply (erule-tac z=E2 in allE)
apply (erule-tac z=h in allE)
apply (erule-tac z=Fk in allE)
apply (erule-tac z= L' |* {p € dom h'. fst (the (h' p)) < k} in allFE)
apply (erule-tac x=v in allE)
apply (drule mp)

apply (rule congl,simp)

apply (rule congl,simp)

apply (rule congl)

apply simp

apply simp
apply simp

frule SafeDepthSem-extend-heaps)
frule Lemma4-consistent)
erule-tac z=291 in allE)
erule-tac t=92 in allE)
erule-tac z=n in allF)

erule-tac z=FE1 in ollE)
erule-tac t=FE2 in ollF)

frule consistent-identityClosure)

apply
apply
apply
apply
apply
apply
apply
apply

Py
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by simp

lemma P5-P6-f-n-APP-2:
[ (E1, E2)F h, k, AppE g as rs’ () Y(f,n) hh , k , v;
hh = h'|“{p € dom L' fst (the (h'p)) < k};
dom I' C dom E1; V a€set as. atom a;
length xs = length ms; length xs = length as;
wellFormedDepth fn (fvs’ as) T (AppE g as rs’ ());
fus’ as C dom T
nonDisjointUnionSafeEnvList (maps-of (zip (map atom2var as) ms)) Cp, T
= shareRec (fvs’ as) T' (E1, E2) (h, k) (hh, k)
apply (simp add: shareRec-def)
apply (rule congl)

apply (simp only: wellFormedDepth-def)
apply (erule-tac x=FE1 in allF)
apply (erule-tac x=E2 in allFE)
apply (erule-tac z=h in allE)
apply (erule-tac z=Fk in allE)
apply (erule-tac z= h' | {p € dom h'. fst (the (h' p)) < k} in allF)
apply (erule-tac x=v in allE)
apply (drule mp)
apply (rule congl,simp)
apply (rule congl,simp)
apply (rule congl)
apply simp
apply simp
apply simp

apply (frule SafeDepthSem-extend-heaps)
apply (frule Lemma4-consistent)

apply (erule-tac t=291 in allE)

apply (erule-tac t=92 in allE)

apply (erule-tac x=n in allE)

apply (erule-tac z=FE1 in ollE)

apply (erule-tac z=E2 in ollF)

apply (frule consistent-identityClosure)
by simp

lemma P5-APP-PRIMOP:
[T0 = [atom2var al — s ,atom2var a2 — s'’;
T0 Cp T ]
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= (Vzedom (fst (E1, E2)).
V ze{atom2var al, atom2var a2}.
'z = Some d” A
closure (E1, E2) z (h, k) N recReach (E1, E2) z (h, k) # {} —
z € dom T AT z # Some s'")
apply (rule balll)+
apply (rule impl)
apply (elim conjE,clarsimp)
apply (erule disjE,simp-all)
apply (simp add: map-le-def)
apply (split split-if-asm,simp,simp)
by (simp add: map-le-def)

lemma P6-APP-PRIMOP:
[T0 = [atom2var al — s atom2var a2 — s'’;
T0 Cp T'J
= Vazedom (fst (E1, E2)).
= identityClosure (E1, E2) z (h, k) (h, k) —
z € dom T AT z # Some s
apply (rule balll, rule impI)
by (simp add: identityClosure-def)

lemma P5-P6-APP-PRIMOP:
[T0 = [atom2var al — s atom2var a2 — s'’;
o cC,T]
= shareRec {atom2var al, atom2var a2}
r
(E1, E2) (h, k) (h, k)
apply (simp only: shareRec-def)
apply (rule congl)
apply (rule P5-APP-PRIMOP assumption+,simp)
by (rule P6-APP-PRIMOP  assumption+,simp)

end

17 Derived Assertions. P4. fve C L

theory SafeDAss-P4 imports SafeDAssBasic
begin
Lemmas for LET

lemma fvs-as-subseteq-L1:
Y a€set as. atom a
= fus as C atom2var ‘ set as

137



apply (induct as,simp-all)
apply (rule congl)

apply (case-tac a,simp-all)
by blast

lemma P/-LET:

[fv el C L1; fve2 C L2]

= fu (Letxl = el Ine2a) C L1 U (L2 — {z1})
by (clarsimp,blast)

Lemmas for CASE

lemma Pj-CASE-auz [rule-format]:
x € fvAlts alts
— length alts > 0
— (34 < length alts. © € fv (snd (alts ! i)) A
x ¢ set (snd (extractP (fst (alts ! 7)))))
apply (induct alts,simp)
apply (rule impl simp)
apply (erule disjE)
apply (case-tac a, simp-all)
apply (elim conjE)
apply (rule-tac z=0 in exl simp)
apply (case-tac alts,simp-all)
apply (erule exE)
apply (case-tac i,simp-all)
apply (rule-tac x=Suc 0 in exl,simp)
apply (rule-tac x=Suc (Suc nat) in exl)
by simp

lemma Pj-CASE:
[ Vi < length alts. © € fst (assert ! i) A
z ¢ set (snd (extractP (fst (alts ! 7))));
Vi < length alts. fv (snd (alts ! 7)) C fst (assert ! i);
length alts > 0 ]
= fv (Case VarE z a Of alts a’) C
(Ui< length alts. fst (assert ! i) — set (snd (extractP (fst (alts ! 7))))) U
{z}

apply auto

apply (subgoal-tac length alts > 0)
prefer 2 apply simp

apply (frule P4-CASE-auz,assumption+)
apply (erule exE)

apply (erule-tac =1 in allE,simp)
apply (elim conjE)

apply (erule-tac x=i in ballE,simp)
apply blast

by simp

Lemmas for CASED
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lemma Pj-CASED-auz [rule-format]:
x € fvAlts’ alts —
length alts > 0 —
(Fi < length alts. x € fu (snd (alts ! i)) A
z ¢ set (snd (extractP (fst (alts ! i)))))
apply (induct alts,simp)
apply (rule impl simp)
apply (erule disjE)
apply (case-tac a)
apply (simp,elim conjE)
apply (rule-tac z=0 in exl simp)
apply simp
apply (case-tac alts,simp)
apply (simp, erule exE)
apply (case-tac i,simp)
apply (rule-tac z=Suc 0 in exI, simp)
by (rule-tac z=Suc (Suc nat) in exl,simp)

lemma Pj/-CASED:

[ Vi < length alts. fo (snd (alts ! i) C fst (assert ! i);

length alts > 0 ]
= fv (CaseD VarE x a Of alts a) C
insert © (U < ength alts fst (assert 1 i) — set (snd (extractP (fst (alts !

i)
apply clarsimp
apply (subgoal-tac length alts > 0)
prefer 2 apply simp
apply (frule P4-CASED-aux,assumption+)
by blast

lemma P/-APP-PRIMOP:
[ atom al; atom a2 ]
= fo (AppE f [al, a?2] rs’ a) C {atom2var al, atom2var a2}
apply (simp,rule conjl)
apply (case-tac al,simp-all)
by (case-tac a2,simp-all)

end
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18 Derived Assertions. P7. S L, 'TE.h N R L,
IE,h =

theory SafeDAss-P7 imports SafeDAssBasic
BasicFacts
begin

Lemmas for LET1 Rule

lemma P7-c1-deml:
[S1 = S1s U Sir U Sid; S1s € S; R1 C R; (Sir U S1d) N R1 ={}; SN R =
{}]
= SI1NRI={}
apply blast
done

lemma P7-el-dem?2:
SSet L1 T1 Eh = SSet1 L1 T1 (pp T1 T2 L2) s" E h U
SSet1 L1 T1 (pp T1 T2L2)d" EhU
SSet1 L1 T1 (pp T1 T2L2)r" Eh
apply (rule equalityl )

apply (simp add: SSet-def add: Let-def add: SSet1-def ,clarsimp)
apply (simp add: pp-def, simp add: dom-def add: safe-def)
apply (rule-tac z=za in ezl clarsimp)

apply (erule-tac x=xa in allE clarsimp)+

apply (case-tac y,simp-all)

apply (simp add: SSet-def, simp add: Let-def, simp add: SSet1-def)
by blast

lemma P7-el-dems3 :
SSet1 L1 T'1 (pp T'1 T2 L2)s”" Eh C SSet (L1 U (L2 — {z1})) (ppT1 T2
L2) Eh
apply (simp add: SSet-def, simp add: Let-def, simp add: SSet1-def)
by blast

lemma P7-el-dem5 :

[dom T'1 C dom E1] =

((SSett L1 T1 (pp T'1 T2 L2) d"” (E1,E2) (h,k)) U

(SSet1 L1 T1 (pp T1T2L2) r" (E1,E2) (h,k))) N RSet L1 T'1 (E1,E2) (h,k)
#{}

— (3zz.x € dom El ANz € L1 ANT1z= Somed”" AT1z = Some s" A

closure (E1,E2) x (h,k) N recReach (E1,E2) z (h,k) # {})

apply (simp add: SSetl-def add: RSet-def, auto)
apply (erule-tac z=za in allE)
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apply (erule impE, assumption+)
apply (subgoal-tac [dom T'1 C dom EI1; T'1 za = Some s'] = za € dom
E1,clarsimp)
apply (erule-tac =z in allF)
apply (erule impE assumption)+
apply (frule closure-transit,assumption,blast)
apply blast
apply (erule-tac z=za in allE)
apply (erule impE, assumption+)
apply (subgoal-tac [dom T'1 C dom E1;T'1 za = Some s’ = za € dom E1,clarsimp)
apply (erule-tac =z in allF)
apply (erule impE assumption+,simp)
apply (frule closure-transit,assumption,blast)
by blast

lemma P7-el-dem6 :
[shareRec L1 T'1 (E1,E2) (h,k) (h'k");
dom I'1l C dom E1;
((SSet1 L1 T1 (pp T1 T2 L2) d" (E1,E2) (h,k)) U
(SSet1 L1 T1 (pp T1 T2 L2) r' (E1,E2) (h,k))) N RSet L1 T'1 (E1,E2) (h,k)
# {}
— (Jzz.x € dom El Nz € L1 ANT1z= Somed”" AT'1z = Some s" A
closure (E1,E2) z (h,k) N recReach (E1,E2) z (h,k) # {})]
= (SSet1 L1 T1 (pp T1T2L2)d" (E1,E2) (hk) U
SSet1 L1 T1 (pp T1 T2 L2) r'" (E1,E2) (hk)) N RSet L1 T1 (E1,E2) (hk)
={}
apply (simp add: shareRec-def add: SSetl-def add: RSet-def)
by blast

lemma P7-el-dem4-1:
[T1z = Some d'"] = (ppT1T2L2)x = Somed"”
by (simp add: pp-def add: safe-def add: dom-def)

lemma P7-el-dem-2:
[za € live E L1 h] = za € live E (L1 U (L2 — {z1})) h
by (simp add: live-def add: closureLS-def)

lemma P7-e¢l-demy :
SSet (L1 U (L2 — {«1})) (pp T1 T2 L2) (E1, E2) (h, k) N
RSet (L1 U (L2 — {x1})) (pp T1 T2 L2) (E1,E2) (h, k) = {} =
RSet L1 T'1 (E1, E2) (h, k) C RSet (L1 U (L2 — {z1})) (pp T'1 T2 L2) (E1,
E2) (h, k)
apply (simp add: RSet-def ,safe)
apply (erule P7-el-dem4-2)
apply (rule-tac x=z in bexl)
apply (rule conjI)
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apply (erule P7-el-dem4-1)
apply blast
by blast

lemma P7-LET-el:
[ shareRec L1 T'1 (E1,E2) (h,k) (h',k");
dom I'1 C dom FE1;
SSet (L1 U (L2 — {x1})) (pp T1 T2 L2) (E1,E2) (h,k) N
RSet (L1 U (L2 — {=z1})) (pp T'1 T2 L2) (F1,E2) (h,k) = {}]
— SSet L1 T1 (B1,E2) (h,k) N RSet L1 T'1 (E1,E2) (h,k) = {}
apply (rule P7-el-dem1)
apply (rule P7-el-dem2)
apply (rule P7-e1-dem3)
apply (rule P7-el-dem/, assumption—+)
apply (erule P7-el-demG, assumption)
by (erule P7-el-dem5, assumption)

lemma P7-e2-deml :
[(z1 ¢ L2 — 52 C S);
(¢1 € L2 — S2 = 852"0U 82'z1 N S2'C S A S2z1 N R2 = {});
R2 C R;

SNR={}]
= S2NR2 ={}
by blast

lemma demS2-2-x1-not-L2:
[dom T'1 C dom E1;
def-disjointUnionEnv T2 (empty(zl — s”));
dom (disjointUnionEnv T'2 (empty(z1 — s”))) C dom (E1(x1 — wvl));
def-pp 't T2 L2;
xl ¢ L1;
shareRec L1 T'1 (E1, E2) (h, k) (h",k")]
= zl1¢L2 — SSet L2 (disjointUnionEnv I'2 (empty(xl — s”))) (E1(z1 —
r),E2) (h', k') C
SSet (L1 U (L2 — {«1})) (pp T1 T2 L2) (E1, E2) (h, k)
apply (rule impl)
apply (simp add: SSet-def, clarsimp)
apply (simp add: Let-def)
apply (erule exE, rename-tac y)
apply (rule-tac x=y in ezl elim conjE)
apply (case-tac y # x1,clarsimp)
apply (subgoal-tac (T'2 + [z1 — s"]) y = Some s"" = T'2 y = Some s"',clarsimp)
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apply (simp add: shareRec-def)
apply (elim conjE)
apply (erule-tac z=y in ballE)+
prefer 2 apply blast
prefer 2 apply blast
apply (frule safe-Gamma2-triangle,assumption+)
apply (case-tac = identityClosure (E1, E2) y (h, k) (b, k'),simp)
apply simp
apply (simp add: identityClosure-def) apply (elim conjE)
apply (rule congl)
apply (erule safe-triangle,assumption+)
apply (subgoal-tac y#x1 = closure (E1, E2) y (h', k') = closure (E1(z1 —
r), B2) y (h', k'),simp)
apply (simp add: closure-def)
apply (simp add: disjointUnionEnv-def add: unionEnv-def)
apply (split split-if-asm, simp)
apply simp
apply simp
done

lemma P7-e2-dem2-1:
[ def-disjointUnionEnv T'2 (empty(zl — s”));
zlel?2 ]
= SSet L2 (disjointUnionEnv T'2 (empty(z1 — s'))) (E1(z1 — r),E2) (',
k') =
SSet (L2—{z1}) T2 (E1(x1 — 1),E2) (h', k') U
SSet {z1} (empty(zl — s”)) (E1(zl — 1),E2) (b, k')
apply (rule equalityl )
apply (rule subsetl)
apply (simp add: SSet-def add: Let-def)
apply (erule exE)
apply (case-tac za=z1,simp)
apply (rule disjl1, erule conjE)
apply (subgoal-tac (I'2 + [z1 — s"]) za = Some s' = T'2 za = Some s'',simp)
apply (rule-tac z=za in exl,simp)
apply (simp add: disjointUnionEnv-def add: unionEnv-def)
apply (split split-if-asm, simp)
apply simp
apply (rule subsetl)
apply (erule UnE)
apply (simp add: SSet-def add: Let-def)
apply (erule exE)
apply (subgoal-tac I'2 xa = Some s = (I'2 + [x1 +— s"]) za = Some s simp)
apply (rule-tac z=za in exl,simp)
apply (simp add: disjointUnionEnv-def add: unionEnv-def add: dom-def)
apply (simp add: SSet-def add: Let-def)
apply (rule-tac z=z1 in exl)
apply (rule conjl,simp)
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apply (rule congl)
apply (simp add: def-disjointUnionEnv-def add: disjointUnionEnv-def add: unionEnv-def)
by simp

lemma demS2-1-1b:
[dom T'1 C dom E1;
L2 C dom (disjointUnionEnv I'2 (empty(zl — s'')));
def-disjointUnionEnv T2 (empty(xl — s'));
dom (disjointUnionEnv T'2 (empty(zl — s”))) C dom (E1(zl — wvl));
def-pp 't T2 L2;
zl ¢ L1; z1€ L2;
shareRec L1 T'1 (E1, E2) (h, k) (h',k)]
= SSet (L2—{z1}) T2 (E1(z! — r),E2) (h', k') C
SSet (L1 U (L2 — {«1})) (pp T1 T2 L2) (E1, E2) (h, k)
apply (simp add: SSet-def, clarsimp)
apply (simp add: Let-def)
apply (erule-tac exE, rename-tac y)
apply (rule-tac z=y in exl)
apply (case-tac y # x1,simp)
apply (elim conjE)
apply (simp add: shareRec-def)
apply (elim conjE)
apply (erule-tac z=y in ballE)+
prefer 2 apply blast
prefer 2 apply blast
apply (frule safe-Gamma2-triangle,assumption+)
apply (case-tac = identityClosure (E1, E2) y (h, k) (b, k'),simp)
apply simp
apply (simp add: identityClosure-def) apply (elim conjE)
apply (rule congl)
apply (erule safe-triangle,assumption—+)
apply (subgoal-tac y#xl = closure (E1, E2) y (h', k') = closure (E1(x1 —
r), B2) y (h', k'),simp)
apply (simp add: closure-def)
by blast

lemma demS2-S2z1-subset-R2-auz:
[ closureL = (h', k') N recReach (E1(zl — ), E2) z (h', k') # {};
z € closure (E1(z1 — r), E2) 21 (b, k)] =
closure (E1(xz1 — r), E2) z1 (h', k') N recReach (E1(z1 — r), E2) z (b', k)
#1{}
apply (simp add: closure-def)
apply (case-tac r,auto)
apply (frule closureL-transit, assumption+)
by blast

lemma demS2-S2x1-subset-R2:
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[dom T'1 C dom E1;
def-disjointUnionEnv T2 (empty(xl — s'));
dom (disjointUnionEnv T2 (empty(z1 — s”))) C dom (E1(zl — vl));
def-pp I'1 T2 L2;
zl ¢ L1; z1 € L2;
shareRec L2 (disjointUnionEnv T2 (empty(zl — s"))) (El(zl — 1), E2) (h',
B (hh,KE) |
= SSet {z1} (empty(zl — s")) (El(xl — r),E2) (B, k) N
RSet L2 (disjointUnionEnv T2 (empty(zl — s'))) (E1(zl — r),E2) (h/,
k) ={}
apply (simp add: SSet-def, auto)
apply (simp add: RSet-def)
apply (erule conjE, erule bexE, erule conjE)
apply (unfold shareRec-def)
apply (elim conjE)
apply (erule-tac x=xz1 in ballE) prefer 2 apply simp
apply (erule-tac x=xz1 in ballE) prefer 2 apply simp
apply (erule-tac x=z in ballFE)
apply (drule-tac P=(T'2 + [z1 > s"]) z = Some d"" A
closure (E1(z1 — 1), E2) z1 (', k') N recReach (E1(x1 — 1),
E2) z (b, k') # {} in mp)
apply (rule conjl,simp)
apply (frule demS2-S2x1-subset-R2-aux,assumption+)
apply (erule conjE)
apply (simp add: def-disjointUnionEnv-def add: disjointUnionEnv-def add: unionEnv-def)
apply simp
done

lemma demS2-2-z1-in-L2:
[dom T'1 C dom EI;
xl ¢ L1;
L2 C dom (disjointUnionEnv T2 (empty(zl — s')));
def-disjointUnionEnv T2 (empty(zl — s'));
dom (disjointUnionEnv T2 (empty(z1 — s”))) C dom (E1(zl — vl));
def-pp 't T2 L2;
shareRec L1 T'1 (E1, E2) (h, k) (h",k");
shareRec L2 (disjointUnionEnv T'2 (empty(zl — s'))) (El(zl — 1), E2) (h',
B) (hhoh):
SSet (L1 U (L2 — {x1})) (pp T1 T2 L2) (E1, E2) (h, k) N
RSet (L1 U (L2 — {z1})) (pp T1 T2 L2) (E1, E2) (h, k) = {}]
= 1 € L2 — SSet L2 (disjointUnionEnv T'2 (empty(zl — s”))) (E1(x!
r), E2) (h', k') = 252" U 282'21.0 A
252" C SSet (L1 U (L2 — {z1})) (pp T'1 T2 L2) (E1, E2) (h, k) A
252'x1.0 N RSet L2 (disjointUnionEnv T'2 (empty(zl — s'))) (E1(zl — 1),
B2) (0, 1) = {}
apply (rule impl, rule congl)
apply (rule P7-e2-dem2-1,assumption—+)
apply (rule congl)
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apply (rule demS2-1-1b,assumption+)
by (rule demS2-S2z1-subset-R2,assumption+)

lemma demR2-subseteq-R :
[ def-pp T'1 T2 L2; L1 C dom T'1;
L2 C dom (disjointUnionEnv T2 (empty(zl — s')));
dom (disjointUnionEnv T'2 (empty(z1 — s”))) C dom (E1(zl — vl));
def-disjointUnionEnv T2 (empty(zl — s”));
shareRec L2 (disjointUnionEnv T2 (empty(zl — s”))) (E1(xl — 1), E2) (h/,
k') (hh,kk);
shareRec L1 T'1 (E1, E2) (h, k) (h",k")]
= RSet L2 (disjointUnionEnv T'2 (empty(zl — s'))) (E1(z1 — r),E2) (h/,
k') C
RSet (L1 U (L2 — {z1})) (pp T'1 T2 L2) (E1,E2) (h, k)
apply (rule subsetl, rename-tac p)
apply (simp add: RSet-def)
apply (erule conjE, erule bexE, rename-tac x)
apply (case-tac z=z1)
apply simp
apply (elim conjE)
apply (simp add: disjointUnionEnv-def add: unionEnv-def add: def-disjointUnionEnv-def)

apply (erule conjE)
apply (subgoal-tac p € live (E1(z1 — r), E2) L2 (h', k')
= Jyel2. p € closure (El(zl — 1), E2) y (', k'),simp)
prefer 2 apply (simp add: live-def add: closureLS-def)
apply (erule bexE)
apply (unfold shareRec-def)
apply (elim conjE)
apply (erule-tac z=y and A =dom (fst (E1(z1 — r), E2)) in ballE)+
prefer 2 apply simp apply (elim conjE) apply blast
apply (erule-tac x=x and A=L2 in ballF) prefer 2 apply simp
prefer 2 apply simp apply (elim conjE) apply blast
apply (drule-tac P=(I'2 + [z1 — s"]) x = Some d"" A closure (E1(z1 — 7), E2)
y (h', k') O recReach (E1(zl — 1), E2) z (b, k) # {}
in mp)

apply (rule conjI)

apply simp
apply (rule closure-recReach-monotone, assumption+)
apply simp
apply (elim conjE)
apply (rule conjI)
apply (case-tac y = 1)

apply (simp add: def-disjointUnionEnv-def add: disjointUnionEnv-def add:
unionEnv-def)
apply (subgoal-tac [ (T2 + [z1 — s"]) y # Some s"; y # z1 | = T2y # Some
s" simp)

prefer 2 apply (rule unsafe-Gamma2-triangle, assumption+)
apply (frule-tac y=y in unsafe-Gamma2-identityClosure) apply assumption+
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apply (simp add: identityClosure-def) apply (elim conjE)

apply (subgoal-tac [y # z1; y € L2] = closure (E1,E2) y (h, k) C live (E1,
E2) (L1 U (L2 — {z1})) (h, k),simp)

prefer 2 apply (rule closure-subset-live, assumption+)

apply (subgoal-tac y#xl = closure (E1, E2) y (h', k') = closure (E1(x1 —
r), E2) y (h', k’),simp)

prefer 2 apply (simp add: closure-def)

apply (rule closure-live-monotone, assumption+)

apply (case-tac y=x1)
apply (simp add: def-disjointUnionEnv-def add: disjointUnionEnv-def add: unionEnv-def )
apply (rule-tac z=z in bexl)
apply (rule congl)
apply (subgoal-tac [ def-pp T'1 T2 L2; (T2 + [z1 — s"]) = Some d'] =
(pp T1T2L2) xz = Somed”)
prefer 2 apply (rule condemned-Gamma2-triangle,assumption)
prefer 2 apply simp
apply (subgoal-tac [ (T2 + [x1 — s"]) y # Some 8", y # 21 | = T2y # Some
8" simp)
prefer 2 apply (rule unsafe-GammaZ2-triangle, assumption+)
apply (subgoal-tac (T'2 + [z1 — s"]) © # Some s') prefer 2 apply simp
apply (frule-tac y=y in unsafe-Gamma2-triangle, assumption+)
apply (frule-tac y=y in unsafe-Gamma2-identityClosure) apply assumption+
apply (subgoal-tac [ def-pp T1 T2 L2; (T2 + [z1 — s"]) z = Some d'] =
(pp T1T2L2) xz = Some d”)
prefer 2 apply (rule condemned-Gamma2-triangle,assumption+)
apply simp
apply (subgoal-tac (pp T'1 T2 L2) x = Some d"' = T2 z # Some s simp)
apply (frule-tac y=z in unsafe-Gamma2-identityClosure) apply assumption+
apply (frule-tac z=z in identityClosure-equals-recReach)
apply (subgoal-tac y # x1 = closure (E1(x1 — 1), E2) y (h', k') = closure
(E1, E2) y (h', k'),simp)
prefer 2 apply (simp add: closure-def)
apply (subgoal-tac p € closure (E1, E2) y (h', k') = p € closure (E1, E2) y
(h, k),simp)
apply (frule-tac x=y in identityClosure-closureL-monotone,simp)
apply (simp add: identityClosure-def add: identityClosureL-def, elim conjE)
apply (subgoal-tac x # 11 = recReach (E1(zl v r), E2) x (h', k') = recReach
(E1, E2) z (h', k'),simp)
apply (simp add: recReach-def)
apply (simp add: identityClosure-def)
apply (rule unsafe-triangle-unsafe-2) apply assumption+
done

lemma P7-LET1-e2:
[ defppT1T2L2; L1 C dom 'l
dom I'1 C dom E1;
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L2 C dom (disjointUnionEnv T'2 (empty(zl — s')));

zl ¢ L1;

def-disjointUnionEnv T'2 (empty(zl — s”));

dom (disjointUnionEnv T2 (empty(zl — s”))) C dom (E1(zl — vl)) ;

shareRec L1 T'1 (E1, E2) (h, k) (h",k");

shareRec L2 (disjointUnionEnv T'2 (empty(zl — s”))) (El(zl — wvl), E2)
(W, k) (hhokk);

SSet (L1 U (L2 — {x1})) (pp T1 T2 L2) (E1, E2) (h, k) N

RSet (L1 U (L2 — {z1})) (pp T1 T2 L2) (E1,E2) (h, k) = {}]

= SSet L2 (disjointUnionEnv T2 (empty(z1 — s"))) (E1(z1 — v1),E2) (b,
k)N

RSet L2 (disjointUnionEnv I'2 (empty(z1 — s'))) (E1(z1 — v1),E2) (h/,

k) = ()
apply (rule P7-e2-dem1)
apply (rule demS2-2-x1-not-L2,assumption—+)
apply (rule demS2-2-z1-in-L2, assumption—+)
by (rule demR2-subseteq-R,assumption+)

Lemmas for LET2 Rule

lemma P7-e2-let2-deml :
[(z1€L2 — R2 = R2’x1 U R2d N R2'z1 N S2 = {} A R2d N S2 = {});
(z1¢L2 — R2 C R);
52 C S;
5N R={}]
= S2NR2 ={}
by blast

lemma P7-e2-let2-dem?2:
[ def-disjointUnionEnv I'2 [z1 — d']; 21 € L2]
—
RSet L2 (disjointUnionEnv T'2 (empty(zl — d'))) (E1(zl — v1),E2) (h/,
k') =
{p € live (E1(zl — v1),E2) L2 (h', k'). closureL p (h', k') N recReach
(E1(zl — v1),E2) 21 (', k') £ {}} U
{p € live (E1(z1 — v1),E2) L2 (h', k'). 3z€ (L2—{x1}). T2 z = Some
d"” A

v1),E2) z (b, k) # {}}

apply (rule equalityl )

closureL p (h', k') N recReach (E1(z1 —

apply (rule subsetl)

apply simp

apply (simp only: RSet-def)
apply simp

apply (rule impl)

apply (elim conjE)

apply clarsimp
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apply (rule-tac z=z in bexl)

apply (rule congl)

apply (case-tac z=x1)

apply simp

apply (frule disjointUnionEnv-d-Gamma2-d) apply assumption+
apply (case-tac z=x1)

apply simp

apply simp

apply (rule subsetl)

apply (simp only: RSet-def)

apply (elim UnE)

apply simp

apply (rule-tac x=x1 in bexl)

apply simp

apply (rule def-disjoint UnionEnv-monotone) apply assumption+
apply simp

apply (erule conjE)

apply (erule bexE)

apply (rule-tac x=z in bexl) prefer 2 apply simp

apply (elim conjE)

apply (rule congI) apply (rule Gamma2-d-disjointUnionEnv-d, assumption+)
done

S~~~ ~

lemma P7-e2-let2-dem/:
[ dom (disjointUnionEnv I'2 (empty(zl — d”))) C dom (E1(z1 — vl));
def-disjointUnionEnv T2 [z1 — d";
shareRec L2 (disjointUnionEnv I'2 (empty(zl — d”))) (E1(z1 — vl), E2)
(h', k") (hh,kk);
z1€L2 ]
= {p € live (E1(z! — v1),E2) L2 (h', k'). closureL p (h', k') N recReach
(E1(z1 — v1),E2) z1 (b, k') £ {}} N
SSet L2 (disjointUnionEnv T'2 (empty(z1 — d”))) (E1(z1 — vl),E2) (h',
k) =A{}
apply auto
apply (simp add: live-def add: closureLS-def) apply (rename-tac p)
apply (erule bexE, rename-tac z)
apply (simp add: SSet-def)
apply (simp add: Let-def)
apply (erule exE)
apply (elim conjE)
apply (simp add: shareRec-def)
apply (elim conjE)
apply (erule-tac z=za in ballE)
apply (drule-tac Q= za € dom (T2 + [z — d"]) A (T2 + [z — d"]) za #
Some s'" in mp)
apply (rule-tac z=z1 in bexl)
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apply (rule congl)

apply (rule def-disjointUnionEnv-monotone) apply assumption+

apply (subgoal-tac closureL z (h', k') N recReach (E1(xl w— vl), E2) z1 (h', k')
# {}) prefer 2 apply blast

apply (rule closure-recReach-monotone) apply assumption+

apply (elim conjE) apply simp

apply (subgoal-tac [ dom (disjointUnionEnv I'2 (empty(z1 — d'’))) C dom (E1(z1
= vl));

S~ o~

(T2 + [z — d"]) za = Some s'] = za € dom E1)
apply simp
apply (rule dom-disjoint UnionEnv-subset-dom-extend) apply assumption+
done

lemma P7-e2-let2-dem10:
[ dom (disjointUnionEnv T'2 (empty(zl — d'")))
shareRec L2 (disjointUnionEnv T'2 (empty(x1
(B, k) (hhkk);
def-disjointUnionEnv T'2 (21 — d"]; x1€L2 ]
== {p € live (E1(z1 — v1),E2) L2 (h', k). Fz€ (L2—{x1}). T2 2z =
Some d’" A

c
—

dom (E1(z1 — vl));
d’")) (E1(z1 — vl), E2)

closureL p (h', k') N recReach (F1(x1 —

01),B2) 2 (W, ) £ {}} N

SSet L2 (disjointUnionEnv I'2 (empty(zl — d”))) (E1(z1 — v1),E2) (b
k) ={}
apply auto
apply (rename-tac y)
apply (simp add: SSet-def)
apply (simp add: Let-def)
apply (erule exE)
apply (elim conjE)
apply (simp add: live-def add: closureLS-def)
apply (erule bexE)
apply (simp add: shareRec-def)
apply (elim conjE)
apply (erule-tac z=xza in ballE)
apply (drule-tac Q= za € dom (T2 + [z — d"]) A T2 + [z — d"]) za #
Some s'" in mp)
apply (rule-tac z=z in bezl)
apply (rule congl)
apply (rule Gamma2-d-disjointUnionEnv-d) apply assumption+
apply (rule closure-recReach-monotone) apply assumption+
apply blast
apply simp
apply (elim conjE) apply simp
apply (subgoal-tac [ dom (disjointUnionEnv I'2 (empty(z1 — d'’))) C dom (E1(z1
— D)

(T2 + [z — d"]) za = Some s'] = za € dom E1)

apply simp
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apply (rule dom-disjoint UnionEnv-subset-dom-extend) apply assumption+
done

lemma P7-e2-let2-dem7:
[def-disjointUnionEnv T'2 (empty(xzl — d’));
dom (disjointUnionEnv T'2 (empty(zl — d”))) C dom (E1(zl — vl)) ;
shareRec L1 T'1 (E1, E2) (h, k) (h",k");
def-pp T1 T2 L2] =
SSet L2 (disjointUnionEnv T'2 (empty(zl — d'"))) (E1(z1 — v1),E2) (h', k)
C
SSet (L1 U (L2 — {x1})) (pp T1 T2 L2) (EL, E2) (h, k)
apply (simp add: SSet-def, clarsimp)
apply (simp add: Let-def)
apply (erule exE, rename-tac y)
apply (rule-tac z=y in exl elim conjE)
apply (case-tac y # x1,clarsimp)
apply (subgoal-tac (T2 + [x1 — d']) y = Some s" = T2y = Some s",clarsimp)
apply (simp add: shareRec-def)
apply (elim conjE)
apply (erule-tac z=y in ballE)+
prefer 2 apply blast
prefer 2 apply blast
apply (frule safe-GammaZ2-triangle,assumption+)
apply (case-tac = identityClosure (E1, E2) y (h, k) (b, k'),simp)
apply simp
apply (simp add: identityClosure-def) apply (elim conjE)
apply (rule congl)
apply (erule safe-triangle,assumption+)
apply (subgoal-tac y#x1 = closure (E1, E2) y (h', k') = closure (E1(z1
r), E2) y (h', k’),simp)
apply (simp add: closure-def)
apply (simp add: disjointUnionEnv-def add: unionEnv-def )
apply (split split-if-asm, simp)
apply (simp add: closure-def)
apply (simp add: closure-def)
apply (simp add: disjointUnionEnv-def add: unionEnv-def)
apply (split split-if-asm, simp,simp,simp)
by (simp add: disjointUnionEnv-def add: unionEnv-def add: def-disjoint UnionEnv-def)

lemma P7-e2-let2-dem$:
[ def-pp T'1 T2 L2; L1 C dom T'1;
L2 C dom (disjointUnionEnv I'2 (empty(zl — d')));
dom (disjointUnionEnv T'2 (empty(zl — d'))) C dom (E1(z1 — vl));
def-disjointUnionEnv T2 (empty(zl — d"));
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shareRec L2 (disjointUnionEnv I'2 (empty(zl — d'))) (E1(z1 — 1), E2) (h/,

k) (hhkk):
shareRec L1 T'1 (E1, E2) (h, k) (h',k'); x21¢ L2]

= RSet L2 (disjointUnionEnv T2 (empty(z1 — d''))) (E1(z1 — r),E2) (h/,

k') C
RSet (L1 U (L2 — {z1})) (pp T1 T2 L2) (E1,E2) (h, k)
apply (rule subsetl, rename-tac p)
apply (simp add: RSet-def)
apply (erule conjE, erule bexE, rename-tac x)
apply (subgoal-tac p € live (E1(xl — 1), E2) L2 (h', k')
= Jyel2. p € closure (E1(zl — 1), E2) y (h', k’),simp)
prefer 2 apply (simp add: live-def add: closureLS-def)
apply (erule bexE)
apply (unfold shareRec-def)
apply (elim conjE)
apply (erule-tac x=y and A =dom (fst (E1(z1 — ), E2)) in ballE)+
prefer 2 apply simp apply (elim conjE) apply blast
apply (erule-tac z=x and A=L2 in ballE) prefer 2 apply simp
prefer 2 apply simp apply (elim conjE) apply blast
apply (drule-tac P=(T2 + [z1 — d"]) x = Some d"' A closure (E1(z1 — r), E2)
y (h', k') N recReach (E1(x1 — r), E2) z (R, k") # {}
in mp)

apply (rule congI)

apply simp
apply (rule closure-recReach-monotone, assumption+)
apply simp
apply (elim conjE)
apply (rule congI)
apply (case-tac y#z1)
apply (subgoal-tac [ (T'2 + [z1 — d"]) y # Some s" | = T'2 y # Some s”)

prefer 2 apply (rule unsafe-GammaZ2-triangle, assumption+)
apply (frule-tac y=y in unsafe-Gamma2-identityClosure) apply assumption+
apply (simp add: identityClosure-def) apply (elim conjE)

apply (subgoal-tac [y # z1; y € L2] = closure (E1,E2) y (h, k) C live (E1,
E2) (L1 U (L2 — {z1})) (h, k),simp)

prefer 2 apply (rule closure-subset-live, assumption+)

apply (subgoal-tac y#xl = closure (E1, E2) y (h', k') = closure (E1(x1 —
r), E2) y (h', k’),simp)

prefer 2 apply (simp add: closure-def)
apply blast
apply simp

apply (case-tac y=z1)
apply (simp add: def-disjointUnionEnv-def add: disjointUnionEnv-def add: unionEnv-def )
apply (rule-tac z=z in bexzl) prefer 2 apply simp
apply (rule congl)
apply (case-tac z=x1) apply simp
apply (subgoal-tac [z#x1; def-pp T'1 T2 L2; (T2 + [z1 — d"]) z = Some d"']
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= (ppT1 T2L2) x = Some d")
prefer 2 apply (rule disjounitUnionEnv-d-triangle-d, assumption+)
apply (subgoal-tac [ (T2 + [#1 — d"]) y # Some s”; y £ x1 | = T2y # Some
s" simp)
prefer 2 apply (rule unsafe-Gamma2-triangle, assumption+)
apply (subgoal-tac (T2 + [x1 — d']) x # Some s'’) prefer 2 apply simp
apply (frule-tac y=y in unsafe-Gamma2-triangle, assumption+)
apply (frule-tac y=y in unsafe-Gamma2-identityClosure) apply assumption+
apply (subgoal-tac [ x#x1; def-pp T'1 T2 L2; (T2 4 [21 — d"]) z = Some d"]
= (pp T1 T2L2) x = Some d")
prefer 2 apply (rule disjounitUnionEnv-d-triangle-d,assumption+)
apply (case-tac x=z1) apply simp
apply simp
apply (subgoal-tac (pp T'1 T2 L2) z = Some d”' = T'2 © # Some s"’)
apply (frule-tac y=z in unsafe-Gamma2-identityClosure) apply assumption+
apply (frule-tac z=z in identityClosure-equals-recReach)
apply (subgoal-tac y # x1 = closure (E1(x1 — 1), E2) y (h', k') = closure
(E1, E2) y (B, k'),simp)
prefer 2 apply (simp add: closure-def)
apply (subgoal-tac p € closure (E1, E2) y (h', k') = p € closure (E1, E2) y
(h, k),simp)
apply (frule-tac z=y in identityClosure-closureL-monotone,simp)
apply (simp add: identityClosure-def add: identityClosureL-def, elim conjE)
apply (subgoal-tac x # x1 = recReach (E1(x1 — 1), E2) z (h', k") = recReach
(E1, E2) z (h', k'),stmp)
apply (simp add: recReach-def)
apply (simp add: identityClosure-def)
apply (rule wunsafe-triangle-unsafe-2) apply assumption+
done

lemma P7-LET2-e2:
[ def-pp T'1 T2 L2; L1 C dom T'1;
dom I'1 C dom E1;
L2 C dom (disjointUnionEnv T2 (empty(zl — d”)));
xl ¢ L1;
def-disjointUnionEnv T2 (empty(zl — d"));
dom (disjointUnionEnv T'2 (empty(zl — d”))) C dom (E1(zl — vl)) ;
shareRec L1 T'1 (E1, E2) (h, k) (h',k’);
shareRec L2 (disjointUnionEnv T2 (empty(xl — d'))) (El(z1 — vl), E2)
(h', k) (hh,kk);
SSet (L1 U (L2 — {a1})) (pp T'1 T2 L2) (E1, E2) (h, k) N
RSet (L1 U (L2 — {z1})) (pp T1 T2 L2) (E1,E2) (h, k) = {}]
= SSet L2 (disjointUnionEnv T'2 (empty(z1 — d'"))) (E1(z1 — v1),E2) (h',
k)N
RSet L2 (disjointUnionEnv T'2 (empty(z1 — d"))) (E1(z1 — v1),E2) (h/,
k) ={}
apply (rule P7-e2-let2-dem1)
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apply (rule impl) apply (rule conjl)
apply (rule P7-e2-let2-dem?2, assumption+)
apply (rule congl) apply (rule P7-e2-let2-dem/) apply assumption-+
apply (rule P7-e2-let2-dem10) apply assumption+
apply (rule impl)
apply (rule P7-e2-let2-dem8) apply assumption+
apply (rule P7-e2-let2-dem7) apply assumption+
done

Lemmas for CASE Rule

lemma dom-foldl-monotone-list:

dom (foldl op @ (empty ® z) xs) =

dom xz U dom (foldl op ® empty zs)
apply (subgoal-tac empty @ x = x ® empty,simp)
apply (subgoal-tac foldl op ® (z ® empty) zs =
z ® foldl op @ empty zs,simp)

apply (rule union-dom-nonDisjointUnionEnv)
apply (rule foldl-prop1)
apply (subgoal-tac def-nonDisjointUnionEnv empty )
apply (erule nonDisjoint UnionEnv-conmutative)
by (simp add: def-nonDisjointUnionEnv-def)

lemma dom-restrict-neg-map:
dom (restrict-neg-map m A) = dom m — (dom m N A)
apply (simp add: restrict-neg-map-def)
apply auto
by (split split-if-asm,simp-all)

lemma z-notin-I'-cased:
z ¢ dom (foldl op ® empty
(map (N(Li, T'i). restrict-neg-map 't (insert z (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))))
apply (induct-tac assert alts rule: list-induct2’,simp-all)
apply (subgoal-tac
dom (foldl op ® (empty ® restrict-neg-map (snd za) (insert z (set (snd (extractP

(fst 1))
(map (A(Li, T'i). restrict-neg-map T'i (insert x (set Li))) (zip (map
(Aa. snd (extractP (fst a))) ys) (map snd xs)))) =
dom (restrict-neg-map (snd za) (insert z (set (snd (extractP (fst y)))))) U
dom (foldl op @ empty (map (A(Li, T'i). restrict-neg-map T'i (insert x (set Li)))

(zip (map (Aa. snd (extractP (fst a))) ys) (map snd

25)))),simp)
apply (subst dom-restrict-neg-map,blast)
by (rule dom-foldl-monotone-list)
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lemma I'-case-z-is-d:

[ T = foldl op ® empty

(map (A(Li, I't). restrict-neg-map I'i (insert x (set Li))) (zip (map
(snd o extractP o fst) alts) (map snd assert))) +
[z —d"]

= T z = Some d"
apply (simp add: disjointUnionEnv-def)
apply (simp add: unionEnv-def)
apply (rule impl)
apply (insert z-notin-T'-cased)
by force

lemma restrict-neg-map-m:

[ Gy = Somem;a#y;y¢lL]

= restrict-neg-map G (insert x L) y = Some m
by (simp add: restrict-neg-map-def)

lemma disjoint UnionEnv-G-G'-G-x:
[ z ¢ dom G’ def-disjointUnionEnv G G']
= (G+ Gz =Gz
apply (simp add: disjointUnionEnv-def)
apply (simp add: unionEnv-def)
apply (simp add: def-disjoint UnionEnv-def)
by force

lemma dom-T'i-in-T'cased-2 [rule-format]:
length assert > 0
— T FyY
— length assert = length alts
— (¥ i < length alts. y € dom (snd (assert ! i))
— y & set (snd (extractP (fst (alts ! 1))))
— y € dom (foldl op ® empty
(map (N(Li, T'i). restrict-neg-map T'i (insert x (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert)))))
apply (induct assert alts rule:list-induct2’,simp-all)
apply (rule impl)+
apply (case-tac zs = [],simp)
apply (rule impl)+
apply (subst empty-nonDisjointUnionEnv)
apply (subst dom-restrict-neg-map)
apply force
apply simp
apply (rule alll, rule impI)
apply (case-tac i,simp-all)
apply (rule impl)+
apply (subst dom-foldl-monotone-list)
apply (subst dom-restrict-neg-map)

apply force
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apply (rule impl)

apply (erule-tac x=nat in allE, simp)
apply (rule impl)+

apply (subst dom-foldl-monotone-list)
by blast

declare def-nonDisjointUnionEnvList.simps [simp del]

lemma Otimes-props [rule-format):

length assert > 0

— Yy FT

— length assert = length alts

— def-nonDisjointUnionEnvList (map (A(Li, I'i). restrict-neg-map I'i (insert
z (set Li)))

(zip (map (snd o extractP o fst) alts) (map snd

assert)))

— def-disjointUnionEnv

(foldl op ® empty
(map (MN(Li, I'i). restrict-neg-map T'i (insert © (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))))
[z — d”]

— (V @ < length alts. y € dom (snd (assert ! i))

— snd (assert | i) y = Some m

— y & set (snd (extractP (fst (alts ! 7))))

— (foldl op ® empty

(map (A(Li, T'i). restrict-neg-map Ti (insert z (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))) +
[z — d"]) y = Some m)

apply (induct assert alts rule:list-induct2’,simp-all)
apply (rule impl)+
apply (case-tac zs = [],simp)
apply (rule impl)
apply (subst empty-nonDisjointUnionEnv)
apply (simp add: disjointUnionEnv-def)
apply (simp add: unionEnv-def)
apply (rule congl)

apply (rule impl)+

apply (simp add: restrict-neg-map-def)
apply (rule impl)+
apply (simp add: restrict-neg-map-def)
apply force
apply simp
apply (drule mp)
apply (simp add: def-nonDisjointUnionEnvList.simps)
apply (simp add: Let-def)
apply (drule mp)
apply (simp add: def-disjointUnionEnv-def )
apply (subst (asm) dom-foldl-monotone-list)
apply blast
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apply (rule alll, rule impI)
apply (subgoal-tac z#y)
prefer 2 apply simp
apply (erule thin-rl)
apply (case-tac i,simp-all)
apply (rule impl)+
apply (subst disjointUnionEnv-G-G'-G-x,force,force)
apply (subst nonDisjointUnionEnv-conmutative)
apply (simp add: def-nonDisjoint UnionEnv-def)
apply (subst foldl-prop1)
apply (subst nonDisjointUnionEnv-prop6-1)
apply (subst dom-restrict-neg-map,force)
apply (rule restrict-neg-map-m,assumption—+,simp)
apply (rule impl)+
apply (rotate-tac 5)
apply (erule-tac x=nat in allE, simp)
apply (subst disjointUnionEnv-G-G'-G-x,force,simp)
apply (subst nonDisjointUnionEnv-conmutative)
apply (simp add: def-nonDisjointUnionEnv-def)
apply (subst foldl-prop1)
apply (subst (asm) disjointUnionEnv-G-G'-G-z,force)
apply (simp add: def-disjointUnionEnv-def )
apply (subst (asm) dom-foldl-monotone-list)
apply blast
apply (subst nonDisjoint UnionEnv-prop6-2)
apply (simp add: def-nonDisjoint UnionEnvList.simps)
apply (simp add: Let-def)
apply (subgoal-tac
y € dom (foldl op ® empty
(map (N(Li, T'i). restrict-neg-map I'i (insert x (set Li)))
(zip (map (snd o extractP o fst) ys) (map snd xs)))),simp)
apply (rule dom-Ti-in-T"cased-2)
by (force,assumption+,simp)

lemma closureL-p-None-p:

closureL p (h(p := None), k) = {p}
apply (rule equalityl )

apply (rule subsetl)

apply (erule closureL.induct,simp)
apply (simp add: descendants-def)
apply (rule subsetl,simp)
by (rule closureL-basic)
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lemma recReachL-p-None-p:
recReachL p (h(p := None), k) = {p}

apply (rule equalityl)

apply (rule subsetl)

apply (erule recReachL.induct,simp)
apply (simp add: recDescendants-def)

apply (rule subsetl,simp)

by (rule recReachL-basic)

lemma closure-extend-p-None-subseteq-closure:

[ E1 x = Some (Loc p);

E1 z = (extend E1 (snd (extractP (fst (alts ! 7)))) vs) z ]

= closure (extend E1 (snd (extractP (fst (alts ! 4)))) vs, E2) z (h(p := None),

k) C
closure (E1, E2) z (h, k)

apply (simp add: closure-def)
apply (subst closureL-p-None-p,simp)
by (rule closureL-basic)

lemma recReach-extend-p-None-subseteq-recReach:
[ E1 x = Some (Loc p);

E1 z = (extend E1 (snd (extractP (fst (alts ! 7)))) vs) z ]

= recReach (extend E1 (snd (extractP (fst (alts ! 1)))) vs, E2) = (h(p =
None), k) C

recReach (E1, E2) z (h, k)

apply (simp add: recReach-def)
apply (subst recReachL-p-None-p,simp)
by (rule recReachL-basic)

lemma descendants-p-None-q:
[ d € descendants q (h(p:=None).k); q#p |
= d € descendants q (h,k)

by (simp add: descendants-def)

lemma recDescendants-p-None-q:
[ d € recDescendants q (h(p:=None),k); q¢#p |
= d € recDescendants q (h.k)

by (simp add: recDescendants-def)

lemma closureL-p-None-subseteg-closureL:
PFq
= closureL q (h(p := None), k) C closureL q (h, k)
apply (rule subsetl)
apply (erule closureL.induct)
apply (rule closureL-basic)
apply clarsimp
apply (subgoal-tac d € descendants ga (h,k))
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apply (rule closureL-step,simp,simp)

apply (rule descendants-p-None-q,assumption+)
apply (simp add: descendants-def)

by (case-tac ga = p,simp-all)

lemma recReachL-p-None-subseteq-recReachL:
pFq
= recReachL q (h(p := None), k) C recReachL q (h, k)
apply (rule subsetl)
apply (erule recReachL.induct)
apply (rule recReachL-basic)
apply clarsimp
apply (subgoal-tac d € recDescendants qa (h,k))
apply (rule recReachL-step,simp,simp)
apply (rule recDescendants-p-None-q,assumption+)
apply (simp add: recDescendants-def)
by (case-tac qa = p,simp-all)

lemma closure-p-None-subseteq-closure:
[ E1 x = Some (Loc p);
E1 y = Some (Loc q);
P#4;
E1 y = (extend E1 (snd (extractP (fst (alts ! 1)))) vs) y;
w € closure (extend E1 (snd (extractP (fst (alts ! 1)))) vs, E2) y (h(p =
None), k) ]
= w € closure (E1, E2) y (h, k)
apply (simp add: closure-def)
apply (case-tac
extend E1 (snd (extractP (fst (alts ! i)))) vs y,simp-all)
apply (case-tac a, simp-all)
apply (frule closureL-p-None-subseteg-closureL)
by blast

lemma recReach-p-None-subseteq-recReach:
[ E1 £ = Some (Loc p); E1 y = Some (Loc q); p#q;
E1 y = (extend E1 (snd (extractP (fst (alts ! 7)))) vs) y;
w € recReach (extend E1 (snd (extractP (fst (alts ! 7)))) vs, E2) y (h(p :=
None), k) ]
= w € recReach (E1, E2) y (h, k)
apply (simp add: recReach-def)
apply (case-tac
extend E1 (snd (extractP (fst (alts ! 1)))) vs y,simp-all)
apply (case-tac a, simp-all)
apply (frule recReachL-p-None-subseteq-recReachl)
by blast
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lemma closure V-subseteq-closurelL:

h p = Some (j,C,vs)

= (U ¢ < length vs. closureV (wvsli) (h,k)) C closureL p (h.k)
apply (frule closureV-equals-closurel)
by blast

lemma vs-defined:
[ set zs N dom E1 = {};
length xs = length vs;
Yy € set zs;
extend E1 xs vs y = Some (Loc q) |
=3 j < length vs. vs!j = Loc q
apply (simp add: extend-def)
apply (induct zs vs rule: list-induct2’,simp-all)
by (split split-if-asm,force,force)

lemma closure-Loc-subseteq-closure V-Loc:
[ vs!i= Loc g;
i < length vs |
= closureL ¢ (h,k) € (U < length vs closureV (vs !i) (h, k))
apply (rule subsetl)
apply clarsimp
apply (rule-tac x=i in bexl)
apply (simp add: closureV-def)
by simp

lemma patrones:
[ E1 x = Some (Loc p); h p = Some (j,C,vs);
1 < length alts; length alts > 0; length assert = length alts;
set (snd (extractP (fst (alts ! i)))) N dom E1 = {};
length (snd (extractP (fst (alts ! i)))) = length vs;
y € set (snd (extractP (fst (alts ! 14)))) ]
= closure (extend E1 (snd (extractP (fst (alts ! 4)))) vs, E2) y (h, k) C
closure (extend E1 (snd (extractP (fst (alts ! 1)))) vs, E2) z (h, k)
apply (rule subsetl)
apply (subst (asm) closure-def)
apply (case-tac
extend E1 (snd (extractP (fst (alts ! 1)))) vs y,simp-all)
apply (case-tac a,simp-all)
apply (subgoal-tac x ¢ set (snd (extractP (fst (alts ! 7)))))
prefer 2 apply blast
apply (frule-tac x=r and E=F1 and vs=vs in extend-monotone-i)
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apply (simp,simp,simp)

apply (rename-tac q)

apply (frule-tac y=y in vs-defined,force,assumption+)
apply (simp add: closure-def)

apply (frule-tac k=k in closure V-subseteg-closureL)

apply (elim exE elim conjE)

apply (frule closure-Loc-subseteq-closure V-Loc,assumption+)
by force

lemma patrones-2:
[ E1 x = Some (Loc p); h p = Some (j,C,vs);

set (snd (extractP (fst (alts ! 4)))) N dom E1 = {};

length (snd (extractP (fst (alts ! i)))) = length vs;

1 < length alts; length alts > 0; length assert = length alts;

y € set (snd (extractP (fst (alts !14)))) ]

= closure (extend E1 (snd (extractP (fst (alts ! 4)))) vs, E2) y (h(p:=None),

k) € {p}
apply (rule subsetl)
apply (subst (asm) closure-def)
apply (case-tac
extend E1 (snd (extractP (fst (alts ! 1)))) vs y,simp-all)
apply (case-tac a,simp-all)
apply (rename-tac q)
apply (frule-tac y=y in vs-defined,force,assumption+)
apply (elim exE elim conjE)
apply (frule-tac h=h(p:=None) and k=k in closure-Loc-subseteg-closure V-Loc,assumption+)
apply (frule-tac h=h and k=k in closureV-subseteq-closureL-None)
apply (subst (asm) closureL-p-None-p)
by blast

lemma dom-extend-in-E1-or-zs:

[ v € dom (extend E1 xzs vs); length s = length vs |
= y € dom E1 V y € set s

apply (simp add: extend-def)

apply (erule disjE)

apply (induct zs vs rule: list-induct2’)

apply simp-all

by force

lemma extend-monotone-z-in-dom-FE1-2:
[ set (snd (extractP (fst (alts ! i)))) N dom E1 = {};
length (snd (extractP (fst (alts ! 1)))) = length vs;
length assert = length alts; i < length alts;
z € fst (assert ! i);
z € dom E1]
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= E1 z = extend E1 (snd (extractP (fst (alts ! 7)))) vs x
apply (subgoal-tac x ¢ set (snd (extractP (fst (alts ! 7)))))
apply (rule extend-monotone,assumption)
by blast

lemma closure-extend-None-subset-closure:
[ alts # [J; i < length alts; length assert = length alts;
E1 x = Some (Loc p); h p = Some (j, C, vs);
set (snd (extractP (fst (alts ! 4)))) N dom E1 = {};
length (snd (extractP (fst (alts ! 4)))) = length vs;
y € fst (assert ! i);
y ¢ set (snd (extractP (fst (alts ! 1))));
y € dom EI,
q € closure (extend E1 (snd (extractP (fst (alts ! i)))) vs, E2) y (h(p :=
None), k)]
= q € closure (E1, E2) y (h, k)
apply (case-tac E1 y = E1 z,simp)

apply (frule extend-monotone-z-in-dom-E1-2,assumption+)
apply (subgoal-tac

closure (extend E1 (snd (extractP (fst (alts ! 4)))) vs, E2) y (h(p := None), k)
-

closure (E1, E2) y (h, k))

prefer 2 apply (rule closure-extend-p-None-subseteq-closure,simp,simp)
apply blast
apply simp
apply (subgoal-tac 3 z. E1 y = Some z)
prefer 2 apply (simp add: dom-def)
apply (elim exE)
apply (frule extend-monotone-z-in-dom-E1-2,assumption+)
apply (case-tac z,simp-all)

apply (frule-tac extend-monotone-z-in-dom-E1-2, assumption+)
apply (rule-tac i=i and alts=alts and vs=vs

in closure-p-None-subseteq-closure,assumption+,simp,simp)
apply simp

apply (simp add: closure-def)

apply (simp add: closure-def)
done

lemma recReach-extend-None-subset-recReach:
[ alts # []; i < length alts; length assert = length alts;
E1 2 = Some (Loc p); h p = Some (j, C, vs);
set (snd (extractP (fst (alts ! 4)))) N dom E1 = {};
length (snd (extractP (fst (alts ! 7)))) = length vs;
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y € fst (assert ! i);
y ¢ set (snd (extractP (fst (alts ! 1))));
y € dom EI,
q € recReach (extend E1 (snd (extractP (fst (alts ! i)))) vs, E2) y (h(p :=
None), k)]
= ¢ € recReach (E1, E2) y (h, k)
apply (case-tac E1 y = E1 x,simp)

apply (frule extend-monotone-z-in-dom-E1-2, assumption+)
apply (subgoal-tac

recReach (extend E1 (snd (extractP (fst (alts ! 4)))) vs, E2) y (h(p := None),
K C

recReach (E1, E2) y (h, k))

prefer 2 apply (rule recReach-extend-p-None-subseteg-recReach,simp,simp)
apply blast
apply simp
apply (subgoal-tac 3 z. E1 y = Some z)
prefer 2 apply (simp add: dom-def)
apply (elim exE)
apply (frule extend-monotone-z-in-dom-E1-2,assumption+)
apply (case-tac z,simp-all)

apply (frule-tac extend-monotone-z-in-dom-E1-2, assumption+)
apply (rule-tac i=i and alts=alts and vs=vs
in recReach-p-None-subseteq-recReach,assumption+,simp,simp)

apply simp
apply (simp add: recReach-def)

apply (simp add: recReach-def)
done

lemma closure-monotone-extend-3:
[ set (snd (extractP (fst (alts ! i)))) N dom E = {};
length (snd (extractP (fst (alts ! i)))) = length vs;
z€ dom F;
length alts > 0;
i < length alts ]
= closure (E, E') z (h, k) = closure (extend E (snd (extractP (fst (alts ! 1))))
vs, E') z (h, k)
apply (subgoal-tac z ¢ set (snd (extractP (fst (alts ! 4)))))
apply (subgoal-tac
E z = extend E (snd (extractP (fst (alts ! 7)))) vs z)
apply (simp add:closure-def)
apply (rule extend-monotone-i)
apply (simp,simp,simp)
by blast
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lemma recReach-monotone-extend-3:
[ set (snd (extractP (fst (alts ! i)))) N dom E = {};
length (snd (extractP (fst (alts ! i)))) = length vs;
z€ dom F,
length alts > 0;
i < length alts ]
= recReach (E, E') z (h, k) = recReach (extend E (snd (extractP (fst (alts !
D) vs, B z (h, k)
apply (subgoal-tac z ¢ set (snd (extractP (fst (alts ! 14)))))
apply (subgoal-tac
E x = extend E (snd (extractP (fst (alts ! 7)))) vs z)
apply (simp add:recReach-def)
apply (rule extend-monotone-i)
apply (simp,simp,simp)
by blast

lemma ppi2:
[ za € closure (E1, E2) zaa (h, k);
zb € closureL za (h, k);
zb € recReach (E1, E2) z (h, k)]
—
closure (E1, E2) zaa (h, k) N recReach (E1, E2) z (h, k) # {}
apply (simp add: closure-def)
apply (case-tac E1 zaa)
apply simp
apply simp
apply (case-tac a, simp-all,clarsimp)
apply (subgoal-tac za € closureL nat (h, k) = closureL za (h, k) C closureL
nat (h, k))
apply blast
apply (erule closureL-monotone)
done

lemma P7-case-dem1:
[ Si=S8"%US"i
Ri = R'i U R"i;
St C S,
R'i C R;
'z = Some s — S§"i C S A R"i = {};
I' z # Some s — S"iNR'i ={} ANR"i = {};
SNR={}l
= SiNRi={}
by blast

lemma P7-case-demi-1:
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[ length assert = length alts; i < length assert] =
SSet (fst (assert 1 i) (snd (assert ! 1)) (extend E1 (snd (extractP (fst (alts
14)))) vs, E2) (h, k) =
SSet ((fst (assert 1)) N (insert © (U; < length aits fst (assert 1 i) — set (snd

(extractP (fst (alts ! 1)))))))
(snd (assert ! 7)) (extend E1 (snd (extractP (fst (alts ! 1)))) vs, E2) (h,
k) U
SSet ((fst (assert ! 1)) N set (snd (extractP (fst (alts ! 4)))))
(snd (assert ! 7)) (extend E1 (snd (extractP (fst (alts ! 1)))) vs, E2) (h,
k)
by (simp add: SSet-def add: Let-def ,blast)

lemma P7-case-dem1-2:
[ length assert = length alts; i < length assert] —
RSet (fst (assert ! i) (snd (assert ! 1)) (extend E1 (snd (extractP (fst (alts
19)))) vs, E2) (h, k) =
RSet2 ((fst (assert ! i)) N (insert © (U; < length alts fst (assert 1 i) — set
(snd (extractP (fst (alts !14)))))))
(fst (assert !'4)) (snd (assert ! 1)) (extend E1 (snd (extractP (fst (alts
i) vs, B2) (b, k) U
RSet2 ((fst (assert ! i) N set (snd (extractP (fst (alts ! i)))))
(fst (assert 1)) (snd (assert ! 1)) (extend E1 (snd (extractP (fst (alts
14)))) vs, E2) (h, k)
apply (simp add: RSet-def add: RSet2-def add: live-def add: closureLS-def)
by blast

lemma P7-case-dem1-3:
[V i < length assert. ¥V x € set (snd (extractP (fst (alts ! 7)))). snd (assert ! i)
x # Some d';
V i < length assert. fst (assert ! i) C dom (snd (assert ! i));
V i < length alts. © € fst (assert ! i) A z ¢ set (snd (extractP (fst (alts ! 14))));
dom (snd (assert ! i)) C dom (extend E1 (snd (extractP (fst (alts ! i)))) vs);
set (snd (extractP (fst (alts ! 4)))) N dom E1 = {};
length (snd (extractP (fst (alts ! 1)))) = length vs;
def-nonDisjoint UnionEnvList (map snd assert);
YV i < length alts. ¥ j < length alts. i # j — (fst (assert ! i) N set (snd
(extractP (fst (alts ! 7))))) = {};
length assert > 0;
z € dom (nonDisjointUnionEnvList (map snd assert));
E1 x = Some (Loc p);
length assert = length alts;
i < length assert | =
SSet ((fst (assert !i)) N (insert © (U < tength aits 5t (assert 1 i) — set (snd
(extractP (fst (alts ! 4)))))))
(

(snd (assert 1)) (extend E1 (snd (extractP (fst (alts ! 1)))) vs, E2) (h,
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k) C

SSet (insert & (U < tength alts f5t (assert 1 1) — set (snd (extractP (fst (alts
L))

(foldl op ® empty (map snd assert)) (E1, E2) (h, k)

apply (clarsimp)
apply (simp add: SSet-def add: Let-def)
apply (erule exE, elim conjE)
apply (erule disjE)

apply simp
apply (rule-tac x=z in exl)
apply (rule conjI)
apply (rule disjl1) apply simp
apply (rule congI)
apply (subgoal-tac
i < length (map snd assert) —
length (map snd assert) > 0 —
def-nonDisjointUnionEnvList (map snd assert) —
snd (assert ! i) = Some s"' —
foldl op ® empty (map snd assert) x = Some s’ simp)
apply (rule Otimes-prop3)
apply (subgoal-tac © € dom ET)
apply (frule-tac E'=FE2 and h=h and k=k in closure-monotone-extend-3,assumption+,simp,assumption+,si
apply (simp add: dom-def)

apply (rule-tac z=zaa in exl)
apply (erule bexE, simp, elim conjE)
apply (case-tac zaa € set (snd (extractP (fst (alts ! 1)))))
apply (case-tac i=ia, simp)
apply (rotate-tac 7)
apply (erule-tac x=ia in allE simp)
apply (rotate-tac 20)
apply (erule-tac =1 in allE,simp)
apply blast
apply (rule congl)
apply (rule disjI2)
apply (rule-tac =i in bexl,simp,simp)
apply (subgoal-tac
i < length (map snd assert) —
length (map snd assert) > 0 —
def-nonDisjointUnionEnvList (map snd assert) —
snd (assert | i) xzaa = Some " —
foldl op ® empty (map snd assert) zaa = Some s’ simp)
prefer 2 apply (rule Otimes-prop3)
apply (subgoal-tac zaa € dom E1)
apply (frule-tac E'=F2 and h=h and k=k in closure-monotone-extend-3,assumption+,simp,assumption+,si
apply (erule-tac z=i in allE,simp)+
apply (subgoal-tac zaa € dom (extend E1 (snd (extractP (fst (alts ! 1)))) vs))
apply (rule extend-propl,simp,simp,simp)
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by blast

lemma P7-case-deml1-4:
[V i < length assert. ¥V x € set (snd (extractP (fst (alts ! 7)))). snd (assert ! i)
x # Some d';
YV i < length alts. x € fst (assert ! i) A x ¢ set (snd (extractP (fst (alts ! i))));
V i < length assert. fst (assert | i) C dom (snd (assert ! i));
dom (snd (assert ! i)) C dom (extend E1 (snd (extractP (fst (alts ! i)))) vs);
set (snd (extractP (fst (alts ! 4)))) N dom E1 = {};
length (snd (extractP (fst (alts ! 1)))) = length vs;
YV i < length alts. ¥ j < length alts. i # j — (fst (assert ! i) N set (snd
(extractP (fst (alts ! 7))))) = {};
def-nonDisjointUnionEnvList (map snd assert);
length assert > 0;
z € dom (nonDisjointUnionEnvList (map snd assert));
E1 x = Some (Loc p);
h p = Some (j,C,vs);
length assert = length alts;
i < length assert |
= RSet2 ((fst (assert ! i)) N (insert £ (U; < tength aits 5t (assert ! i) — set
(snd (extractP (fst (alts ! 14)))))))
(fst (assert ! 4)) (snd (assert ! i)) (extend E1 (snd (extractP (fst (alts !
) vs, B2) (b, k) C
RSet (insert © (U < length alts fst (assert 1 i) — set (snd (extractP (fst (alts
Li))))))
(foldl op ® empty (map snd assert)) (E1, E2) (h, k)
apply (simp add: RSet-def add: RSet2-def)
apply (unfold live-def)
apply (unfold closureLS-def)
apply simp
apply (rule subsetl)
apply simp
apply (elim conjE)
apply (rename-tac q)
apply (rule congl)
apply (erule bexE)
apply (rename-tac q y)
apply (case-tac y ¢ set (snd (extractP (fst (alts ! 1)))))
apply (rule disjI2)
apply (rule-tac z=i in bexl) prefer 2 apply simp
apply (rule-tac z=y in bexl) prefer 2 apply simp
apply (subgoal-tac y € dom E1)
apply (frule-tac E’=F2 and h=h and k=Fk
in closure-monotone-extend-3)
apply (simp,simp,simp,simp)
apply (erule-tac x=i in allE,simp)
apply (erule-tac z=i in allE,simp)
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apply (erule-tac x=i in allE,simp)
apply (erule-tac x=i in allE,simp)
apply (elim conjE)
apply (subgoal-tac y € dom (extend E1 (snd (extractP (fst (alts ! 1)))) vs))
apply (rule extend-propl1,assumption+)
apply blast
apply simp
apply (subgoal-tac
closure (extend E1 (snd (extractP (fst (alts ! )))) vs, E2) y (h, k) C
closure (extend E1 (snd (extractP (fst (alts ! i)))) vs, E2) x (h, k))
prefer 2 apply (rule patrones,assumption+) apply simp apply assumption+
apply (rule disjl1)
apply (subgoal-tac z € dom E1)
apply (frule-tac E’'=FE2 and h=h and k=k in closure-monotone-extend-3,assumption+,simp,
assumption+,simp)
apply blast
apply (simp add: dom-def)

apply (erule bexE)
apply (erule bezE)
apply simp
apply (elim conjE)
apply (erule disjE)
apply (rule disjI2)
apply simp
apply (rule-tac x=i in bexl) prefer 2 apply simp
apply (rule-tac z=z in bexl) prefer 2 apply simp
apply (rule congl)
apply (subgoal-tac
i < length (map snd assert) —
length (map snd assert) > 0 —
def-nonDisjointUnionEnvList (map snd assert) —
snd (assert ! i) © = Some d" —
foldl op ® empty (map snd assert) z = Some d'',simp)
apply (rule Otimes-prop3)
apply (subgoal-tac © € dom ET)
apply (frule-tac E'=FE2 and h=h and k=Fk in recReach-monotone-extend-3,assumption+,simp,
assumption—+,simp)
apply (simp add: dom-def)
apply (rule disjI2)
apply (erule bezE)
apply (elim conjE)
apply (rule-tac z=ia in bexl) prefer 2 apply simp
apply (rule-tac z=z in bexl) prefer 2 apply simp
apply (rule congl)
apply (subgoal-tac
i < length (map snd assert) —
length (map snd assert) > 0 —
def-nonDisjointUnionEnvList (map snd assert) —
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snd (assert ! i) z = Some d'' —

foldl op ® empty (map snd assert) z = Some d' simp)
apply (rule Otimes-prop3)
apply (case-tac z € set (snd (extractP (fst (alts ! 7)))))
apply (case-tac i=ia, simp)
apply (rotate-tac 6)
apply (erule-tac z=ia in dllE)
apply (drule mp,simp)
apply (rotate-tac 6)
apply (erule-tac x=4 in allE,simp)
apply simp
apply (subgoal-tac z € dom E1)
apply (frule-tac E’'=F2 and h=h and k=Fk in recReach-monotone-extend-3,assumption—+,simp,
assumption4+,simp)
apply (erule-tac =i in allE,simp)
apply (erule-tac x=i in allE,simp)
apply (erule-tac x=i in allE,simp)
apply (elim conjE)
apply (subgoal-tac z € dom (extend E1 (snd (extractP (fst (alts ! 14)))) vs))
apply (rule extend-propl,assumption—+)
by blast

lemma P7-case-dem1-5-1:
[ E1 2 = Some (Loc p);
h p = Some (j,C,vs);
Vi<length alts. x € fst (assert ! i) A x ¢ set (snd (extractP (fst (alts ! 4))));
(foldl op ® empty (map snd assert)) © = Some s"
set (snd (extractP (fst (alts !4)))) N dom E1 = {};
length (snd (extractP (fst (alts ! 1)))) = length vs;
length assert > 0;
length assert = length alts;
i < length assert ] =
SSet ((fst (assert ! 7)) N set (snd (extractP (fst (alts ! i)))))
(snd (assert ! 1)) (extend E1 (snd (extractP (fst (alts ! 1)))) vs, E2) (h,
k) C
SSet (insert © (U < length alts fot (assert ! i) — set (snd (extractP (fst (alts
Li)))))
(foldl op ® empty (map snd assert)) (E1, E2) (h, k)
apply (rule subsetl)
apply (simp add: SSet-def, simp add: Let-def)
apply (elim exE, elim conjE)
apply (rule-tac =z in exl)
apply (rule conjl,simp)
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apply (rule conjl,simp)
apply (frule patrones [where ?E2.0=E2 and k=k],assumption+)
apply (simp,assumption+)
apply (subgoal-tac
closure (E1, E2) z (h, k) =
closure (extend E1 (snd (extractP (fst (alts ! 1)))) vs, E2) x (h, k),simp)
apply blast
apply (rule closure-monotone-extend-3)
by (simp, simp, simp add:dom-def ,simp,simp)

lemma P7-case-dem1-5-2:
[ (foldl op ® empty (map snd assert)) x = Some s"

V i < length assert. V x € set (snd (extractP (fst (alts ! i)))). snd (assert !
i) © # Some d";

length assert = length alts;

i < length assert | —

RSet2 ((fst (assert ! i) N set (snd (extractP (fst (alts ! 4)))))
(fst (assert 1)) (snd (assert ! 1)) (extend E1 (snd (extractP (fst (alts

L)) vs, B2) (b, k) = {}
apply (erule-tac x=i in allE) apply simp
by (simp add: RSet2-def)

lemma P7-case-dem1-6-1:
[ (foldl op ® empty (map snd assert)) x # Some s
shareRec (fst (assert ! 1)) (snd (assert ! 1)) (extend E1 (snd (extractP (fst (alts
19)))) vs, E2) (h, k) (hh, k),
Y i < length alts. © € fst (assert ! i) A z ¢ set (snd (extractP (fst (alts ! 1))));
V i < length assert. ¥ x € set (snd (extractP (fst (alts ! i)))). snd (assert |
i)z # Some d”,
V i < length assert. fst (assert | i) C dom (snd (assert ! i));
set (snd (extractP (fst (alts ! 4)))) N dom E1 = {};
length (snd (extractP (fst (alts ! )))) = length vs;
def-nonDisjoint UnionEnvList (map snd assert);
z € dom (nonDisjointUnionEnvList (map snd assert));
E1 2 = Some (Loc p);
length assert > 0;
length assert = length alts;
i < length assert | =
SSet ((fst (assert ! 7)) N set (snd (extractP (fst (alts ! i)))))
(snd (assert ! 7)) (extend E1 (snd (extractP (fst (alts ! 1)))) vs, E2) (h,
k)N
RSet2 ((fst (assert 1 1)) N (insert & (U; < length alts 5t (assert | i) — set
(snd (extractP (fst (alts ! 14)))))))
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(fst (assert ! 1)) (snd (assert ! 1)) (eatend E1 (snd (extractP (fst (alts
i) s, B2) (b, k) = {}
apply (rule equalityl)
prefer 2 apply simp
apply (rule subsetl)
apply (simp add: SSet-def)
apply (simp add: Let-def)
apply (elim conjE)
apply (elim exFE)
apply (elim conjE)
apply (rename-tac xij)
apply (case-tac
(3z€fst (assert ! i) — set (snd (extractP (fst (alts ! i)))).
snd (assert | i) z = Some d"' A
closure (extend E1 (snd (extractP (fst (alts ! 1)))) vs, E2) zij (h, k) N
recReach (extend E1 (snd (extractP (fst (alts ! i)))) vs, E2) z (h, k) # {}))
apply (elim bexE)
apply (elim conjE)
apply (simp add: shareRec-def)
apply (elim conjE)
apply (erule-tac z=xij in ballF)
prefer 2 apply (simp add: extend-def) apply force
apply (rotate-tac 19)
apply (erule thin-ri)
apply (drule mp)
apply (rule-tac x=z in bexl)
prefer 2 apply simp
apply (rule congl)
apply simp
apply simp
apply simp

apply simp

apply (simp only: RSet2-def)

apply (simp only: live-def)

apply (simp only: closureLS-def)

apply simp

apply (elim conjE)

apply (elim bezE)

apply (elim conjE)

apply (erule-tac =2 in ballE)

prefer 2 apply simp

apply simp

apply (elim conjE)

apply (subgoal-tac 3 w. w € closureL xa (h, k) A\ w € recReach (extend E1 (snd
(extractP (fst (alts ! 4)))) vs, E2) z (h, k))
prefer 2 apply blast
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apply (elim exE elim conjE)

apply (frule pp12) apply simp apply simp apply simp
done

lemma P7-case-dem1-6-2:
[ Vi<length assert. ¥V x€set (snd (extractP (fst (alts ! i)))). snd (assert ! i) = #
Some d'’;
i < length assert; length assert = length alts]
= RSet2 ((fst (assert ! i)) N set (snd (extractP (fst (alts ! 1)))))
(fst (assert ! 1)) (snd (assert ! 1)) (extend E1 (snd (extractP (fst (alts
i) s, B2) (b, k) = {}
apply (rule equalityl )
apply (rule subsetl)
apply (simp only: RSet2-def)
apply (simp only: live-def)
apply (simp only: closureLS-def)
apply simp
apply simp
done

lemma P7-CASE:
[ length assert = length alts;

V i < length assert. V x € set (snd (extractP (fst (alts ! i)))). snd (assert !
i) © # Some d";

Y i < length assert. fst (assert | i) C dom (snd (assert ! i));

dom (snd (assert ! i)) C dom (extend E1 (snd (extractP (fst (alts ! 7)))) vs);

set (snd (extractP (fst (alts ! 4)))) N dom E1 = {};

length (snd (extractP (fst (alts ! 1)))) = length vs;

YV i < length alts. ¥V j < length alts. i # j — (fst (assert ! i) N set (snd

(extractP (fst (alts ! ))))) = {};
YV i < length alts. x € fst (assert | i) A x ¢ set (snd (extractP (fst (alts ! i))));
shareRec (fst (assert ! 1)) (snd (assert ! 1)) (extend E1 (snd (extractP (fst (alts
1'4)))) vs, E2) (h, k) (hh, k);
def-nonDisjointUnionEnvList (map snd assert);
E1 z = Some (Loc p);
h p = Some (j,C,vs);
z € dom (nonDisjointUnionEnvList (map snd assert));
length assert > 0;
SSet (insert v (U; < length aits fst (assert 1i) — set (snd (extractP (fst (alts
Li)))))
(foldl op ® empty (map snd assert))(E1, E2) (h, k) N
RSet (insert © (U < tength aits 5t (assert 1i) — set (snd (extractP (fst (alts
Li))))))
(foldl op ® empty (map snd assert)) (E1, E2) (h, k) = {};
i < length assert |
_—
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SSet (fst (assert ! i)) (snd (assert ! i)) (extend E1 (snd (extractP (fst (alts
14)))) vs, E2) (h, k) N
RSet (fst (assert ! i) (snd (assert ! 1)) (extend E1 (snd (extractP (fst (alts
Li)))) vs, B2) (h, k) = {}
apply (rule P7-case-deml)
apply (rule P7-case-dem1-1,assumption)
apply (rule P7-case-dem1-2,assumption+)
apply (rule P7-case-dem1-3,assumption+)
apply (rule P7-case-deml1-4 ,assumption+)
apply (rule impl, rule congl)
apply (rule P7-case-dem1-5-1,assumption+)
apply (rule P7-case-dem1-5-2,assumption+)
apply (rule impl, rule conjl)
apply (rule P7-case-dem1-6-1,assumption+)
apply (rule P7-case-dem1-6-2,assumption+)
done

Lemmas for CASEL Rule

lemma P7-casel-dem1:
[ Si=S8"1uUS";
Ri = R’ U R"i;
St C S;
R'i C R;
'z = Some s — S"i C S A R"i = {};
'z # Some s — S"iNnR'i={} ANR"i ={};
SNR={}]
= Si N Ri ={}
by blast

lemma P7-casel-dem1-1:
[ length assert = length alts; i < length assert] —>
SSet (fst (assert ! i)) (snd (assert ! i)) (E1, E2) (h, k) =
SSet ((fst (assert V4)) N (insert © (U; < jength aits fst (assert 1 i) — set (snd
(extractP (fst (alts ! 4)))))))
(snd (assert ! 1)) (E1, E2) (h, k) U
SSet ((fst (assert ! 1)) N set (snd (extractP (fst (alts ! 4)))))
(snd (assert ! 1)) (E1, E2) (h, k)
by (simp add: SSet-def add: Let-def ,blast)

lemma P7-casel-dem1-2:
[ length assert = length alts; i < length assert] =
RSet (fst (assert ! 1)) (sn (assert ! 1)) (E1, E2) (h, k) =
RSet2 ((fst (assert ! i) N (insert © (U; < length aits J5t (assert 1 i) — set
(snd (extractP (fst (alts ! z)))))))
(fst (assert ! 4)) (snd (assert ! 1)) (E1, E2) (h, k) U
RSet2 ((fst (assert ! i)) N set (snd (extractP (fst (alts ! i)))))
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(fst (assert ! ) (snd (assert ! 1)) (F1, E2) (h, k)
apply (simp add: RSet-def add: RSet2-def add: live-def add: closureLS-def)
by blast

lemma P7-casel-dem1-3:
[ def-nonDisjointUnionEnvList (map snd assert);

length assert > 0;

z € dom (nonDisjointUnionEnvList (map snd assert));

length assert = length alts;

i < length assert | =

SSet ((fst (assert 14)) N (insert (U ; < length aits fst (assert 1 1) — set (snd
(extractP (fst (alts ! 4)))))))

(snd (assert ! 1)) (F1,E2) (h, k) C

SSet (insert © (U; < ength alts f5t (assert 1i) — set (snd (extractP (fst (alts

L))
(foldl op ® empty (map snd assert)) (E1, E2) (h, k)

apply (clarsimp)
apply (simp add: SSet-def add: Let-def)
apply (erule exE, elim conjE)
apply (erule disjE)

apply simp
apply (rule-tac x=z in exl)
apply (rule congl)
apply (rule disjl1) apply simp
apply (rule congl)
apply (subgoal-tac
i < length (map snd assert) —
length (map snd assert) > 0 —
def-nonDisjoint UnionEnvList (map snd assert) —
snd (assert ! i) x = Some s" —
foldl op ® empty (map snd assert) x = Some s” simp)
apply (rule Otimes-prop3)
apply simp

apply (rule-tac z=zaa in exl)
apply (erule bexE, simp, elim conjE)
apply (rule conjI)
apply (rule disjI2)
apply (rule-tac z=ia in bexl,simp,simp)
apply (subgoal-tac
i < length (map snd assert) —
length (map snd assert) > 0 —
def-nonDisjointUnionEnvList (map snd assert) —
snd (assert ! i) zaa = Some s —
foldl op ® empty (map snd assert) zaa = Some s’ simp)
by (rule Otimes-prop3)
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lemma P7-casel-dem1-4:
[V i < length alts. © € fst (assert ! i) A x ¢ set (snd (extractP (fst (alts ! 4))));
fst (assert ! i) C dom (snd (assert ! 1));
dom (snd (assert ! i)) C dom E1;
def-nonDisjoint UnionEnvList (map snd assert);
length assert > 0;
(E1 z = Some aa A aa = IntT n A fst (alts | i) = ConstP (LitN n)
E1 z = Some aa N aa = BoolT b A fst (alts ! i) = ConstP (LitB b));
z € dom (nonDisjointUnionEnvList (map snd assert));
length assert = length alts;
i < length assert |
= RSet2 ((fst (assert ! 1)) N (insert © (U < tength aits 5t (assert 1i) — set
(snd (extractP (fst (alts ! 4)))))))
(fst (assert ! i)) (snd (assert ! 4)) (E1, E2) (h, k) C
RSet (insert x (U < ength alts fot (assert | i) — set (snd (extractP (fst (alts
L))
(foldl op ® empty (map snd assert)) (E1, E2) (h, k)
apply (simp add: RSet-def add: RSet2-def)
apply (unfold live-def)
apply (unfold closureLS-def)
apply simp
apply (rule subsetl)
apply simp
apply (elim conjE)
apply (rename-tac q)
apply (rule conjI)
apply clarsimp

apply (erule disjE)
apply clarsimp
apply clarsimp

apply (erule bexE)
apply (erule bexE)
apply simp
apply (elim conjE)
apply (erule-tac P=z=z in disjEF)
apply (rule disjI2)
apply (rule-tac z=i in bexl) prefer 2 apply simp
apply (rule-tac z=z in bexl) prefer 2 apply simp
apply (rule congl)
apply (subgoal-tac
i < length (map snd assert) —
length (map snd assert) > 0 —
def-nonDisjointUnionEnvList (map snd assert) —
snd (assert ! i) x = Some d" —
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foldl op ® empty (map snd assert) x = Some d'' simp)
apply (rule Otimes-prop3)
apply simp
apply (rule disjI2)
apply (rule-tac x=i in bexl)
prefer 2 apply simp
apply (rule-tac z=z in bezl)
prefer 2 apply force
apply (rule conjI)
apply (subgoal-tac
i < length (map snd assert) —
length (map snd assert) > 0 —
def-nonDisjoint UnionEnvList (map snd assert) —
snd (assert ! i) z = Some d" —
foldl op ® empty (map snd assert) z = Some d",simp)
apply (rule Otimes-prop3)
by simp

lemma P7-casel-dem1-5-1:
[ (E1 2 = Some aa A aa = IntT n A fst (alts ! i) = ConstP (LitN n)) V
(El z = Some aa A aa = BoolT b A fst (alts ! i) = ConstP (LitB b))
length assert > 0;
length assert = length alts;
i < length assert | =
SSet ((fst (assert ! 7)) N set (snd (extractP (fst (alts ! 7)))))
(snd (assert ! 1)) (E1,E2) (h, k) C
SSet (insert x (U < length aits fst (assert ! i) — set (snd (extractP (fst (alts

L))

)

(foldl op ® empty (map snd assert)) (E1, E2) (h, k)
apply (rule subsetl)
apply (erule disjE)
by (simp add: SSet-def )+

lemma P7-casel-dem1-5-2:
[ (foldl op & empty (map snd assert)) © = Some s"

(El x = Some aa A aa = IntT n A fst (alts ! i) = ConstP (LitN n)) V

(E1 x = Some aa A aa = BoolT b A fst (alts | i) = ConstP (LitB b));
length assert = length alts;
i < length assert | =
RSet2 ((fst (assert ! 4)) N set (snd (extractP (fst (alts ! i)))))
(fst (assert ! ) (snd (assert ! 1)) (F1,E2) (h, k) = {}

apply (erule disjE)
by (simp add: RSet2-def )+
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lemma P7-casel-dem1-6-1:
[ (foldl op ® empty (map snd assert)) x # Some s
(E1 z = Some aa A aa = IntT n A fst (alts ! i) = ConstP (LitN n)) V
(E1 z = Some aa A aa = BoolT b A fst (alts ! i) = ConstP (LitB b));
length assert > 0;
length assert = length alts;
i < length assert | =
SSet ((fst (assert ! i)) N set (snd (extractP (fst (alts ! 4)))))
(snd (assert ! 1)) (E1, E2) (h, k) N
RSet2 ((fst (assert ! i) N (insert x (U; < ength aits J5t (assert ! i) — set
(snd (extractP (fst (alts ! 1)))))))
(fst (assert ! i) (snd (assert ! 7)) (E1, E2) (h, k) = {}
apply (rule equalityl )
prefer 2 apply simp
apply (rule subsetl)
apply (erule disjE)
by (simp add: SSet-def )+

lemma P7-casel-dem1-6-2:

[ (E1 x = Some aa A aa = IntT n A fst (alts ! i) = ConstP (LitN n)) V
(E1 x = Some aa A aa = BoolT b A fst (alts | i) = ConstP (LitB b));
length assert > 0; i < length assert; length assert = length alts]

= RSet2 ((fst (assert ! i)) N set (snd (extractP (fst (alts ! 1)))))
(fst (assert ! 4)) (snd (assert ! 1)) (E1, E2) (h, k) = {}
apply (rule equalityl )
apply (rule subsetl)
apply (simp only: RSet2-def)
apply (simp only: live-def)
apply (simp only: closureLS-def)
apply (erule disjE)
apply simp
apply simp
by simp

lemma P7-CASEL:
[V i < length alts. © € fst (assert | i) A x & set (snd (extractP (fst (alts !
i))));
x € dom (nonDisjointUnionEnvList (map snd assert));
dom (nonDisjointUnionEnvList (map snd assert)) C dom E1,;
(E1 z = Some aa A aa = IntT n A fst (alts | i) = ConstP (LitN n))
(E1 z = Some aa A aa = BoolT b A fst (alts ! i) = ConstP (LitB b));
1 < length alts;
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0 < length assert;
def-nonDisjoint UnionEnvList (map snd assert);
0 < length (map snd assert);
length assert = length alts;
fst (assert ! i) C dom (snd (assert ! i));
SSet (Ui < tength aits fst (assert | i) — set (snd (extractP (fst (alts ! ©)))))
U {z})
(nonDisjointUnionEnvList (map snd assert)) (E1, E2) (h, k) N
RSet (U < length alts I5t (assert ! 1) — set (snd (extractP (fst (alts ! i)))))
U {z})
(nonDisjointUnionEnvList (map snd assert)) (E1, E2) (h, k) =
{};
dom (snd (assert ! 1)) C dom E1]
= SSet (fst (assert ! i)) (snd (assert ! 4)) (E1, E2) (h, k) N RSet (fst (assert
14)) (snd (assert ! 7)) (E1, E2) (h, k) = {}
apply (rule P7-casel-dem1)
apply (rule P7-casel-dem1-1,assumption+,simp)
apply (rule P7-casel-dem1-2,assumption+,simp)
apply (rule P7-casel-dem1-3,assumption+,simp)
apply (rule P7-casel-dem1-4 ,assumption+,simp)
apply (rule impl, rule conjl)
apply (rule P7-casel-dem1-5-1,assumption—+,simp)
apply (rule P7-casel-dem1-5-2 assumption+,simp)
apply (rule impl, rule congI)
apply (rule P7-casel-dem1-6-1,assumption—+,simp)
apply (rule P7-casel-dem1-6-2,assumption—+,simp,simp)
by simp

Lemmas for CASED Rule

lemma P7-cased-dem1:
[ Si=S8"%US"
Ri = Rt U R
St C S
R'i C R;
SN Ri ={};
SN R = {};
SN R={}]
= SinNRi={}
by blast

lemma P7-cased-dem1-1:
[ length assert = length alts; i < length assert] —

SSet (fst (assert ! 1)) (snd (assert ! 1)) (extend E1 (snd (extractP (fst (alts
14)))) vs, E2) (h(p := None), k) =

SSet ((fst (assert 1)) N (U < tength aits fst (assert Vi) — set (snd (extractP
(fst (alts ! 1))))))

(snd (assert ! 7)) (extend E1 (snd (extractP (fst (alts ! i)))) vs, E2)

(h(p := None), k) U
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SSet ((fst (assert ! 7)) N set (snd (extractP (fst (alts ! 7)))))
(snd (assert ! 1)) (extend E1 (snd (extractP (fst (alts ! 7)))) vs, E2)
(h(p := None), k)
by (simp add: SSet-def add: Let-def ,blast)

lemma P7-cased-dem1-2:
[ length assert = length alts; i < length assert] —
RSet (fst (assert ! 7)) (snd (assert ! 1)) (extend E1 (snd (extractP (fst (alts
14)))) vs, E2) (h(p := None), k) =
RSet2 ((fst (assert ! i)) N (insert © (U; < length alts fst (assert 1 i) — set
(snd (extractP (fst (alts ! 1)))))))
(fst (assert ! 1)) (snd (assert ! 1)) (extend E1 (snd (extractP (fst (alts
14)))) vs, E2) (h(p := None), k) U
RSet2 ((fst (assert ! i)) N set (snd (extractP (fst (alts ! i)))))
(fst (assert 1)) (snd (assert ! 1)) (extend E1 (snd (extractP (fst (alts
14)))) vs, E2) (h(p := None), k)
apply (simp add: RSet-def add: RSet2-def add: live-def add: closureLS-def)
by blast

lemma P7-cased-dem1-3:
[ length assert > 0;
E1 z = Some (Loc p); h p = Some (j,C,vs);
V z € domT.T z # Some s — (Vi<length alts. z ¢ fst (assert ! i));
I' = disjointUnionEnv
(nonDisjointUnionEnvList ((map (A(Li,I'i). restrict-neg-map T'i (set Liu{z})))

(zip (map (snd o extractP o fst) alts) (map snd assert))))
(empty(x—d"));
YV i < length alts. ¥V j < length alts. i # j — (fst (assert ! i) N set (snd
(extractP (fst (alts ! 7))))) = {};
def-nonDisjoint UnionEnvList
(map (A(Li, T'1). restrict-neg-map I'i (insert z (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert)));
def-disjoint UnionEnv
(nonDisjointUnionEnvList ((map (A(Li,I'i). restrict-neg-map T'i (set
Liu{z})))

(zip (map (snd o extractP o fst) alts) (map snd assert))))
[z — d";
shareRec (insert © (U; < length aits f5t (assert | i) — set (snd (extractP (fst
(alts 1 1))))))
T (E1, E2) (h, k) (hh, k);
set (snd (extractP (fst (alts ! 4)))) N dom E1 = {};
length (snd (extractP (fst (alts ! )))) = length vs;
dom (snd (assert ! 1)) C dom (extend E1 (snd (extractP (fst (alts ! 7)))) vs);
length assert = length alts;
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i < length assert |
= SSet ((fst (assert 10)) N (U < length aits fot (assert 1) — set (snd (extractP
(fst (alts 1 0))))
(snd (assert ! 1)) (extend E1 (snd (extractP (fst (alts ! 7)))) vs, E2)
(h(p := None), k) C
SSet (Ui < tength aits fst (assert i) — set (snd (extractP (fst (alts ! ©)))))

U {z})
I (E1, E2) (h, k)

apply (rule subsetl)
apply (simp add: SSet-def add: Let-def)
apply (rename-tac q)
apply (erule exE, elim conjE)
apply (rename-tac y)
apply (erule bexE, simp, elim conjE)
apply (rule-tac z=y in exI)
apply (rule congl)

apply (rule disjI2)

apply (rule-tac z=ia in bexl,simp,simp)
apply (case-tac y € set (snd (extractP (fst (alts ! 1)))))
apply (case-tac i=ia, simp)
apply (rotate-tac 5)
apply (erule-tac x=ia in allE simp)
apply (rotate-tac 21)

apply (erule-tac =1 in allE,simp)

apply blast
apply (rule congl)

apply (frule T'-case-z-is-d)

apply (erule-tac =z in ballE)

prefer 2 apply force

apply (drule mp, simp)

apply (case-tac y = x,blast)

apply (rule Otimes-prop/)

apply (simp,assumption—+,force,assumption+)
apply (subgoal-tac

y € dom (extend E1 (snd (extractP (fst (alts ! 1)))) vs))
prefer 2 apply blast
apply (frule dom-extend-in-E1-or-zs,assumption+)
apply simp
apply (rule closure-extend-None-subset-closure)
by assumption+

lemma P7-cased-dem1-4:
[ length assert > 0,
E1 z = Some (Loc p); h p = Some (j,C,vs);
I' = disjointUnionEnv
(nonDisjoint UnionEnvList ((map (A(Li,I'i). restrict-neg-map T'i (set Liu{z})))
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(zip (map (snd o extractP o fst) alts) (map snd assert))))
(empty(z—d"));
def-nonDisjointUnionFEnvList
(map (A(Li, T'i). restrict-neg-map T'i (insert z (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert)));
def-disjoint UnionEnv
(nonDisjointUnionEnvList ((map (A(Li,I'i). restrict-neg-map T'i (set
Liu{z})))
(zip (map (snd o extractP o fst) alts) (map snd assert))))
[z — d"];
YV i < length alts. ¥V j < length alts. i # j — (fst (assert ! i) N set (snd
(extractP (fst (alts ! 7))))) = {};
set (snd (extractP (fst (alts ! 7)))) N dom E1 = {};
length (snd (extractP (fst (alts ! i)))) = length vs;
dom (snd (assert ! 7)) C dom (extend E1 (snd (extractP (fst (alts ! 1)))) vs);
Y i < length assert. fst (assert | i) C dom (snd (assert ! i));
length assert = length alts;
i < length assert |
= RSet2 ((fst (assert ! i)) N (insert © (U; < tength aits fot (assert i) — set
(snd (extractP (fst (alts ! 1)))))))
(fst (assert ! i)) (snd (assert ! i)) (extend E1 (snd (extractP (fst (alts
14)))) vs, E2) (h(p := None), k) C
RSet (U < tength aits fst (assert 1 i) — set (snd (extractP (fst (alts ! i)))))
U {z})
T (E1, E2) (h, k)
apply (simp add: RSet-def add: RSet2-def)
apply (unfold live-def)
apply (unfold closureLS-def ,simp)
apply (rule subsetl,simp)
apply (elim conjE)
apply (rename-tac q)
apply (erule bexE)
apply (rename-tac y)
apply (rule conjI)
apply (case-tac y ¢ set (snd (extractP (fst (alts ! 7)))))
apply (rule disjI2)
apply (rule-tac =i in bexl)
prefer 2 apply simp
apply (rule-tac =y in bexl)
prefer 2 apply simp
apply (subgoal-tac
y € dom (extend E1 (snd (extractP (fst (alts ! 7)))) vs))
prefer 2 apply (erule-tac =i in allE,simp)+ apply blast
apply (subgoal-tac y € dom E1)
prefer 2 apply (rule extend-propl,simp,simp,simp)
apply (rule closure-extend-None-subset-closure,assumption+)

apply simp
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apply (frule-tac k=k and ?E2.0=E2 in patrones-2)
apply (assumption+,force,assumption+)

apply (subgoal-tac ¢ = p)

prefer 2 apply blast

apply (rule disjl1)

apply clarsimp

apply (simp add: closure-def)

apply (rule closureL-basic)

apply (erule bexE elim conjE)
apply (simp, elim conjE)
apply (erule disjE)
apply (rule disjI2,simp)
apply (rule-tac =i in bezl)

prefer 2 apply simp
apply (rule-tac z=z in bexl)

prefer 2 apply blast
apply (rule congl)

apply (frule I'-case-z-is-d,simp)
apply (case-tac p=q)

apply (simp add: recReach-def)

apply (subgoal-tac p € closureL p (h,k))

apply (subgoal-tac p € recReachL p (h,k))

apply blast

apply (rule recReachL-basic)

apply (rule closureL-basic)
apply (subgoal-tac z € dom E1)

prefer 2 apply (simp add: dom-def)
apply (subgoal-tac

3 w. w e closureL q (h(p := None), k) A

w € recReach (extend E1 (snd (extractP (fst (alts ! 7)))) vs, E2) x (h(p

:= None), k))

prefer 2 apply blast
apply (elim exE, elim conjE)
apply (frule-tac =z and E=FE1 and vs=vs in extend-monotone-i,simp,blast)
apply (simp add: recReach-def)
apply (subgoal-tac w = p,simp)

prefer 2 apply (subst (asm) recReachL-p-None-p,simp)-+
apply (frule-tac h=h and k=Fk in closureL-p-None-subseteg-closureL)
apply (subgoal-tac p € recReachL p (h,k))

apply (subgoal-tac p € closureL q (h,k))

apply blast

apply blast
apply (rule recReachL-basic)
apply (rule disjI2)
apply (erule bexE,elim conjE)
apply simp
apply (case-tac z € set (snd (extractP (fst (alts ! i)))))
apply (case-tac i=ia,simp)
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apply (rotate-tac 5)
apply (erule-tac x=ia in allE simp)
apply (rotate-tac 22)
apply (erule-tac =1 in allE,simp)
apply blast
apply (rule-tac z=i in bexl)

prefer 2 apply simp
apply (rule-tac z=z in bezl)

prefer 2 apply simp
apply (rule conjI)

apply (case-tac z = x,simp)

apply (frule T'-case-z-is-d,simp)

apply (rule Otimes-prop/)

apply (simp,assumption+,force,assumption+)
apply (subgoal-tac

3 w. w € closurel q (h(p := None), k) A

w € recReach (extend E1 (snd (extractP (fst (alts ! 1)))) vs, E2) z (h(p :=

None), k))

prefer 2 apply blast
apply (subgoal-tac z € dom (extend E1 (snd (extractP (fst (alts ! 14)))) vs))
prefer 2 apply (erule-tac z=1i in allE,simp)+ apply blast
apply (subgoal-tac z € dom E1)

prefer 2 apply (rule extend-propl,simp,simp,simp)
apply (elim exE elim conjE)
apply (frule-tac y=z in recReach-extend-None-subset-recReach,assumption+)
apply (case-tac p#q)

apply (frule-tac h=h and k=k in closureL-p-None-subseteg-closureL)
apply (subgoal-tac w € closureL q (h,k))

apply blast

apply (rotate-tac 26)

apply (erule thin-rl)

apply blast
apply simp
apply (subst (asm) closureL-p-None-p)+
apply simp
apply (subgoal-tac q € closureL q (h,k))

apply blast
by (rule closureL-basic)

lemma P7-cased-demI1-5:
[ length assert > 0;
length assert = length alts;
shareRec (fst (assert ! i)) (snd (assert ! 1)) (extend E1 (snd (extractP (fst
(alts 1 7)))) vs, E2) (h(p:=None), k) (hh, k);
dom (snd (assert ! 7)) C dom (extend E1 (snd (extractP (fst (alts ! 4)))) vs);
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Y i < length assert. fst (assert ! i) C dom (snd (assert ! i));
i < length assert |
= SSet ((fst (assert ! i)) N set (snd (extractP (fst (alts ! i)))))
(snd (assert ! i)) (extend E1 (snd (extractP (fst (alts ! 7)))) vs, E2)
(h(p := None), k) N
RSet (fst (assert ! 4)) (snd (assert ! 1)) (extend E1 (snd (extractP (fst (alts
1 0)))) vs, B2) (h(p := None), k) = {}
apply (rule equalityl )
prefer 2 apply simp
apply (rule subsetl)
apply (simp add: SSet-def)
apply (simp add: Let-def)
apply (elim conjE)
apply (elim exE, elim conjE)
apply (simp add: RSet-def)
apply (elim conjE)
apply (elim bexE elim conjE)
apply (simp add: live-def)
apply (simp add: closureLS-def)
apply (elim bexE)
apply (simp add: shareRec-def)
apply (elim conjE)
apply (rotate-tac 16)
apply (erule thin-ri)
apply (erule-tac z=za in ballE)
apply (drule mp)
apply (rule-tac =z in bexl,simp)
apply (subgoal-tac
3 w. w € closureL x (h(p := None), k) A
w € recReach (extend E1 (snd (extractP (fst (alts ! i)))) vs, E2) z (h(p
:= None), k))
prefer 2 apply blast
apply (elim exE elim conjE)
apply (subgoal-tac
w € closure (extend E1 (snd (extractP (fst (alts ! i)))) vs, E2) za (h(p :=
None), k))
apply blast
apply (rule closure-transit,simp,simp)
apply simp
apply simp
apply (erule-tac z=1i in allE,simp)+
by blast

lemma P7-cased-dem1-6:
[E1 z = Some (Loc p);

hp = Some (j,C,vs);

I' = disjointUnionEnv
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(nonDisjointUnionEnvList ((map (A(Li,I'i). restrict-neg-map T'i (set Liu{z})))

(zip (map (snd o extractP o fst) alts) (map snd assert))))
(empty(x—d"));
i < length alts; length assert = length alts;
shareRec (fst (assert ! i)) (snd (assert ! 1))
(extend E1 (snd (extractP (fst (alts ! 7)))) vs, E2) (h(p := None), k)
(hh, k)
set (snd (extractP (fst (alts ! 4)))) N dom E1 = {};
length (snd (extractP (fst (alts ! 1)))) = length vs;
dom (snd (assert ! 7)) C dom (extend E1 (snd (extractP (fst (alts ! 1)))) vs);
V i < length assert. fst (assert ! i) C dom (snd (assert ! i)) |
= SSet ((fst (assert ! i) N (U < length aits f5t (assert | i) — set (snd
(extractP (fst (alts ! 4))))))
(snd (assert ! 1)) (extend E1 (snd (extractP (fst (alts ! 7)))) vs, E2)
(h(p := Nome), k) N
RSet2 ((fst (assert ! i)) N set (snd (extractP (fst (alts ! 1)))))
(fst (assert ! 1)) (snd (assert ! 1)) (extend E1 (snd (extractP (fst (alts
14)))) vs, E2) (h(p := None), k) = {}
apply (rule equalityl )
prefer 2 apply simp
apply (rule subsetl)
apply (simp add: SSet-def)
apply (simp add: Let-def)
apply (elim conjE)
apply (elim exE, elim conjE)
apply (simp add: RSet2-def)
apply (elim bexE, elim conjE)
apply (elim bexE, elim conjE)
apply (rename-tac q y ia 2)
apply (simp add: live-def)
apply (simp add: closureLS-def)
apply (elim bexE, clarsimp)
apply (simp add: shareRec-def)
apply (elim conjE)
apply (rotate-tac 20)
apply (erule-tac =y in ballE)
apply (drule mp)
apply (rule-tac z=z in bexl)
apply (rule conjl)
apply simp
apply (simp add: closure-def)
apply (case-tac extend E1 (snd (extractP (fst (alts ! 4)))) vs y)
apply simp
apply simp
apply (case-tac a, simp-all,clarsimp)
apply (frule closureL-monotone)
apply blast
by blast
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lemma P7-CASED:
[T = disjointUnionEnv
(nonDisjointUnionEnvList ((map (A(Li,I'i). restrict-neg-map T'i (set
Liu{z})))

(zip (map (snd o extractP o fst) alts) (map snd assert))))
(empty(zr—d"));
set (snd (extractP (fst (alts !4)))) N dom E1 = {};
def-nonDisjointUnionFEnvList
(map (A(Li, T'1). restrict-neg-map I'i (insert z (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert)));
def-disjoint UnionFEnv
(nonDisjointUnionEnvList ((map (A(Li,L'i). restrict-neg-map T'i (set
Liv{z})))

(zip (map (snd o extractP o fst) alts) (map snd assert))))
[z — d";
length (snd (extractP (fst (alts ! i)))) = length vs;
Vi<length assert. fst (assert ! i) C dom (snd (assert ! i));
dom (snd (assert ! 7)) C dom (extend E1 (snd (extractP (fst (alts ! 7)))) vs);
shareRec (fst (assert ! i)) (snd (assert | i)) (extend E1 (snd (extractP (fst
(alts 1 4)))) vs, E2) (h(p := None), k) (hh, k);
Vze dom T. T z # Some 8" — (Vi<length alts. z ¢ fst (assert | i));
YV i < length alts. ¥ j < length alts. i # j — (fst (assert ! i) N set (snd
(extractP (fst (alts ! 7))))) = {};
E1 z = Some (Loc p); h p = Some (4, C, vs); i < length alts;
0 < length (map snd assert); length assert = length alts;
Vi<length alts. Vj.Vz€set (snd (extractP (fst (alts ! 1)))). snd (assert ! i)
x = Some d"” — j € RecPos Ci;
shareRec (insert © (U ; < iength aits /5t (assert 1i) — set (snd (extractP (fst
(alts 1'0))))))
T (E1, E2) (h, k) (hh,k);
SSet (Ui < tength aits fst (assert | i) — set (snd (extractP (fst (alts ! ©)))))
U {z})
I (E1, E2) (h, k) N
RSet (U < length alts Ist (assert ! 1) — set (snd (extractP (fst (alts ! i)))))
U {z})
' (E1, E2) (h, k) =
{1
= SSet (fst (assert ! 1)) (snd (assert ! 1)) (extend E1 (snd (extractP (fst
(alts 1 4)))) vs, E2) (h(p := None), k) N
RSet (fst (assert ! i)) (snd (assert ! 1)) (extend E1 (snd (extractP (fst
(alts 1 4)))) vs, E2) (h(p := None), k) =
{}
apply (rule P7-cased-dem1)
apply (rule P7-cased-dem1-1,assumption—+,simp)
apply (rule P7-cased-dem1-2,assumption+,simp)
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apply (rule P7-cased-dem1-8,simp,assumption+,simp)
apply (rule P7-cased-deml1-4,simp,assumption+,simp)
apply (rule P7-cased-dem1-5,simp,assumption+,simp)
apply (rule P7-cased-dem1-6,simp,assumption+)
done

lemma nth-map-of-zs-atom2val:
[ length xs = length as;
distinct xs |
=V i < length zs.
map-of (zip xs (map (atom2val E1) as)) (zsli) =
Some (atom2val E1 (as!i))
apply clarsimp
apply (induct xs as rule: list-induct2’,simp-all)
by (case-tac i,simp,clarsimp)

lemma closureL-k-equals-closureL-Suc-k:
closureL p (h, Suc k) = closureL p (h,k)

apply (rule equalityl )

apply (rule subsetl)

apply (erule-tac closureL.induct)
apply (rule closureL-basic)

apply (rule closureL-step,simp)

apply (simp add: descendants-def)

apply (rule subsetl)

apply (erule-tac closureL.induct)

apply (rule closureL-basic)

apply (rule closureL-step,simp)

by (simp add: descendants-def)

lemma recReachL-k-equals-recReachL-Suc-k:
recReachL x (h, k) = recReachL x (h, Suc k)
apply (rule equalityl)
apply (rule subsetl)
apply (erule-tac recReachL.induct)
apply (rule recReachL-basic)
apply (rule recReachL-step,simp)
apply (simp add: recDescendants-def)
apply (rule subsetl)
apply (erule-tac recReachL.induct)
apply (rule recReachL-basic)
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apply (rule recReachL-step,simp)
by (simp add: recDescendants-def)

lemma closure-APP-equals-closure-ef :
[ length xs = length as; distinct zs;
distinct xs;
(V i < length as. ¥ z a. asli = VarE z o« — x € dom E1);
i < length as; as ! i = VarE za a |
= closure (E1, E2) za (h, k) =
closure (map-of (zip xs (map (atom2val E1) as)), map-of (zip rs (map (the
o E2) rs))(self — Suc k)) (ws ! i) (h, Suc k)
apply (frule-tac ?E1.0=FE1 in nth-map-of-xzs-atom2val,assumption+)
apply (erule-tac z=1 in allE,simp)
apply (erule-tac =i in allE,simp)
apply (rule equalityl )

apply (rule subsetl)

apply (simp add: closure-def)

apply (case-tac E1 xa,simp-all)

apply (case-tac aa, simp-all)

apply (subst closureL-k-equals-closureL-Suc-k,assumption)

apply (rule subsetl)

apply (simp add: closure-def)

apply (case-tac E1 za,simp-all)

apply (simp add: dom-def)

apply (case-tac aa, simp-all)

apply (insert closureL-k-equals-closureL-Suc-k)
by simp

lemma recReach-A PP-equals-recReach-ef :
[ i < length as; as ! i = VarE z a;
(V i < length as. ¥ z a. asli = VarE x a — x € dom E1);
length xs = length as; distinct s |
= recReach (E1, E2) z (h, k) =
recReach (map-of (zip xs (map (atom2val E1) as)), map-of (zip rs (map
(the o E2) rs’))(self — Suc k)) (zs ! i) (h, Suc k)
apply (rule equalityl)

apply (rule subsetl)

apply (frule-tac ?E1.0=FE1 in nth-map-of-zs-atom2val, assumption+)
apply (rotate-tac 6)

apply (erule-tac z=1 in allE,simp)

apply (simp add: recReach-def)

apply (case-tac E1 z,simp-all)

apply (case-tac aa, simp-all)
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apply (subgoal-tac
recReachL nat (h, k) = recReachL nat (h, Suc k),simp)
apply (rule recReachL-k-equals-recReachL-Suc-k)

apply (rule subsetl)
apply (frule-tac ?E1.0=FE1 in nth-map-of-zs-atom2val, assumption+)
apply (rotate-tac 6)
apply (erule-tac z=i in allE,simp)
apply (simp add: recReach-def)
apply (case-tac E1 z,simp-all)
apply force
apply (case-tac aa, simp-all)
apply (subgoal-tac
recReachL nat (h, k) = recReachL nat (h, Suc k),simp)
by (rule recReachL-k-equals-recReachL-Suc-k)

lemma closureL-recReach-APP-equals-closureL-recReach-ef:
[ z € fus’ as;
1 < length as; as ! i = VarE z a;
(V i < length as. ¥ z a. asli = VarE x o« — x € dom E1);
length xs = length as; distinct s |
= closureL z (h, k) N recReach (E1, E2) z (h, k) =
closureL x (h, Suc k) N
recReach (map-of (zip xs (map (atom2val E1) as)), map-of (zip rs (map (the
o E2) rs))(self — Suc k)) (ws ! i) (h, Suc k)
apply (subst closureL-k-equals-closureL-Suc-k)
apply (frule recReach-APP-equals-recReach-ef ,assumption—+)
by blast

lemma nth-set-distinct:

[ z € set xs; distinct s |

= 3 i < length xs. zsli = x
by (induct zs,simp,force)

lemma nth-map-add-map-of-y:
[ i < length zs; ms ! i = y;
length xs = length ms; distinct xs]
= (map-of (zip s ms)) (xs ! i) = Some y
by (simp, subst set-zip,force)

lemma nth-map-add-map-of:
[ @ < length zs; length xs = length ms; distinct s |
= (map-of (zip xs ms)) (xzsli) = Some (ms!i)
apply (subgoal-tac
set (zip xs ms) =
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{(zs'i, msli) | i. i < min (length zs) (length ms)})
apply force
by (rule set-zip)

lemma map-add-map-of:

[ z € set zs; dom E1 N set zs = {}; length zs = length ys]
= (E1 ++ map-of (zip xs ys)) x = map-of (zip zs ys)

apply (subgoal-tac E1 x = None)

apply (simp only: map-add-def)

apply (case-tac map-of (zip zs ys) z,simp-all)

by blast

lemma var-in-fus:

[ i < length as; as ! i = VarE z a
= 1z € fus’ as

apply (induct as arbitrary: i, simp-all)

apply clarsimp

apply (case-tac i,simp-all)

apply (case-tac aa, simp-all)

by auto

lemma atom-fvs-VarkE:
[ (Vv a € set as. atom a); za € fus' as |
= (3 i < length as. 3 a. asli = VarE za a)
apply (induct as,simp-all)
apply (case-tac a, simp-all)
by force

declare atom.simps [simp del]

lemma live- A PP-equals-live-ef:
[ (Vv a € set as. atom a); length zs = length as;
length xs = length ms;
dom E1 N set xs = {}; distinct xs;
(V i < length as. ¥ z a.3 y. asli = VarEz o — x € dom E1)]
= live (E1, E2) (fvs' as) (h, k) =
live (map-of (zip xs (map (atomZval E1) as)), map-of (zip rs (map (the o
E2) rs'))(self — Suc k)) (set xs) (b, Suc k)
apply (rule equalityl)

apply (rule subsetl)

apply (simp add: live-def)

apply (simp add: closureLS-def)

apply (erule bexE)

apply (frule atom-fus-VarE ,assumption+)
apply (elim exE)

apply (elim conjE, elim exE)
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apply (rule-tac z=xs'!i in bexl)

prefer 2 apply simp

apply (frule-tac E1.0=F1 in closure-APP-equals-closure-ef)
apply (assumption—+,force,assumption+)

apply blast

apply (rule subsetl)
apply (simp add: live-def)
apply (simp add: closureLS-def)
apply (elim bezE)
apply (frule nth-set-distinct,assumption—+)
apply (elim exE elim conjE)
apply (frule-tac ?E1.0=FE1 in nth-map-of-zs-atom2val, assumption+)
apply (rotate-tac 10)
apply (erule-tac =1 in allE,simp)
apply (erule-tac x=as!i in ballE)
prefer 2 apply simp
apply (subgoal-tac
length xs = length (map (atom2val E1) as))
apply (frule-tac ?E1.0=E1 in map-add-map-of ,assumption+)
prefer 2 apply simp
apply (simp add: atom.simps)
apply (case-tac (as ! i),simp-all)
apply (simp add: closure-def)
apply (rule-tac x=list in bexl)
apply (case-tac E1 list,simp-all) apply force
apply (case-tac aa, simp-all)
apply (subst (asm) closureL-k-equals-closureL-Suc-k)
apply blast
by (frule var-in-fvs,assumption+)

lemma map-le-nonDisjoint UnionSafeEnvList:
[ nonDisjointUnionSafeEnvList T's x = Some y;
(nonDisjointUnionSafeEnvList I's) C,, T
= Iz = Some y
apply (simp add: map-le-def)
by force

declare nonDisjoint UnionSafeEnvList.simps [simp del]

lemma nonDisjoint UnionSafe Env-assoc:
nonDisjointUnionSafeEnv (nonDisjointUnionSafeEnv G1 G2) G8 =
nonDisjointUnionSafeEnv G1 (nonDisjointUnionSafeEnv G2 G3)
apply (simp add: nonDisjointUnionSafeEnv-def add: unionEnv-def)
apply (rule ext, auto)
apply (split split-if-asm, simp, simp)
apply (split split-if-asm, simp,simp)
by (split split-if-asm, simp, simp add: dom-def)
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lemma foldl-nonDisjoint UnionSafe Env-prop:
foldl nonDisjointUnionSafeEnv (G' & G) Gs = G' & foldl op & G Gs
apply (induct Gs arbitrary: G)
apply simp
by (simp-all add: nonDisjointUnionSafe Env-assoc)

lemma nonDisjoint UnionSafe Env-empty:
nonDisjoint UnionSafeEnv empty © = x

apply (simp add: nonDisjointUnionSafe Env-def )

by (simp add: unionEnv-def)

lemma nonDisjoint UnionSafe Env-conmutative:
def-nonDisjointUnionSafeEnv G G' = (G & G') = (G' & G)

apply (simp add: nonDisjointUnionSafeEnv-def add: unionEnv-def)

apply (rule ext)

apply (simp add: def-nonDisjointUnionSafe Env-def)

apply (simp add: safe-def)

by clarsimp

declare dom-fun-upd [simp del]

lemma nth-nonDisjointUnionSafeEnvList:
[ length xs = length ms; def-nonDisjointUnionSafeEnvList (maps-of (zip xs ms))

]
= (V i < length zs . nonDisjointUnionSafeEnvList (maps-of (zip xs ms))
(zsli) = Some (ms!i))
apply (induct zs ms rule: list-induct2’,simp-all)
apply clarsimp
apply (case-tac 1)
apply simp
apply (simp add: nonDisjointUnionSafeEnvList.simps)
apply (subgoal-tac empty @ [z — y| = [z — y| ® empty,simp)
apply (subgoal-tac foldl op & ([z — y] & empty) (maps-of (zip xs ys)) =
[z — y] ® foldl op @ empty (maps-of (zip xs ys)),simp)
apply (simp add: nonDisjointUnionSafeEnv-def)
apply (simp add: unionEnv-def)
apply (simp add: dom-def)
apply (rule foldl-nonDisjointUnionSafeEnv-prop)
apply (subst nonDisjointUnionSafe Env-empty)
apply (subst nonDisjoint UnionSafe Env-conmutative)
apply (simp only: def-nonDisjointUnionSafeEnv-def)
apply (simp only: safe-def)
apply force
apply (subst nonDisjointUnionSafe Env-empty)
apply simp
apply clarsimp
apply (simp add: nonDisjointUnionSafeEnvList.simps)
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apply (subgoal-tac empty & [z — y] = [x — y| & empty,simp)
apply (subgoal-tac foldl op @ ([z — y] ® empty) (maps-of (zip xs ys)) =
[z — y] @ foldl op © empty (maps-of (zip xs ys)),simp)
apply (simp add: Let-def)
apply (erule-tac x=nat in allE,simp)
apply (simp add: nonDisjointUnionSafe Env-def )
apply (simp add: unionEnv-def)
apply (rule congl)
apply (rule impl)+
apply (elim conjE)
apply (simp add: def-nonDisjointUnionSafeEnv-def)
apply (erule-tac z=x in ballE)
apply (simp add: safe-def)
apply (simp add: dom-def)
apply clarsimp
apply (rule foldl-nonDisjointUnionSafe Env-prop)
apply (rule nonDisjointUnionSafeEnv-conmutative)
by (simp add: def-nonDisjointUnionSafe Env-def )

lemma union-dom-nonDisjointUnionSafeEnv:

dom (nonDisjointUnionSafeEnv A B) = dom A U dom B

apply (simp add: nonDisjointUnionSafeEnv-def add: unionEnv-def ,auto)
by (split split-if-asm,simp-all)

lemma dom-foldl-nonDisjointUnionSafe Env-monotone:

dom (foldl nonDisjointUnionSafeEnv (empty @ ) xs) =
dom xz U dom (foldl op @& empty zs)
apply (subgoal-tac empty & x = x @ empty,simp)
apply (subgoal-tac foldl op @ (z ® empty) zs =
z @ foldl op @ empty zs,simp)

apply (rule union-dom-nonDisjointUnionSafe Env)
apply (rule foldl-nonDisjointUnionSafeEnv-prop)

apply (rule nonDisjointUnionSafeEnv-conmutative)

by (simp add: def-nonDisjointUnionSafe Env-def )

lemma dom-nonDisjoint UnionSafe EnvList-fus:

[V a € set xs. atom a; length xs = length ys |

= fus’ zs C dom (nonDisjoint UnionSafe EnvList (maps-of (zip (map atom2var
75) 5))
apply (induct zs ys rule: list-induct2’,simp-all)
apply (simp add: nonDisjointUnionSafeEnvList.simps)
apply (subst dom-foldl-nonDisjointUnionSafeEnv-monotone)
apply (rule congl)

apply (simp add: atom.simps)

apply (case-tac x, simp-all)

apply (simp add: dom-def)
apply (subst dom-foldl-nonDisjointUnionSafe Env-monotone)
by blast

S~~~ —~
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lemma nonDisjoint UnionSafe EnvList-prop1:
[ nonDisjointUnionSafeEnvList (maps-of (zip (map atom2var as) ms)) Cp, T}
za € fvs’ as; T’ za = Some y;
def-nonDisjointUnionSafeEnvList (maps-of (zip (map atom2var as) ms));
(V a € set as. atom a); length as = length ms |
= 3 i < length as. 3 a. as!i = VarE xa a AN msli = y
apply (frule atom-fus-VarE ,assumption+)
apply (elim exE, elim conjE, elim exE)
apply (rule-tac x=i in exl simp)
apply (simp add: map-le-def)
apply (erule-tac x=za in ballE simp)
apply (subgoal-tac length (map atom2var as) = length ms)
prefer 2 apply simp
apply (frule nth-nonDisjoint UnionSafe EnvList,assumption+)
apply (erule-tac x=4 in allE,simp)
apply (frule dom-nonDisjoint UnionSafe EnvList-fus,assumption+)
by blast

lemma zs-ms-in-set:
[ length ms = length as; length xs = length as; distinct xs;
i < length as; as ! i = VarE za a; ms | i = m]
= (zs ! i, m) € set (zip zs ms)
apply clarsimp
apply (subgoal-tac
set (zip xs ms) =
{(zsli, msli) | i. i < min (length zs) (length ms)})
apply force
by (rule set-zip)

lemma xs-ms-in-set-ms:
[ length ms = length as; length xs = length as; distinct xs;
i < length xs; (xsli, m) € set (zip s ms)]
= msli = m
apply (simp add: set-conv-nth cong: rev-cong-cong)
apply (elim exE, elim conjE)
apply (rename-tac j)
apply (frule-tac j=j in nth-eg-iff-indez-eq)
by (simp,simp,simp)

lemma SSet-APP-equals-SSet-ef :

[def-nonDisjoint UnionSafeEnvList (maps-of (zip (map atom2var as) ms));
nonDisjointUnionSafeEnvList (maps-of (zip (map atom2var as) ms)) Cpy I
length zs = length as;
length xs = length ms; distinct zs; (V a € set as. atom a);
dom E1 N set xs = {}; fvs’ as C dom T'; dom T’ C dom E1;
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(V i < length as. ¥ z a. asli = VarE x a — z € dom E1)]
= SSet (fvs’ as) T (E1, E2) (h, k) =
SSet (set xs) (map-of (zip xs ms))
(map-of (zip xs (map (atom2val E1) as)), map-of (zip rs (map (the o
E2) rs’))(self — Suc k)) (h, Suc k)
apply (rule equalityl )

apply (rule subsetl)

apply (simp add: SSet-def)

apply (simp add: Let-def)

apply (elim exE, elim conjE)

apply (frule nonDisjointUnionSafeEnvList-propl, assumption+,simp)
apply (elim exE elim conjE)+

apply (rule-tac x=zs!i in exl)

apply (rule congl)

apply simp

apply (rule congI)

apply (rule zs-ms-in-set,assumption+)

apply (subgoal-tac
closure (E1, E2) za (h, k) =
closure (map-of (zip s (map (atom2val E1) as)), map-of (zip rs (map (the o
E2) rs”))(self — Suc k)) (zs ! i) (h, Suc k))
apply blast
apply (rule closure-APP-equals-closure-ef)
apply (assumption—+,simp,assumption+)

apply (rule subsetl)

apply (simp add: SSet-def)

apply (simp add: Let-def)

apply (elim exE, elim conjE)

apply (frule-tac ?E1.0=FE1 in nth-map-of-xzs-atom2val,assumption+)
apply (frule nth-set-distinct,assumption—+)
apply (elim exFE)

apply (rotate-tac 13)

apply (erule-tac x=i in allE,simp)
apply (elim conjE)

apply (erule-tac x=asli in ballE)

prefer 2 apply simp

apply (simp add: atom.simps)

apply (case-tac (as ! i),simp-all)

apply (rule-tac z=list in exl)
apply (rule congl)

apply (rule var-in-fvs,assumption+)
apply (rule congl)
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apply (subgoal-tac length (map atom2var as) = length ms)
prefer 2 apply simp

apply (frule nth-nonDisjointUnionSafeEnvList,assumption+)
apply (rotate-tac 17)

apply (erule-tac x=4 in allE,simp)

apply (frule map-le-nonDisjoint UnionSafe EnvList,assumption—+)
apply (subgoal-tac i < length xs)

prefer 2 apply simp

apply (frule nth-map-of-zs-atom2val,assumption+)

apply (rotate-tac 19)

apply (erule-tac x=4 in allE, simp)

apply (rule zs-ms-in-set-ms,assumption+,simp,simp)

apply clarsimp
apply (subgoal-tac
closure (E1, E2) list (h, k) =
closure (map-of (zip zs (map (atom2val E1) as)), map-of (zip rs (map (the o
E2) rs”))(self — Suc k)) (zs ! i) (h, Suc k))
apply blast
apply (rule closure-APP-equals-closure-ef)
by (assumption+,simp,assumption—+)

lemma RSet-APP-equals-RSet-ef:
[ def-nonDisjointUnionSafeEnvList (maps-of (zip (map atom2var as) ms));
nonDisjointUnionSafeEnvList (maps-of (zip (map atom2var as) ms)) Cp, T
(V a € set as. atom a); length xs = length as;
(V i < length as. ¥V z a. asli = VarE z a — = € dom E1);
length zs = length ms;
dom E1 N set zs = {}; distinct xs |
= RSet (fvs’ as) T’ (E1, E2) (h, k) =
RSet (set zs) (map-of (zip xs ms))
(map-of (zip xzs (map (atom2val E1) as)), map-of (zip rs (map (the o
E2) rs’))(self — Suc k)) (h, Suc k)
apply (rule equalityl )

apply (rule subsetl)

apply (simp add: RSet-def)

apply (elim conjE elim bexE elim conjE)
apply (rule congl)

apply (frule live-APP-equals-live-ef )
apply assumption+ apply force apply blast

apply (frule nonDisjointUnionSafeEnvList-propl)
apply (assumption—+,simp)

apply (elim exE, elim conjE)+

apply (rule-tac x=xsli in bexl)

prefer 2 apply simp

apply (rule congI)
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apply (rule zs-ms-in-set,assumption+)

apply (subgoal-tac

closureL x (h, k) N recReach (E1, E2) z (h, k) =

closureL z (h, Suc k) N recReach (map-of (zip zs (map (atom2val E1) as)),
map-of (zip rs (map (the o E2) rs’))(self — Suc k))

(zs Vi) (h, Suck))
apply blast

apply (rule closureL-recReach-APP-equals-closureL-recReach-ef)
apply (assumption+,force,simp,assumption—+)

apply (rule subsetl)

apply (simp add: RSet-def)

apply (elim conjE elim bexE elim conjE)
apply (rule congI)

apply (frule live-APP-equals-live-ef)
apply (assumption—+,force,blast)

apply (frule-tac ?E1.0=FE1 in nth-map-of-zs-atom2val ,assumption+)
apply (frule nth-set-distinct,assumption—+)
apply (elim exE)

apply (rotate-tac 12)

apply (erule-tac =1 in allE,simp)

apply (elim conjE)

apply (erule-tac x=as!i in ballE)

prefer 2 apply simp

apply (simp add: atom.simps)

apply (case-tac (as ! i),simp-all)

apply (frule var-in-fvs) apply assumption—+
apply (rule-tac z=list in bexl)

prefer 2 apply simp

apply (rule congl)

apply (subgoal-tac i<length xs)

prefer 2 apply simp

apply (frule-tac zs=zs and ms=ms in nth-map-add-map-of)
apply (simp,simp)

apply (subgoal-tac length (map atom2var as) = length ms)
prefer 2 apply simp

apply (frule nth-nonDisjointUnionSafeEnvList,assumption+)
apply (rotate-tac 19)

apply (erule-tac z=i in allE)

apply clarsimp

apply (rule map-le-nonDisjoint UnionSafe EnvList,assumption+)

apply (subgoal-tac closureL x (h, k) N recReach (E1, E2) list (h, k) =
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closureL x (h, Suc k) N recReach (map-of (zip zs (map (atom2val E1) as)),
map-of (zip rs (map (the o E2) rs’))(self — Suc k))
(zs 1i) (h, Suck))
apply blast
apply (rule closureL-recReach-APP-equals-closureL-recReach-ef )
by (assumption—+,force,simp,assumption+)

lemma fvs-as-in-dom-FE1:
[ fvs’" as € dom T'; dom T C dom E1 ]
= (V i < length as. ¥ z a. asli = VarEz a — x € dom E1)
apply (case-tac as = [],simp-all)
apply (induct as,simp-all)
apply (rule alll rule impl)
apply (case-tac as = [],simp-all)
apply (case-tac a,simp-all,blast)
apply (case-tac i,simp-all)
apply (erule-tac =0 in allE,simp)
apply (case-tac a,simp-all)
by blast

lemma P7-APP-ef:

[ length xs = length as; distinct zs; length zs = length ms;
nonDisjointUnionSafeEnvList (maps-of (zip (map atom2var as) ms)) Cp, T
def-nonDisjointUnionSafeEnvList (maps-of (zip (map atom2var as) ms));

YV a€set as. atom a;
dom E1 N set xs = {}; fvs’ as C dom T'; dom T’ C dom E1;
SSet (fvs” as) T' (E1, E2) (h, k) N RSet (fvs’ as) T (E1, E2) (h, k) = {} ]
= SSet (set xs) (map-of (zip xs ms)) (map-of (zip xzs (map (atom2val E1)
as)), map-of (zip rs (map (the o E2) rs’))(self — Suc k))
(h, Suc k) N
RSet (set xs) (map-of (zip xs ms)) (map-of (zip xs (map (atom2val E1) as)),
map-of (zip rs (map (the o E2) rs’))(self — Suc k))
(h, Suc k) = {}
apply (frule fus-as-in-dom-E1,assumption+)
apply (frule SSet-APP-equals-SSet-ef
[where h=h and k=£k],assumption+)
apply (frule RSet-APP-equals-RSet-ef
[where h=h and k=Fk],assumption+)
by blast

end

19 Derived Assertions. P8. closed E L h

theory SafeDAss-P8 imports SafeDAssBasic
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BasicFacts
begin

Lemmas for LET

lemma P§-LET-el:
closed (E1, E2) (L1 U (L2 — {z1})) (h, k)
= closed (E1, E2) L1 (h, k)
by (simp add: closed-def add: live-def add: closureLS-def)

lemma P§-dem2:
[ def-pp T1 T2 L2; z € domT1;T1x # Some s"]
= z¢ L2

apply (simp add: def-pp-def add: unsafe-def)

apply (erule conjE)

apply (erule-tac =z in allE simp)+

apply (elim conjE,auto)

by (case-tac y, simp-all)

lemma P8§-dem3:
[ closed-f vl (h', k'); y € closure (E1(zx1 — vl), E2) z1 (h', k)]
= y € domHeap (h', k')

apply (simp add: closure-def add: closed-f-def)

apply (case-tac v1,simp-all)

by blast

lemma P§-dem/:

[ (Uzel2 — {z1}. closure (E1, E2) x (h, k)) C dom h; x#xl; ¢€L2; p €
closure (E1, E2) z (h, k) ]

= p € dom h
by auto

lemma P§-LET-e2:
[ def-pp T'1 T2 L2;
L2 C dom (disjointUnionEnv T'2 (empty(zl — m)));
dom (T2 + (empty(zl — m))) C dom (E1(zl — vl));
shareRec L1 T'1 (E1, E2) (h, k) (h'k);
closed-f vl (h', k);
closed (E1, E2) (L1 U (L2 — {z1})) (h, k) ]
= closed (E1(z1 — vl), E2) L2 (b', k)
apply (simp add: closed-def add: live-def add: closureLS-def add: domHeap-def)
apply (erule conjE)
apply safe apply (rename-tac y x)
apply (case-tac z#z1)
apply (subgoal-tac € dom E1,simp)
prefer 2 apply blast
apply (case-tac = (identityClosure (E1, E2) x (h, k) (h', k)))
apply (simp add: shareRec-def)
apply (elim conjE)
apply (erule-tac z=x in ballE)+
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prefer 2 apply simp

prefer 2 apply simp

apply simp

apply (elim conjE)

apply (subgoal-tac x¢ L2,simp)

apply (rule P8-dem?2,assumption—+)
apply (simp add: identityClosure-def)

apply (erule conjE)

apply (erule-tac z=y in ballE)

apply (subgoal-tac closure (E1(x1 — vl), E2) z (h', k) = closure (E1, E2) z
(h', k),simp)

prefer 2 apply (simp add: closure-def)
apply (frule P8-demj) apply assumption apply assumption+ apply simp

apply (simp add: dom-def)

apply (subgoal-tac closure (E1(xl — wvl), E2) x (h', k) = closure (E1, E2) z
(h', k),simp)

apply (simp add: closure-def)
apply simp
apply (subgoal-tac y € domHeap (h', k))
prefer 2 apply (rule P8-dem3, assumption+)
by (simp add: domHeap-def add: dom-def)

lemma PS-LET:
[ def-pp T'1 T2 L2;
L2 C dom (disjointUnionEnv T2 (empty(zl — m)));
dom (T2 + (empty(zl — m))) C dom (E1(xl — vl));
shareRec L1 T'1 (E1, E2) (h, k) (h'k);
closed-f vl (h', k);
closed (E1, E2) (L1 U (L2 — {z1})) (h, k) |
= closed (E1, E2) L1 (h, k) A closed (F1(x1 — v1), E2) L2 (h', k)
apply (rule congl)
apply (erule P§-LET-el)
by (erule P§-LET-e2)

Lemmas for CASE

lemma vs-defined:
[ set zs N dom E1 = {};
length zs = length vs;
Yy € set s;
extend E1 xs vs y = Some (Loc q) |
=3 j < length vs. vs!j = Loc q
apply (simp add: extend-def)
apply (induct xs vs rule: list-induct2’,simp-all)
by (split split-if-asm,force,force)

lemma closure-Loc-subseteq-closure V-Loc:
[ vs!i= Loc g;
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i < length vs |
= closureL q (h,k) € (U < length vs closureV (vs 11) (h, k))
apply (rule subsetl)
apply clarsimp
apply (rule-tac =i in bezl)
apply (simp add: closureV-def)
by simp

lemma closure V-subseteq-closureL:

h p = Some (j,C,vs)

= (I 7 < length vs. closureV (vs'i) (h,k)) C closureL p (h,k)
apply (frule closureV-equals-closurel)
by blast

lemma patrones:
[ E1 x = Some (Loc p); h p = Some (j,C,vs);

i < length alts; length alts > 0; length assert = length alts;

set (snd (extractP (fst (alts ! 4)))) N dom E1 = {};

length (snd (extractP (fst (alts ! i)))) = length vs;

y € set (snd (extractP (fst (alts ! i)))) ]

= closure (extend E1 (snd (extractP (fst (alts ! i)))) vs, E2) y (h, k)
closure (extend E1 (snd (extractP (fst (alts ! 1)))) vs, E2) z (h, k)

apply (rule subsetl)
apply (subst (asm) closure-def)
apply (case-tac
extend E1 (snd (extractP (fst (alts ! i)))) vs y,simp-all)
apply (case-tac a,simp-all)
apply (subgoal-tac x ¢ set (snd (extractP (fst (alts ! 1)))))
prefer 2 apply blast
apply (frule-tac =z and E=FE1 and vs=vs in extend-monotone-i)
apply (simp,simp,simp)
apply (rename-tac q)
apply (frule-tac y=y in vs-defined,force,assumption—+)
apply (simp add: closure-def)
(
(
(

N

apply (frule-tac k=k in closureV-subseteq-closureL)

apply (elim exE elim conjE)

apply (frule closure-Loc-subseteq-closure V-Loc,assumption+)
by force

lemma closure-monotone-extend-4:
[ def-extend E (snd (extractP (fst (alts ! i)))) vs;
z€ dom F;
length alts > 0;
i < length alts |
= closure (E, E') z (h, k) = closure (extend E (snd (extractP (fst (alts ! 1))))
vs, E') z (h, k)
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apply (subgoal-tac z ¢ set (snd (extractP (fst (alts ! i)))))

apply (subgoal-tac
E z = extend E (snd (extractP (fst (alts ! 7)))) vs x)
apply (simp add:closure-def)

apply (rule extend-monotone-i)

apply (simp,simp,simp)

apply (simp add: def-extend-def)

by blast

lemma P8-CASE-closurel.S:
[ def-extend E1 (snd (extractP (fst (alts ! i)))) vs;
Y i < length alts. x € fst (assert | i) A x ¢ set (snd (extractP (fst (alts ! 7))));
(Ui < tength aits f5t (assert Vi) — set (snd (extractP (fst (alts ! 4))))) U {z}
C dom (nonDisjointUnionEnvList (map snd assert));
dom (foldl op ® empty (map snd assert)) C dom E1;
E1 x = Some (Loc p);
hp = Some (j,C,vs);
i < length assert; length assert = length alts; 0 < length assert]
= closureLS (extend E1 (snd (extractP (fst (alts !14)))) vs, E2) (fst (assert !
) (h k) C
closureLS (E1, E2) (insert © (U; < length alts fst (assert 1i) — set (snd
(extractP (fst (alts ! 4)))))) (h, k)
apply (simp add: closureLS-def)
apply (rule subsetl,simp)
apply (erule bexE)
apply (rule disjI2)
apply (rule-tac z=i in bezl)
prefer 2 apply simp
apply (case-tac zaa € set (snd (extractP (fst (alts ! 1)))))
apply (rule-tac z=z in bexl)
prefer 2 apply simp
apply (simp add: def-extend-def)
apply (elim conjE)
apply (frule-tac y=zaa and vs=vs and j=j and
C=C and k=k and ?E2.0=E2 and h=h in patrones)
apply (assumption+,simp,assumption+)
apply (subgoal-tac
closure (E1, E2) © (h, k) =
closure (extend E1 (snd (extractP (fst (alts ! i)))) vs, E2) x (h, k))
apply blast
apply (rule closure-monotone-extend-4 )
apply (simp add: def-extend-def)
apply (simp add: dom-def ,simp,simp)
apply (rule-tac x=zaa in bexl)
prefer 2 apply simp
apply (subgoal-tac
zaa € (U < length alts ISt (assert 1 i) — set (snd (extractP (fst (alts ! 7))))))
prefer 2 apply blast
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apply (subgoal-tac
closure (E1, E2) zaa (h, k) =
closure (extend E1 (snd (extractP (fst (alts ! 1)))) vs, E2) zaa (h, k))
apply simp
apply (rule closure-monotone-extend-4)
by (simp,blast,simp,simp)

lemma P8-CASE:
[ def-extend E1 (snd (extractP (fst (alts ! i)))) vs;
Y i < length alts. x € fst (assert ! i) A x ¢ set (snd (extractP (fst (alts ! 7))));
(Ui < length aits fst (assert ! i) — set (snd (extractP (fst (alts ! 9))))) U {z}
C dom (nonDisjointUnionEnvList (map snd assert));
dom (foldl op ® empty (map snd assert)) C dom FE1;
E1 x = Some (Loc p);
h p = Some (j,C,vs);
1 < length assert; length assert = length alts; 0 < length assert;
closed (E1, E2) (insert x (U < tength alts fot (assert ! i) — set (snd (extractP
(fst (alts 14)))))) (h, k) ]
= closed (extend E1 (snd (extractP (fst (alts ! i)))) vs, E2) (fst (assert ! i))
(h, §)
apply (simp add: closed-def)
apply (simp add: live-def)
apply (subgoal-tac
closureLS (extend E1 (snd (extractP (fst (alts ! 7)))) vs, E2) (fst (assert ! 7))
(h, k) C
closureLS (E1, E2) (insert © (U; < length aits f5t (assert ! 1) — set (snd
(extractP (fst (alts ! 4)))))) (h, k))
apply blast
by (rule P8-CASE-closureLsS,simp-all)

lemma P8-CASE-1-1-closureLS":

[ fst (alts ! i) = ConstP (LitN n);

i < length assert; length assert = length alts; 0 < length assert]
= closureLS (E1, E2) (fst (assert ! 1)) (h, k) C
closureLS (E1, E2) (insert © (U; < length alts fst (assert 1 i) — set (snd

(extractP (fst (alts ! 4)))))) (h, k)
apply (simp add: closureLS-def)
apply (rule subsetl,simp)
apply (erule bexE)
apply (rule disjI2)
apply (rule-tac z=i in bezl)
prefer 2 apply simp
by (rule-tac x=xa in bexl,simp,simp)

lemma P§-CASE-1-1:
[ fst (alts ! i) = ConstP (LitN n);
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1 < length assert; length assert = length alts; 0 < length assert;
closed (E1, E2) (insert © (U; < tength aits fst (assert Vi) — set (snd (extractP
(fst (alts | ) (h, &) ]
= closed (E1, E2) (fst (assert ! i)) (h, k)
apply (simp add: closed-def)
apply (simp add: live-def)
apply (subgoal-tac
closureLS (E1, E2) (fst (assert ! 1)) (h, k) C
closureLS (E1, E2) (insert © (U; < tength aits f5t (assert ! 1) — set (snd
(extractP (fst (alts ! 4)))))) (h, k))
apply blast
by (rule P8-CASE-1-1-closureLS ,simp-all)

lemma P8-CASE-1-2-closureLS":

[ fst (alts ! i) = ConstP (LitB b);

i < length assert; length assert = length alts; 0 < length assert]
= closureLS (E1, E2) (fst (assert ! i)) (h, k) C
closureLS (E1, E2) (insert © (U; < length alts fst (assert 1i) — set (snd

(extractP (fst (alts ! 4)))))) (h, k)
apply (simp add: closureLS-def)
apply (rule subsetl,simp)
apply (erule bexE)
apply (rule disjI2)
apply (rule-tac =i in bezl)
prefer 2 apply simp
by (rule-tac x=xa in bexl,simp,simp)

lemma P8-CASE-1-2:
[ fst (alts ! i) = ConstP (LitB b);
i < length assert; length assert = length alts; 0 < length assert;
closed (E1, E2) (insert © (U; < length aits fst (assert Vi) — set (snd (extractP
(fst (alts 1 4)))))) (h, k) ]
= closed (E1, E2) (fst (assert ! i)) (h, k)
apply (simp add: closed-def)
apply (simp add: live-def)
apply (subgoal-tac
closureLS (E1, E2) (fst (assert ! 1)) (h, k) C
closureLS (E1, E2) (insert © (U; < length aits fst (assert ! i) — set (snd
(extractP (fst (alts ! 4)))))) (h, k))
apply blast
by (rule P8-CASE-1-2-closureLS ,simp-all)

Lemmas for CASED

lemma closureL-p-None-p:

closureL p (h(p := None), k) = {p}
apply (rule equalityl )

apply (rule subsetl)
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apply (erule closureL.induct,simp)
apply (simp add: descendants-def)
apply (rule subsetl,simp)

by (rule closureL-basic)

lemma closure-extend-p-None-subseteq-closure:

[ E1 x = Some (Loc p);

E1 z = (extend E1 (snd (extractP (fst (alts ! 7)))) vs) z ]

= closure (extend E1 (snd (extractP (fst (alts ! 4)))) vs, E2) z (h(p := None),

k) C
closure (E1, E2) z (h, k)

apply (simp add: closure-def)
apply (subst closureL-p-None-p,simp)
by (rule closureL-basic)

lemma descendants-p-None-q:
[ d € descendants q (h(p:=None),k); q¢#p |
= d € descendants q (h,k)

by (simp add: descendants-def)

lemma closureL-p-None-subseteq-closureL:
pF#q
= closureL q (h(p := None), k) C closureL q (h, k)
apply (rule subsetl)
apply (erule closureL.induct)
apply (rule closureL-basic)
apply clarsimp
apply (subgoal-tac d € descendants ga (h,k))
apply (rule closureL-step,simp,simp)
apply (rule descendants-p-None-q,assumption)
apply (simp add: descendants-def)
by (case-tac qa = p,simp-all)

lemma dom-foldl-monotone-list:

dom (foldl op ® (empty @ x) zs) =

dom z U dom (foldl op ® empty zs)
apply (subgoal-tac emply @ x = x ® empty,simp)
apply (subgoal-tac foldl op ® (z ® empty) zs =
x @ foldl op @ empty xs,simp)

apply (rule union-dom-nonDisjointUnionEnv)
apply (rule foldl-prop1)
apply (subgoal-tac def-nonDisjointUnionEnv empty x)
apply (erule nonDisjoint UnionEnv-conmutative)
by (simp add: def-nonDisjointUnionEnv-def)

lemma dom-restrict-neg-map:
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dom (restrict-neg-map m A) = dom m — (dom m N A)
apply (simp add: restrict-neg-map-def)
apply auto
by (split split-if-asm,simp-all)

lemma z-notin-I'-cased:
z ¢ dom (foldl op ® empty
(map (A(Li, T'i). restrict-neg-map T'i (insert z (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert))))
apply (induct-tac assert alts rule: list-induct2’ simp-all)
apply (subgoal-tac
dom (foldl op ® (emply ® restrict-neg-map (snd za) (insert z (set (snd (extractP

(fst y))))))
(map (A(Li, Ti). restrict-neg-map T'i (insert x (set Li))) (zip (map
(MAa. snd (extractP (fst a))) ys) (map snd xs)))) =
dom (restrict-neg-map (snd za) (insert z (set (snd (extractP (fst y)))))) U
dom (foldl op & empty (map (A(Li, T'i). restrict-neg-map T'i (insert x (set Li)))

(zip (map (Aa. snd (extractP (fst a))) ys) (map snd
zs)))),simp)
apply (subst dom-restrict-neg-map,blast)
by (rule dom-foldl-monotone-list)

lemma I'-case-z-is-d:

[ T = foldl op @ empty

(map (A(Li, T'%). restrict-neg-map T'i (insert x (set Li))) (zip (map
(snd o extractP o fst) alts) (map snd assert))) +
[z —d"]

= T z = Some d"
apply (simp add: disjointUnionEnv-def)
apply (simp add: unionEnv-def)
apply (rule impl)
apply (insert z-notin-T'-cased)
by force

lemma P§-CASED:
[ E1 x = Some (Loc p); h p = Some (j,C,vs);
length assert > 0; length assert = length alts;
length (snd (extractP (fst (alts ! 4)))) = length vs;
set (snd (extractP (fst (alts ! 4)))) N dom E1 = {};
I' = disjointUnionEnv

(nonDisjointUnionEnvList ((map (A(Li,I'7). restrict-neg-map T'i (set
Liu{z})))
(zip (map (snd o extractP o fst) alts) (map snd assert))))
(empty(z—d"));
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V z€domT.T z # Some s — (Vi<length alts. z ¢ fst (assert ! i));
shareRec (insert  (U; < tength aits fst (assert 1) — set (snd (extractP (fst
(alts 1 1))))
T (B1, B2) (b, k) (hh, B);
closed (E1, E2) (insert £ (U; < length alts fot (assert ! i) — set (snd (extractP
(fst (atts 1 1)) (h, )
i < length alts |
= closed (extend E1 (snd (extractP (fst (alts ! 4)))) vs, E2) (fst (assert ! i))
(h(p := None), k)
apply (subgoal-tac T' x = Some d'’)
prefer 2 apply (rule T'-case-z-is-d,force)
apply (simp add: closed-def)
apply (simp add: live-def)
apply (simp add: closureLS-def)
apply (simp add: domHeap-def)
apply (elim conjE)
apply (rule subsetl)
apply (rename-tac q,simp)
apply (elim bexE)
apply (rename-tac y)
apply (case-tac y € set (snd (extractP (fst (alts ! 7)))))

apply (rule congl)

apply (frule-tac ?E2.0=FE2 and k=Fk in patrones)

apply (assumption—+,simp,assumption+)

apply (subgoal-tac x ¢ set (snd (extractP (fst (alts ! 7)))) )

prefer 2 apply blast

apply (frule-tac E=F1 and vs=vs in extend-monotone-i,simp,assumption+)

apply (frule-tac alts=alts and vs=vs and i=i and ?E2.0=E2 and k=k and
h=h in

closure-extend-p-None-subseteg-closure,simp)

apply (simp add: closure-def)

apply (case-tac extend E1 (snd (extractP (fst (alts ! i)))) vs y,simp-all)

apply (case-tac a, simp-all)

apply (case-tac p = nat,simp-all)

apply (subst (asm) closureL-p-None-p,blast)

apply (frule-tac h=h and k=Fk in closureL-p-None-subseteq-closureL)
apply blast

apply (simp add: closure-def)

apply (case-tac extend E1 (snd (extractP (fst (alts ! i)))) vs y,simp-all)
apply (case-tac a,simp-all)

apply (frule vs-defined,simp,simp,simp)

apply (elim exE elim conjE)

apply (frule-tac k=k in no-cycles)

apply (erule-tac x=ja in allE simp)
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apply (simp add: closureV-def)
apply (case-tac p = nat,simp-all)

apply (subgoal-tac nat € closureL nat (h, k),simp)
apply (rule closureL-basic)

apply (frule-tac h=h and k=Fk in closureL-p-None-subseteg-closureL)
apply blast

apply (simp add: closure-def)
apply (case-tac extend E1 (snd (extractP (fst (alts ! 4)))) vs y,simp-all)
apply (case-tac a,simp-all)
apply (subgoal-tac y € dom (extend E1 (snd (extractP (fst (alts ! 7)))) vs))
prefer 2 apply force
apply (frule extend-propl,simp,simp)
apply (simp only: shareRec-def)
apply (elim conjE)
apply (rotate-tac 20)
apply (erule thin-rl)
apply (rotate-tac 19)
apply (erule-tac =y in ballE)
prefer 2 apply simp
apply (rotate-tac 19)
apply (erule-tac z=z in ballF)
prefer 2 apply force
apply (case-tac
closure (E1, E2) y (h, k) N recReach (E1, E2) = (h, k) # {})
apply simp

apply (simp add: recReach-def)
apply (subgoal-tac p € recReachL p (h,k))
prefer 2 apply (rule recReachL-basic)
apply (frule-tac E=F1 and vs=vs

in extend-monotone-i,simp,simp)
apply (simp add: closure-def)
apply (case-tac p=nat,simp)

apply (subgoal-tac nat € closureL nat (h,k))
apply (subgoal-tac nat € recReachL nat (h,k))
apply blast
apply (rule recReachL-basic)

apply (rule closureL-basic)

apply (frule-tac h=h and k=Fk in closureL-p-None-subseteg-closureL)
apply (subgoal-tac
VeeUs< length alts
(Jzefst (assert | ©) — set (snd (extractP (fst (alts ! )))).
case E1 x of None = {} | Some (Loc p) = closureL p (h, k) | Some - =
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.
z € dom h)

prefer 2 apply blast

apply (erule-tac z=q in ballE)

apply force

apply simp

apply (erule-tac x=i in ballE)

prefer 2 apply simp

apply (rotate-tac 24)

apply (erule-tac z=y in ballE)

prefer 2 apply simp

apply simp

apply (frule-tac h=h and k=Fk in closureL-p-None-subseteg-closureL)

by blast

lemma atom-fus-VarkE:
[ (V a € set as. atom a); za € fvs’ as |
= (3 i < length as. 3 a. asli = VarE za a)
apply (induct as,simp-all)
apply (case-tac a, simp-all)
by force

lemma nth-map-of-zs-atom2val:
[ length xs = length as;
distinct xs |
=V i < length zs.
map-of (zip xs (map (atom2val E1) as)) (zsli) =
Some (atom2val E1 (as!i))
apply clarsimp
apply (induct xs as rule: list-induct2’,simp-all)
by (case-tac i,simp,clarsimp)

lemma closureL-k-equals-closureL-Suc-k:
closureL p (h, Suc k) = closureL p (h,k)
apply (rule equalityl)
apply (rule subsetl)
apply (erule-tac closureL.induct)
apply (rule closureL-basic)
apply (rule closureL-step,simp)
apply (simp add: descendants-def)
apply (rule subsetl)
apply (erule-tac closureL.induct)
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apply (rule closureL-basic)
apply (rule closureL-step,simp)
by (simp add: descendants-def)

lemma fvs-as-in-dom-E1:
[ fus’ as C dom T'; dom T’ C dom E1;
i < length as; as!i = VarEz a ]
= 1 € dom F1
apply (induct as i rule:list-induct3,simp-all)
by blast

lemma closure-APP-equals-closure-ef
[ length xs = length as; distinct zs;
fus" as C dom T'; dom T' C dom FE1;
distinct xs;
i < length as; as ! i = VarE za a |
= closure (E1, E2) za (h, k) =
closure (map-of (zip zs (map (atom2val E1) as)), map-of (zip rs (map (the
o E2) rs))(self — Suc k)) (ws ! i) (h, Suc k)
apply (frule-tac ?E1.0=FE1 in nth-map-of-zs-atom2val ,assumption+)
apply (erule-tac x=i in allE,simp)
apply (rule equalityl )

apply (rule subsetl)

apply (simp add: closure-def)

apply (case-tac E1 za,simp-all)

apply (case-tac aa, simp-all)

apply (subst closureL-k-equals-closureL-Suc-k,assumption)

apply (rule subsetl)

apply (simp add: closure-def)

apply (case-tac E1 za,simp-all)

apply (frule fvs-as-in-dom-E1 ,assumption+)
apply (simp add: dom-def)

apply (case-tac aa, simp-all)

apply (insert closureL-k-equals-closureL-Suc-k)
by simp

lemma nth-set-distinct:

[ = € set ws; distinct s ]

= 3 i < length zs. zsli = x
by (induct zs,simp,force)

lemma nth-map-add-map-of:
[ @ < length zs; length s = length ms; distinct s |
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= (I" ++ map-of (zip xs ms)) (wsli) = Some (msli)
apply (subst map-add-Some-iff ,simp)
apply (subgoal-tac

set (zip xs ms) =

{(zsli, msli) | i. i < min (length zs) (length ms)})
apply force
by (rule set-zip)

lemma map-add-map-of

[ z € set zs; dom E1 N set zs = {}; length zs = length ys]
= (E1 ++ map-of (zip xs ys)) x = map-of (zip zs ys)

apply (subgoal-tac E1 x = None)

apply (simp only: map-add-def)

apply (case-tac map-of (zip zs ys) z,simp-all)

by blast

lemma var-in-fus:

[ i < length as; as ! i = VarE z a
= 1z € fus' as

apply (induct as arbitrary: i, simp-all)

apply clarsimp

apply (case-tac i,simp-all)

apply (case-tac aa, simp-all)

by auto

declare atom.simps [simp del]

lemma live-A PP-equals-live-ef :
[ (¥ a € set as. atom a); length zs = length as;
length xs = length ms;
fvs" as C dom T'; dom T' C dom E1;
dom E1 N set xs = {}; distinct xs]
= live (E1, E2) (fvs’ as) (h, k) =
live (map-of (zip s (map (atom2val E1) as)), map-of (zip rs (map (the o
E2) rs’))(self — Suc k)) (set xs) (h, Suc k)
apply (rule equalityl )

rule subsetl)

simp add: live-def)

simp add: closureLS-def)

erule bezE)

frule atom-fvs-VarE assumption+)
elim exE)

elim conjE, elim exE)

rule-tac x=xsli in bexl)

apply
apply
apply
apply
apply
apply
apply
apply

Py
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prefer 2 apply simp
apply (frule closure-APP-equals-closure-ef)
apply (assumption+,force)

apply (rule subsetl)
apply (simp add: live-def)
apply (simp add: closureLS-def)
apply (elim bexE)
apply (frule nth-set-distinct,assumption+)
apply (elim exE . elim conjE)
apply (frule-tac ?E1.0=FE1 in nth-map-of-zs-atom2val, assumption+)
apply (rotate-tac 11)
apply (erule-tac z=i in allE,simp)
apply (erule-tac x=as!i in ballF)
prefer 2 apply simp
apply (subgoal-tac
length xs = length (map (atom2val E1) as))
apply (frule map-add-map-of ,assumption+)
prefer 2 apply simp
apply (simp add: atom.simps)
apply (case-tac (as ! i),simp-all)
apply (simp add: closure-def)
apply (rule-tac z=list in bexl)
apply (case-tac E1 list,simp-all)
apply (frule fvs-as-in-dom-E1 ,assumption+)
apply (simp add: dom-def)
apply (case-tac aa, simp-all)
apply (subst (asm) closureL-k-equals-closureL-Suc-k)
apply simp
by (frule var-in-fvs,assumption+)

lemma P8-APP-ef:
[ (Vv a € set as. atom a); length zs = length as;
length xs = length ms;
dom E1 N set xs = {}; distinct xs;
fvs" as C dom T; dom T' C dom F1;
closed (E1, E2) (fvs’ as) (h, k) ]
= closed (map-of (zip xs (map (atom2val E1) as)), map-of (zip rs (map (the
o E2) rs))(self — Suc k)) (set zs) (h, Suc k)
apply (simp add: closed-def)
apply (frule live-APP-equals-live-ef)
apply (assumption+)
apply (subgoal-tac domHeap (h, k) = domHeap (h, Suc k))

apply force
by (simp add: domHeap-def)
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end

20 Derived Assertions. P9. closed v h’

theory SafeDAss-P9 imports SafeDAssBasic
SafeRegion-definitions
BasicFacts

begin

Lemma for REUSE

lemma closureV-equals-reuse:

[ p ¢ closureV v (h, k),

q ¢ closureV v (h, k)]

= closureV v (h, k) = closureV v (h(p := None)(q — (j, C, vn)), k)
apply (rule equalityl)

apply (rule subsetl)

apply (simp add: closureV-def)
apply (case-tac v,simp-all)
apply (rename-tac q)

apply (erule closureL.induct)

apply (rule closureL-basic)
apply (rule closureL-step,simp)
apply (simp add: descendants-def)
apply (subgoal-tac ga # q,simp)

prefer 2 apply blast

apply (subgoal-tac ga # p,simp)
apply blast
apply (rule subsetl)
apply (simp add: closureV-def)
apply (case-tac v,simp-all)
apply (rename-tac q)
apply (erule closureL.induct)
apply (rule closureL-basic)
apply (rule closureL-step,simp)
apply (simp add: descendants-def)
apply (subgoal-tac ga # q,simp)
prefer 2 apply blast
apply (subgoal-tac ga # p,simp)
by blast

lemma closureL-reuse-closureV :
[ E1 x = Some (Loc p); h p = Some (j, C, vn);
fresh q h]
= closureL q (h(p := None)(q — (j, C, vn)), k) =
Ui < length vn closureV (vn ! 4) (h, k)) — {p} U {q}
apply (frule-tac k=k in fresh-notin-closurel)
apply (frule-tac k=k in no-cycles)
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apply (rule equalityl )
apply (rule subsetl)
apply (subst (asm) closureV-equals-closureL,force)
apply (erule-tac z=p in ballE)
prefer 2 apply force
apply (subst (asm) closureV-equals-closureL,force,simp)
apply (erule disjE, simp)
apply (rule disjI2)
apply (elim bexE)
apply (rule-tac x=i in bexl)
prefer 2 apply simp
apply (elim conjE)
apply (erule-tac x=i in ballE)
prefer 2 apply simp
apply (erule-tac =1 in allE,simp)
apply (subst closureV-equals-reuse [where p=p|,assumption+)
apply simp
apply (rule congI)
apply (rule closureL-basic)
apply (rule subsetl)
apply (subst closureV-equals-closureL,force)
apply (erule-tac z=p in ballE)
prefer 2 apply force
apply (subst (asm) closureV-equals-closureL,force,simp)
apply (rule disjI2)
apply (elim bexE)
apply (rule-tac z=i in bexl)
prefer 2 apply simp
apply (elim conjE)
apply (erule-tac z=i in ballE)
prefer 2 apply simp
apply (erule-tac x=i in allE,simp)
by (subst (asm) closureV-equals-reuse [where p=p]|,assumption+)

lemma P9-REUSE:
[ E1 x = Some (Loc p); h p = Some c; fresh q h;
closed (E1, E2) {z} (h, k)]
= closed-f (Loc q) (h(p := None)(q — c), k)
apply (case-tac c)
apply (case-tac b)
apply simp
apply (rename-tac j b C vn)
apply (simp add: closed-def)
apply (simp add: live-def)
apply (simp add: closureLS-def)
apply (simp add: closure-def)
apply (simp add: closed-f-def)
apply (simp add: domHeap-def)
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apply (subst closureL-reuse-closureV assumption—+)
apply (subst (asm) closureV-equals-closureL,force)
by blast

Lemma for COPY

axioms P9-COPY:
[ E1 x = Some (Loc p);
copy (h, k) pj = ((h', k), p'); def-copy p (h, k);
closed (E1, E2) {z} (h, k) ]
= closed-f (Loc p’) (h', k)

Lemmas for LET1 and LET2

lemma P9-LET:
[closed-f vi (h', k'); closed-f v (hh, kk)]
= closed-f v (hh, kk)

by simp

Lemmas for LET1C and LET2C

axioms none-notequal-p:
the None # Loc p

lemma closed-el-closureV-subseteq-dom-h:
[ closed (E1, E2) (set (map atom2var as)) (h, k);
Y a€set as. atom a |
= (Ui < length as closureV (map (atom2val E1) as !i) (h, k)) C
dom h
apply (simp add: closed-def)
apply (simp add: live-def)
apply (simp add: closureLS-def)
apply (simp add: closure-def)
apply (simp add: closureV-def)
apply (rule subsetl)
apply (erule UN-E)
apply (erule-tac x=as!i in ballE)
prefer 2 apply simp
apply (case-tac as!i,simp-all)
apply (case-tac atom2val E1 (as!i),simp-all)
apply (subgoal-tac asli € set as)
prefer 2 apply (subst set-conv-nth,force)
apply (subgoal-tac
(case E1 (atom2var (asli)) of None = {} | Some (Loc p) = closureL p (h, k) |
Some - = {}) C
domHeap (h, k))
prefer 2 apply blast
apply (simp add: domHeap-def)
apply (subgoal-tac
z € (case E1 list of None = {} | Some (Loc p) = closureL p (h, k) | Some - =

)

215



apply blast
apply (case-tac E1 list,simp-all)
by (insert none-notequal-p,force)

lemma closure V-upt-subset-closureV :
fresh p h

= (U, < length (map (atom2val E1) as) closureV (map (atom2val E1) as ! 1)

(h(p — (j, C, map (atom2val E1) as)), k)) C
U, < length (map (atom2val E1) as) closureV (map (atom2val E1) as ! i)
(h, k)) U {p}
apply (rule subsetl)
apply (erule UN-E)
apply (subgoal-tac
(h(p — (j, C, map (atom2val E1) as))) p =
Some (j,C, map (atom2val E1) as))
prefer 2 apply force
apply (frule-tac k=k and h=(h(p — (4, C, map (atom2val E1) as))) in no-cycles)
apply (simp add: closureV-def)
apply (erule-tac x=i in allE,simp)
apply (case-tac atom2val E1 (as ! i),simp-all)
apply (rule disjI2)
apply (rule-tac x=i in bexl simp)
prefer 2 apply simp
apply (erule closureL.induct)
apply (rule closureL-basic)
apply (rule closureL-step,simp)
apply (simp add: descendants-def)
by (case-tac ¢ = p,simp-all)

lemma P9-LETC-el:

[ YV a€set as. atom a; fresh p h;

closed (E1, E2) (set (map atom2var as)) (h, k) ]

= closed-f (Loc p) (h(p — (j, C, map (atom2val E1) as)), k)
apply (drule closed-el-closure V-subseteq-dom-h,assumption+)
apply (simp add: closed-f-def)
apply (subst closureV-equals-closureL)
apply force
apply (subgoal-tac

U, < length (map (atom2val E1) as) closureV (map (atom2val E1) as ! i) (h(p
— (j, C, map (atom2val E1) as)), k)) C

U; < length (map (atom2val E1) as) closureV (map (atom2val E1) as ! i)

(h, k)) U {p})
apply (simp add: domHeap-def)
apply blast
by (rule closureV-upt-subset-closureV ,assumption)
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Lemmas for APP

axioms extend-heaps-P9:
(h', Suc k) T (h'|° {p € dom h'. fst (the (' p)) < k}, k)

lemma P9-APP-1:
[ = € domHeap (h', Suc k); h x = h' z ]
= ¢ € domHeap (h,k)

apply (simp only: domHeap-def)

by (simp add: dom-def)

axioms Lemma4-consistent-v:
(h,k) E (hE)
=V tnp.
consistent-v t n (Loc p) h
— consistent-v t 1 (Loc p) h'

axioms consistent-v-identityClosure:
consistent-v t n (Loc p) h
— consistent-v t n (Loc p) h’
= closureL p (h,k) = closureL p (h',k") N (¥ = € closureL p (h,k). hx = h'

2)

lemma P9-APP:
[ hh =h"|{p € dom h'. fst (the (b’ p)) < k};
closed-f v (h', Suc k) ]
= closed-f v (hh, k)
apply (simp add: closed-f-def)
apply (case-tac v, simp-all)
apply (rename-tac q)
apply (subgoal-tac
(h', Suc k) C
(h'|*{p € dom h'. fst (the (b’ p)) <k}, k))
prefer 2 apply (rule extend-heaps-P9)
apply (frule Lemma4-consistent-v)
apply (erule-tac =t in allE)
apply (erule-tac x=n in allE)
apply (erule-tac x=q in allE)
apply (drule consistent-v-identityClosure [where k=Suc k and k'=k])
apply (elim conjE)
apply (rule subsetl)
apply (subgoal-tac x € domHeap (h',Suc k))
prefer 2 apply blast
apply (erule-tac z=z in ballF)
apply (frule P9-APP-1 [where h=h'|‘ {p € dom h'. fst (the (h' p)) < k}])
apply (rule sym, assumption+)
by blast
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axioms P9-APP:
[ hh = h'|{p € dom L'. fst (the (b’ p)) < k}]
= closed-f v (hh, k)

Lemmas for APP-PRIMOP

lemma P9-APP-PRIMORP:

closed-f (execOp oper (atom2val E1 al) (atom2val E1 a2)) (h, k)
apply (simp only: closed-f-def)
by (case-tac oper,simp-all)

end

21 Derived Assertions

theory SafeDAssDepth imports SafeDAssBasic SafeDepthSemantics
SafeDAss-P2 SafeDAss-P3 SafeDAss-P1
SafeDAss-P5-P6 SafeDAss-PJ SafeDAss-P7 SafeDAss-P8
SafeDAss-P9

begin

declare dom-fun-upd [simp del]

lemma SafeDADepth-Litnt: ConstE' (LitN i) a :p ., { {}, empty |
apply (simp only: SafeDAssDepth-def)

apply (rule conjl,simp)+

apply (intro alll, rule impl)

apply (elim conjE)

apply (frule impSemBoundRA [where td=td)])
apply (elim exE)

apply (erule SafeRASem.cases) apply(simp-all)
apply (simp add: closed-f-def)

apply (simp add: shareRec-def)

by (rule balll, simp add: identityClosure-def)

lemma SafeDADepth-LitBool: ConstE (LitB b) a iy  {{}, empty }
apply (simp only: SafeDAssDepth-def)

apply (rule conjl,simp)+

apply (intro alll, rule impI)

apply (elim conjE)

apply (frule impSemBoundRA [where td=td))
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apply (elim exE)

apply (erule SafeRASem.cases,simp-all)
apply (simp add: closed-f-def)

apply (simp add: shareRec-def)

by (rule balll, simp add: identityClosure-def)

lemma SafeDADepth-Vari:
[T' z = Some s"]
= VarEza:y ,{{z}.T}
apply (simp add: SafeDAssDepth-def)
apply (rule congl, simp add: dom-def)
apply (intro alll, rule impI)
apply (erule conjE)
apply (frule impSemBoundRA [where td=td))
apply (elim exE)
apply (erule SafeRASem.cases,simp-all)
apply (rule congl, simp add: shareRec-def)
apply (rule balll) apply (simp add: identityClosure-def )
apply (rule impl)
apply (elim conjE)
apply (simp add: closed-def add: live-def add: closureLS-def add: closure-def)
by (simp add: closed-f-def)

declare copy.simps [simp del]

lemma SafeDADepth-Var2:
[x € dom T'; wellFormed {z} T' (CopyE z r d)]
= CopyExrd: o { {z},T}

apply (simp only: SafeDAssDepth-def)

apply (rule congl, simp)

apply (rule congl, simp add: dom-def)

apply (intro alll, rule impI)

apply (elim conjE)

apply (frule impSemBoundRA [where td=td))

apply (elim exE)

apply (frule P1-COPY)

apply (elim exE, elim conjE)

apply (rule conjI)

apply simp

apply (rule P5-P6-COPY ,assumption+)

apply (rule impl, elim conjE)

by (simp,rule P9-COPY ,assumption+)
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lemma SafeDADepth-Var3:
[T x = Some d'; wellFormed {z} T' (ReuseE z a)]
= ReuseEza iy ,{ {z}, I}

apply (simp only: SafeDAssDepth-def)

apply (rule conjl, simp)

apply (rule conjl, simp add: dom-def)

apply (intro alll, rule impl)

apply (elim conjE)

apply (frule impSemBoundRA [where td=td))

apply (elim exE)

apply (frule P1-REUSE)

apply (elim exE, elim conjE)

apply (rule congl)

apply simp

apply (rule P5-P6-REUSE assumption+)

apply (rule impl, elim conjE)

by (simp, rule P9-REUSE ,assumption+)

lemma SafeDADepth-APP-PRIMOP:
[ atom al; atom a2; primops g = Some oper;
L = {atom2var al, atom2var a2};
I'0 = [atom2uvar al — s atom2var a2 — s'';
roc,I]
= AppE g lal,a2][Ja:y , {L, T}
apply (simp only: SafeDAssDepth-def)

apply (rule congl)
apply (rule P4-APP-PRIMOP,assumption+)

apply (rule conjI)
apply (rule P3-APP-PRIMOP assumption+)

apply (rule alll)+
apply (rule impl)
apply (elim conjE)

apply (simp add: SafeBoundSem-def)
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apply (elim exE, elim conjE)
apply (erule SafeDepthSem.cases,simp-all)

apply (rule congl)
apply (rule P5-P6-APP-PRIMOP,force,assumption)

apply (rule impl)
by (rule P9-APP-PRIMOP)

lemma SafeDADepth-LETI:
[ et 5f,nﬂL1 ,T1 |
e2 iy L2, T2 |}
2’ = disjointUnionEnv T'2 (empty(z1—s"));
def-disjointUnionEnv T2 (empty(x1—s'"));
def-pp I'1 T2 L2;
xl ¢ L1;
L=1L1U(L2—{z1});
F=ppl'1T2L2;
V Casra’. el # ConstrE C as r a’]
= Letzl =elIne2azy ,{L,T}
apply (simp (no-asm) only: SafeDAssDepth-def)

apply (simp only: SafeDAssDepth-def)
apply (elim conjE)

apply (rule conjI)
apply (erule P4/-LET, assumption+)

apply (rule congl)

apply (simp,rule congl)

apply (erule P3-LET-el)

apply (erule P3-LET-e2, assumption—+)

apply (rule alll)+

apply (rule impl)

apply (elim conjE)

apply (frule P1-f-n-LET,simp)
apply (elim exE elim conjE)

apply (erule-tac z=FE1 in ollE)
apply (erule-tac z=FE1(z1 — vl1) in allF)
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apply (erule-tac t=E2 in allF)
apply (erule-tac t=E2 in allFE)
apply (erule-tac z=h in allE)
apply (rotate-tac 13)

apply (erule-tac z=h"in allE)
apply (erule-tac x=Fk in allE)
apply (erule-tac x=Fk in allE)
apply (erule-tac z=h"in allE)
apply (erule-tac z=hh in allF)
apply (erule-tac z=v1 in allF)
apply (erule-tac x=v in allE)

apply (frule-tac r=v1 in P2-LET, assumption+)
apply (elim conjE)
apply (drule mp,simp)

apply (drule mp,simp)
apply (elim conjE)

apply (rule congl)

apply (erule P5-P6-LET, assumption—+,simp)
apply (rule impl)

apply (elim conjE)

apply (frule P8-LET-el,simp)

apply (frule P7-LET-el, assumption+, simp)
apply (frule P8-LET-e2, assumption+, simp)

apply (frule P7-LET1-e2, assumption+)

by (rule P9-LET, assumption+, simp)

declare atom.simps [simp del]

lemma Safe DA Depth-LET1C"
[ L1 = set (map atom2var as); ¥V a€set as. atom a;
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'l = map-of (zip (map atom2var as) (replicate (length as) s”));
xl ¢ L1;
e2 iy { L2, disjointUnionEnv T'2 (empty(z1s")) |
def-disjointUnionEnv T'2 (empty(x1—s"));
def-pp I'1 T'2 L2;
L=17L1U(L2—{z1});
F=ppT1T2L2]
= Let zl = ConstrE Casra’Ine2a:y , {L T}
apply (simp only: SafeDAssDepth-def)
apply (elim conjE)

apply (frule set-atom2var-as-subeteq-I'1)

apply (rule congI)
apply (frule fvs-as-subseteq-L1)
apply (rule P/-LET, simp, assumption+)

apply (rule congl)
apply (rule P3-LET ,assumption+)

apply (rule alll)+
apply (rule impl)
apply (elim conjE)

apply (frule P1-f-n-LETC simp)

apply (elim exE elim conjE)

apply (erule-tac t=FE1(z1 — Loc p) in allE)

apply (erule-tac z=E2 in ollF)

apply (erule-tac x=h(p — (4, C, map (atom2val E1) as)) in dllE)
apply (erule-tac x=Fk in allE)

apply (erule-tac x=hh in allE)

apply (erule-tac z=v in allE)

apply (drule mp,simp)

apply (rule P2-LET-e2,assumption+)

apply (elim conjE)
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rule conjl)

frule P5-P6-f-n-LETC-el ,assumption—+,simp,assumption+,simp)
frule P2-LET-el)

rule P5-P6-LET ,assumption+)

apply
apply
apply
apply

o~~~ ~

apply (rule impl,elim conjE)

apply (frule P5-P6-f-n-LETC-el [where ?L1.0=L1 and ?T'1.0=T"1))
apply (assumption+,simp,assumption+,simp,assumption+)

apply (frule P8-LET-el)

apply (frule P9-LETC-el ,assumption+,simp)

apply (frule P2-LET-e2,assumption+)

apply (frule P8-LET-¢2)

apply (assumption+,force,assumption+)

apply simp

apply (frule P5-P6-f-n-LETC-el,assumption+,simp,assumption+,simp)
apply (frule P2-LET-el)
apply (frule P7-LET1-e2,assumption+)

apply (drule mp)
apply force

by simp

lemma SafeDADepth-LET2:
[V Casra’ el # ConstrE Casral
el ip p{L1,T1
e2 iy { L2, disjointUnionEnv I'2 (empty(z1—d")) |}
def-disjointUnionEnv T2 (empty(xl—d"));
def-pp I'1 T2 L2;
zl ¢ L1]
= Letazl = el Ine2a:y ,{ L1V (L2—{z1}),pp 1 T2L2}
apply (simp (no-asm) only: SafeDAssDepth-def)

apply (simp only: SafeDAssDepth-def)
apply (elim conjE)
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apply (rule congl)
apply (erule P4/-LET, assumption+)

apply (rule congl)

apply (simp,rule conjl)

apply (erule P3-LET-el)

apply (erule PS-LET-e2, assumption+)

apply (rule alll)+

apply (rule impl)

apply (elim conjE)

apply (frule P1-f-n-LET ,simp)
apply (elim exE elim conjE)

apply (erule-tac t=E1 in allF)
apply (erule-tac x=FE1(z1 + v1) in allE)
apply (erule-tac z=E2 in allF)
apply (erule-tac z=E2 in ollF)
apply (erule-tac z=h in allF)
apply (erule-tac x=h'in allE)
apply (erule-tac x=Fk in allE)
apply (erule-tac x=Fk in allE)
apply (erule-tac z=h'in allE)
apply (erule-tac x=hh in allFE)
apply (erule-tac x=v1 in dllE)
apply (erule-tac x=v in allE)

apply (frule-tac r=v1 in P2-LET, assumption+)
apply (elim conjE)
apply (drule mp,simp)

apply (drule mp,simp)
apply (elim conjE)

apply (rule congl)
apply (erule P5-P6-LET, assumption—+)

apply (rule impl)
apply (elim conjE)
apply (frule P8-LET-el,simp)

apply (frule P7-LET-el, assumption+, simp)
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apply (frule P8-LET-e2, assumption+, simp)
apply (frule P7-LET2-e2, assumption+)

by (rule P9-LET, assumption+, simp)

lemma Safe DA Depth-LET2C"
[ L1 = set (map atom2var as); V aEset as. atom a;
T'1 = map-of (zip (map atom2var as) (replicate (length as) s”));
xl ¢ L1;
e2 iy A L2, disjointUnionEnv I'2 (empty(z1—d")) |}
def-disjointUnionEnv T2 (empty(xl—d"));
def-pp I'1 T2 L2;
L=1L1U(L2—{xl});
F=ppT1T2L2]
= Let z1 = ConstrE Casra’Ine2azy ,{ L T}]}
apply (simp only: SafeDAssDepth-def)
apply (elim conjE)

apply (frule set-atom2var-as-subeteg-I'1)

apply (rule congl)
apply (frule fvs-as-subseteq-L1)
apply (rule P4-LET, simp, assumption+)

apply (rule congl)
apply (rule P3-LET ;assumption—+)

apply (rule alll)+
apply (rule impl)
apply (elim conjE)

apply (frule P1-f-n-LETC,simp)
apply (elim exE elim conjE)

apply (erule-tac x=E1(z1 — Loc p) in allE)
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apply (erule-tac t=E2 in allF)

apply (erule-tac z=h(p — (j, C, map (atom2val E1) as)) in allE)
apply (erule-tac x=Fk in allE)

apply (erule-tac x=hh in allFE)

apply (erule-tac z=v in allE)

apply (drule mp,simp)

apply (rule P2-LET-e2,assumption+)
apply (elim conjE)

apply (rule congI)

apply (frule P5-P6-f-n-LETC-el,assumption+,simp,assumption+,simp)
apply (frule P2-LET-el)

apply (rule P5-P6-LET ,assumption+)

apply (rule impl elim conjE)

apply (frule P5-P6-f-n-LETC-el [where ?L1.0=L1 and ¢I'1.0=T"1])
apply (assumption—+,simp,assumption+,simp,assumption+)

apply (frule P8-LET-el)

apply (frule P9-LETC-el ,assumption+,simp)

apply (frule P2-LET-e2,assumption+)

apply (frule P8-LET-¢2)

apply (assumption+,force,assumption—+)

apply simp

apply (frule P5-P6-f-n-LETC-el ,assumption+,simp,assumption+,simp)
apply (frule P2-LET-el)
apply (frule P7-LET2-e2,assumption+)

apply (drule mp)
apply force

by simp
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declare fu-fus-fus'-foAlts-foTup-foAlts’-fuTup’.simps [simp del]

lemma Safe DA Depth-CASE:
[ def-nonDisjointUnionEnvList (map snd assert);

length (map snd assert) > 0; length assert = length alts;

YV i < length alts. ¥V j < length alts. i # j — (fst (assert | i) N set (snd
(extractP (fst (alts ! 7))))) = {};

V i < length alts. Vxeset (snd (extractP (fst (alts ! )))). snd (assert ! i) z #
Some d'’;

V i < length assert. snd (alts ! i)y ., { fst (assert!i), snd (assertli) |;

YV i < length alts. © € fst (assert ! i) A z & set (snd (extractP (fst (alts ! i))));

x € dom T

wellFormedDepth fn L T' (Case (VarE z a) Of alts a’);

L = (U1 < length assert. fst (assertli) — set (snd (extractP (fst (alts ! 1)))))
U {z};

I' = nonDisjointUnionEnvList (map snd assert)]

= Case (VarE z a) Of alts a’ iy, { L, T |}
apply (simp (no-asm) only: SafeDAssDepth-def)
apply (simp only: SafeDAssDepth-def)

apply (rule congl)
apply (rule P4-CASE,simp,simp,simp)

apply (rule congI)
apply (rule P3-CASE simp,simp,simp,simp)

apply (rule alll)+
apply (rule impl)

apply (elim conjE)
apply (case-tac E1 z)

apply (subgoal-tac © € dom ET)
prefer 2 apply force
apply (simp add: dom-def)

apply (case-tac aa)
apply (rename-tac p)

apply (subgoal-tac 0 < length assert)
prefer 2 apply simp
apply (frule P3-CASE simp,simp,simp)
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apply (frule P4-CASE simp,simp)

apply (subgoal-tac
35 Cus. hp = Some (j,C,vs) A
(3 i < length alts.
def-extend E1 (snd (extractP (fst (alts ! 4)))) vs

A (extend E1 (snd (extractP (fst (alts | i)))) vs, E2) F h , k , snd (alts ! 7)
W(F m) bbb, 0))
prefer 2 apply (rule P1-f-n-CASE)
apply (simp,simp)

apply (subgoal-tac

Vi<length alts. fu (snd (alts ! 1)) C fst (assert ! i))
prefer 2 apply clarsimp
apply (subgoal-tac

Vi<length alts. fst (assert ! i) C dom (snd (assert ! i)))
prefer 2 apply clarsimp

apply (elim exE elim conjE)
apply (elim exE, elim conjE)

apply (rotate-tac 5)

apply (erule-tac z=i in allE)
apply (drule mp, simp)
apply (elim conjE)

apply (erule-tac x=extend E1 (snd (extractP (fst (alts ! 7)))) vs in allE)
apply (erule-tac t=E2 in allF)
apply (erule-tac x=h in allE)
apply (rotate-tac 25)

apply (erule-tac z=Fk in allE)
apply (rotate-tac 25)

apply (erule-tac x=hh in allE)
apply (erule-tac x=v in allE)
apply (drule mp)

apply (rule conjl,simp)
apply (rule P2-CASE assumption+,simp)

apply (rule conjI) apply simp
apply (rule P5-P6-f-n-CASE)
apply (assumption+,simp,simp,assumption+,simp)

apply (rule impl)
apply (elim conjE)
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apply (drule mp)

apply (rule conjI) apply simp
apply (rule P§-CASE)
apply (assumption—+,simp,simp,simp,simp,force,simp,assumption+,simp,assumption—+)

apply (frule P2-CASE assumption+,simp)

apply (simp add: def-extend-def)

apply (elim conjE)

apply (rule P7-CASE)

apply (assumption—+,simp,simp,assumption—+,simp,simp,simp,simp)

apply simp

apply (subgoal-tac
(3 i < length alts.
(E1, E2) - h , k, snd (alts ') I (f, n) hh , k, v
A fst (alts ! 1) = ConstP (LitN int)))
prefer 2 apply (rule P1-f-n-CASE-1-1,simp,assumption+)
apply (elim exE, elim conjE)+

apply (subgoal-tac 0 < length assert)
prefer 2 apply simp

apply (frule P3-CASE simp,simp,simp)
apply (frule P4-CASE simp,simp)

rotate-tac &)

erule-tac =i in allFE)
drule mp, simp)

elim conjE)

erule-tac z=E1 in allE)
erule-tac t=E2 in allF)
erule-tac z=h in allE)
rotate-tac 22)

erule-tac =k in allE)
rotate-tac 22)

erule-tac t=hh in allFE)
erule-tac z=v in allE)

apply
apply
apply
apply
apply
apply
apply
apply
apply
apply
apply
apply

Py

apply (drule mp)
apply (rule conjl,simp)
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apply (rule P2-CASE-1-1, assumption+,simp)

apply (rule conjI) apply simp

apply (rule P5-P6-f-n-CASE-1-1)

apply (assumption+,simp,assumption+,simp)
apply (rule impl)

apply (elim conjE)
apply (drule mp)

apply (rule congl)
apply (rule P§-CASE-1-1)
apply (assumption—+,simp,assumption+,simp)

apply (frule P2-CASE-1-1,assumption+,simp)
apply (rule P7-CASEL,assumption+,force)
apply (simp,simp,simp,simp,simp,simp,simp,simp)

apply simp

apply (subgoal-tac
(3 i < length alts.
(E1,E2) - h , k, snd (alts! i) § (f, n) hh, kv
A fst (alts ! i) = ConstP (LitB bool)))
prefer 2 apply (rule P1-f-n-CASE-1-2 simp,assumption+)
apply (elim exE, elim conjE)+

apply (subgoal-tac 0 < length assert)
prefer 2 apply simp

apply (frule P3-CASE simp,simp,simp)
apply (frule P4-CASE simp,simp)

rotate-tac 5)

erule-tac t=1 in allF)
drule mp, simp)

elim congE)

erule-tac z=F1 in allF)
erule-tac =E2 in allE)
erule-tac x=h in allFE)
rotate-tac 22)

apply
apply
apply
apply
apply
apply
apply
apply

PRy
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apply (erule-tac x=Fk in allE)
apply (rotate-tac 22)

apply (erule-tac x=hh in allE)
apply (rotate-tac 22)

apply (erule-tac z=v in allE)

apply (drule mp)
apply (rule conjl,simp)

apply (rule P2-CASE-1-1,assumption+,simp)

apply (rule conjI) apply simp

apply (rule P5-P6-f-n-CASE-1-2)

apply (assumption—+,simp,assumption+,simp)
apply (rule impl)

apply (elim conjE)
apply (drule mp)

apply (rule congl)
apply (rule P§-CASE-1-2)
apply (assumption+,simp,assumption+,simp)

apply (frule P2-CASE-1-1,assumption+,simp)
apply (rule P7-CASEL,assumption+,force)
apply (simp,simp,simp,simp,simp,simp,simp,simp)

by simp

lemma Safe DA Depth-CASED:
[ length (map snd assert) > 0; length assert = length alts;
V i < length alts. Vj. Vxe€set (snd (extractP (fst (alts ! 1)))). snd (assert ! i)
x = Some d" — j € RecPos Ci;
V i < length assert. snd (alts ! i)y, { fst (assert!i), snd (assertli) |
V z€domT.T z # Some s"" — (Vi<length alts. z ¢ fst (assert ! i));
def-nonDisjointUnionFEnvList
(map (N(Li, T'i). restrict-neg-map T'i (insert x (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert)));
def-disjoint UnionEnv
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(nonDisjointUnionEnvList ((map (A(Li,I'i). restrict-neg-map T'i (set

Liu{z})))
(zip (map (snd o extractP o fst) alts) (map snd assert))))
[z — d";

YV i < length alts. ¥ j < length alts. i # j — (fst (assert ! i) N set (snd
(extractP (fst (alts ! 7)) = {};

L = (Ui < length assert. fst (assert!i) — set (snd (extractP (fst (alts ! i)))))
U {z};

wellFormedDepth f n L T (CaseD (VarE z a) Of alts a’);

I' = disjoint UnionEnv

(nonDisjointUnionEnvList ((map (A(Li,L'i). restrict-neg-map T'i (set

Liu{z})))
(zip (map (snd o extractP o fst) alts) (map snd assert))))
(empty(zi—d")) ]
= CaseD (VarE z a) Of alts a’:y , { L, T}
apply (simp (no-asm) only: SafeDAssDepth-def)
apply (simp only: SafeDAssDepth-def)

apply (rule conjl,simp)
apply (rule P4-CASED,simp,simp)

apply (rule congl,simp,rule conjl)
apply (rule P3-1-CASED,simp,simp,simp)
apply (rule P3-2-CASED,simp,simp,simp,simp,simp)

apply (rule alll)+
apply (rule impl)
apply (elim conjE)

apply (subgoal-tac 0 < length assert)
prefer 2 apply simp
apply (frule P3-1-CASED [where x=x],simp,simp)
apply (frule P3-2-CASED [where x=z],simp,simp,simp,simp)
apply (subgoal-tac

Vi<length alts. fo (snd (alts ! 1)) C fst (assert ! i))
prefer 2 apply clarsimp
apply (subgoal-tac

Vi<length alts. fst (assert ! i) C dom (snd (assert ! i)))
prefer 2 apply clarsimp
apply (frule P4-CASED,simp)

apply (subgoal-tac
3 pj Cwus. E1 x = Some (Loc p) AN hp = Some (j,C,vs) A
(3 i < length alts.
def-extend E1 (snd (extractP (fst (alts ! 4)))) vs
A (extend E1 (snd (extractP (fst (alts ! 7)))) vs, E2)
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h(p := None), k, snd (alts ! i) Y(f,n) hh,k , v))
prefer 2 apply (rule P1-f-n-CASED,simp)

apply (elim exE elim conjE)

apply (elim exE, elim conjE)

apply (rotate-tac 3)

apply (erule-tac z=i in dllE)

apply (drule mp, simp)

apply (elim conjE)

apply (erule-tac z=extend E1 (snd (extractP (fst (alts ! i)))) vs in allE)
apply (erule-tac t=E2 in allF)

apply (erule-tac t=h(p:=None) in allF)
apply (rotate-tac 25)

apply (erule-tac z=Fk in allE)

apply (rotate-tac 25)

apply (erule-tac x=hh in allE)

apply (erule-tac x=v in allE)

apply (drule mp)
apply (rule conjl,simp)

frule-tac vs=vs and ?E1.0=FE1 in P2-CASED)
assumption+,simp, clarsimp,force,simp)

simp add: def-extend-def ,force,assumption+,simp,simp)
simp add: def-extend-def ,simp,clarsimp)

apply
apply
apply
apply

S~~~ ~

apply (rule conjl,simp)

apply (rule P5-P6-f-n-CASED)

apply (assumption—+,simp,simp,assumption+,force)
apply (rule impl)

apply (elim conjE)
apply (drule mp)

rule conjl)

simp, frule P5-P6-f-n-CASED)
simp,assumption—+)

simp only: def-extend-def, elim conjE)
rule P8-CASED)

assumption—+,simp,assumption—+,simp,simp, assumption—+)

apply
apply
apply
apply
apply
apply

Py

apply (frule-tac vs=vs and ?E1.0=E1 in P2-CASED)
apply (assumption+,simp,clarsimp,force,simp)
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apply (simp add: def-extend-def ,force,assumption+,simp,simp)
apply (simp add: def-extend-def) apply simp apply simp
apply (frule P5-P6-f-n-CASED)

apply (simp,simp,assumption+)

apply (simp add: def-extend-def)

apply (elim conjE)

apply (rule P7-CASED)

apply (simp,assumption—+,simp,simp,simp,assumption—+,simp)
apply (assumption+,simp,assumption+,simp)

by simp

declare nonDisjointUnionSafeEnvList.simps [simp del]
declare fu-fus-fus’-foAlts-foTup-foAlts’-foTup’.simps [simp add)]
declare atom.simps [simp del]

lemma lemma-19-auz [rule-format]:
E Xm
— Xm g = Some ms
— (bodyAPP Xf g): { set (varsAPP Xf g) , [varsAPP Xf g [—] ms] }
apply (rule impl)
apply (erule ValidGlobalMarkEnv.induct,simp-all)
apply (rule impl)+
by simp

lemma equiv-Safe DAss-all-n-SafeDAssDepth:
e:{L,T |} = Vn. SafeDAssDepth e fn LT

apply (simp only: SafeDAss-def)

apply (simp only: SafeDAssDepth-def)

apply clarsimp

apply (simp only: SafeBoundSem-def)

apply (simp add: Let-def)

apply (elim exE)

apply (elim conjE)

apply (erule-tac x=E1 in allF)

apply (erule-tac t=E2 in allF)
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apply (erule-tac x=h in allE)

apply (erule-tac x=Fk in allE)

apply (erule-tac z=td in allE)

apply (erule-tac x=hh in allFE)

apply (erule-tac z=v in allE)

apply (frule-tac td=td in eqSemDepthRA)
apply (elim exE)

apply (drule mp,force)

by simp

lemma map-le-z-in-dom-m2:
[ m1 C,y m2; x € dom m1; ml x # Some y |
= x € dom m2 N m2 x # Some y

apply (rule conjI)

apply (simp add: map-le-def ,force)

by (simp add: map-le-def)

lemma shareRec-map-le-T':
[ [zs [—] ms] Cm Tg; shareRec (set zs) [xs [—] ms] (E1, E2) (h, k) (hh, k);
length xs = length ms |
= shareRec (set xs) I'g (E1, E2) (h, k) (hh, k)
apply (simp add: shareRec-def)
apply (rule conjI)

apply (rule balll rule impl)

apply (elim conjE)

apply (erule-tac z=x in ballF)

prefer 2 apply simp

apply (elim bexE, elim conjE)

apply (drule mp)

apply (rule-tac =z in bezl,simp)
apply (simp add: map-le-def ,assumption+)

apply (elim conjE)

apply (simp add: map-le-def)

apply (subgoal-tac © € dom [zs [—] ms])
prefer 2 apply simp

apply (erule-tac z=x in ballE,force,simp)

apply (rule balll, rule impI)
apply (elim conjE)
apply (erule-tac z=xz in ballE)+
apply simp
apply (elim conjE)
apply (rule map-le-z-in-dom-m2,assumption+,simp,assumption)
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apply simp
by simp

lemma RSet-subseteq-RSet-map-le-T':
[[zs [—] ms] Cm Tg; length xs = length ms]
=—> RSet (set zs) [xs [—] ms] (F1, E2) (h, k) C RSet (set zs) T'g (E1, E2)
(h, k)
apply
apply

rule subsetl)

simp add: RSet-def)

apply (elim conjE, elim bexE, elim conjE)
apply (rule-tac z=z in bexl)

apply (simp add: map-le-def)

by simp

S~ o~~~

lemma SSet-subseteg-SSet-map-le-I':
[[zs [—] ms] Cm Tg; length xs = length ms]
= SSet (set xs) [xs [—] ms] (E1, E2) (h, k) C SSet (set zs) T'g (E1, E2) (h,
)
apply
apply

rule subsetl)

simp add: SSet-def)
apply (simp add: Let-def)
apply (elim exE, elim conjE)
apply (rule-tac z=za in exl)
by (simp add: map-le-def)

Py

lemma SSet-RSet-map-le-T':
[ [s [—] ms] C,, Tg; length xs = length ms;
SSet (set xs) g (E1, E2) (h, k) N RSet (set xs) 'g (E1, E2) (h, k) = {}]
= SSet (set xs) [zs [—] ms] (E1, E2) (h, k) N RSet (set xs) [zs [—] ms] (E1,
E2) (h, k) = {}
apply (frule SSet-subseteq-SSet-map-le-T', assumption—+)
apply (frule RSet-subseteq-RSet-map-le-I", assumption+)
by blast

lemma SafeDAssDepth-map-le-T':
[ Lg = set xs; [zs [—] ms] S, Tg; Bf g = Some (zs,rs,eq); length xs = length
ms;
bodyAPP Xf g :p , { set (varsAPP Xf g) , [varsAPP Xf g [—] ms] }]
= eg:f n{Lg.Tgl
apply (simp add: bodyAPP-def)
apply (simp add: varsAPP-def)
apply (simp add: SafeDAssDepth-def)
apply (subgoal-tac set xs C dom [xs [—] ms])
prefer 2 apply simp
apply (rule congl)
apply (frule map-le-implies-dom-le,simp)
apply (rule alll)+
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apply (rule impl, elim conjE)

apply (erule-tac x=E1 in allF)

apply (erule-tac z=E2 in allFE)

apply (erule-tac z=h in allF)

apply (erule-tac z=Fk in allE)

apply (erule-tac x=hh in allE)

apply (erule-tac x=v in allE)

apply (drule mp)

apply (rule conjl,simp)

apply (frule map-le-implies-dom-le,simp)
apply (elim conjE)

apply (rule congI)

apply (rule shareRec-map-le-I',assumption+)
apply (rule impl)+

apply (drule mp)

apply (rule congl,simp)

apply (rule SSet-RSet-map-le-T", assumption+,simp)
by simp

lemma SafeDAss-map-le-I':

[ Lg = set xs; [zs [—] ms] S, Tg; Bf g = Some (zs,rs,eq); length xs = length
ms;

bodyAPP Xf g : { set (varsAPP Xf g) , [varsAPP Xf g [—] ms] |}]

= egif n{Llg,lg}
apply (frule-tac f=f in equiv-SafeDAss-all-n-SafeDAssDepth)
apply (erule-tac z=n in allF)
by (rule SafeDAssDepth-map-le-T',simp-all)

lemma lemma-19 [rule-format]:
'Zf . n xm
— Xf g = Some (zs,rs,€9)
— Xm g = Some ms
— 97/
— length xs = length ms
— Lg = set xs
— [zs [—] ms] G, Tg
—egip n{Lg Lyl
apply (rule impl)
apply (erule ValidGlobalMarkEnvDepth.induct)

apply (rule impl)+
apply (frule lemma-19-aux,force)
apply (rule SafeDAss-map-le-I",assumption+)

apply (rule impl)+
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apply (frule lemma-19-aux,force)
apply (rule SafeDAss-map-le-I",assumption+)

apply (rule impl)+
apply (frule lemma-19-aux,force)
apply (rule SafeDAss-map-le-I",;assumption+)

apply (case-tac ga=g,simp-all)

apply (rule impl)+

apply (rule SafeDAss-map-le-I",simp-all)
done

lemma lemma-20 [rule-format]:
':f .n xm
— Xf f = Some (zs,rs,ef)
— Xm f = Some ms
— length xs = length ms
— Lf = set zs
— [zs [—] ms] S Tf
— n = Suc n’
—>ef:f’n/{]Lf,Ff]}
apply (rule impl)
apply (erule ValidGlobalMarkEnvDepth.induct)

apply (rule impl)+
apply (frule lemma-19-aux,force)
apply (rule SafeDAss-map-le-I",assumption+)

apply simp

apply (rule impl)+

apply simp

apply (rule SafeDAssDepth-map-le-T")
apply (simp,simp,simp,simp,simp)

apply simp
done

lemma map-upds-equals-map-of-distinct-zs:
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[ distinct zs; length zs = length ms |
= [zs [—] ms] = map-of (zip xs ms)
by (induct zs ms rule: list-induct2’,simp-all)

lemma SafeDADepth-APP:
[ length s = length ms; primops g = None;
YV a€set as. atom a; length as = length ms;
Xf g = Some (ws,rs,ef);
L = fvs’ as;
I'0 = nonDisjointUnionSafeEnvList (maps-of (zip (map atom2var as) ms));
def-nonDisjointUnionSafeEnvList (maps-of (zip (map atom2var as) ms));
roc,I;
¥m g = Some ms;
wellFormedDepth fn LT ( AppE g as s’ a);
':f ,n xm ]]
= AppEgasrs’a:f7n {L,T}
apply (case-tac g#£f)

apply (frule-tac T'g=[zs [—] ms] in lemma-19)
apply (assumption+,simp,simp add: map-le-def )

apply (simp only: SafeDAssDepth-def)
apply (elim conjE)

apply (rule conjl,simp)

apply (rule congl)
apply (rule P3-APP simp,simp,simp)

apply (rule alll)+
apply (rule impl)
apply (elim conjE)

apply (frule P1-f-n-APP-2 simp,force,simp,force)
apply (elim exE)
apply (erule-tac z=map-of (zip zs (map (atom2val E1) as)) in allE)
apply (erule-tac x=map-of (zip rs (map (the o E2) rs’))(self —
Suc k) in allE)
apply (erule-tac x=h in allE)
apply (erule-tac x=Suc k in allE)
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apply (erule-tac x=h"in allE)
apply (erule-tac x=v in allE)
apply (elim conjE)

apply (drule mp)

apply (rule conjl,simp)

apply (simp)
apply (elim conjE)

apply (rule congl)

apply (frule P3-APP simp,simp)

apply (rule P5-P6-f-n-APP-2)

apply (simp,assumption—+,simp,assumption—+)

apply (rule impl)
apply (elim conjE)

apply (subst (asm) map-upds-equals-map-of-distinct-zs,assumption+ )+
apply (frule P3-APP simp,simp)

apply (subgoal-tac length xs=length as)

prefer 2 apply simp

apply (frule P7-APP-ef ,assumption+)

apply (frule P3-APP simp,simp)
apply (frule P8-APP-ef ,assumption+)

apply (drule mp)
apply (rule conjl,simp)

apply simp

apply (rule P9-APP assumption+)

apply simp
apply (case-tac n)

apply (simp only: SafeDAssDepth-def )
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apply (rule conjl,simp)

apply (rule congl)
apply (rule P3-APP simp,simp,simp)

apply (rule alll)+

apply (rule impl)

apply (elim conjE)

apply (frule P1-f-n-APP assumption+,simp)

apply (frule-tac T'f=[zs [—] ms] in lemma-20)
apply (assumption+,simp,simp,simp)
apply simp

apply (simp only: SafeDAssDepth-def)
apply (elim conjE)

apply (rule conjl,simp)

apply (rule conjI)
apply (rule P3-APP,simp,simp,simp)

apply (rule alll)+

apply (rule impl)
apply (elim conjE)

apply (frule P1-f-n-ge-0-APP simp,force)
apply (elim exFE)
apply (erule-tac t=map-of (zip xs (map (atom2val E1) as)) in allE)
apply (erule-tac x=map-of (zip rs (map (the o E2) rs"))(self —

Suc k) in allFE)
apply (erule-tac z=h in allE)
apply (erule-tac z=Suc k in allE)
apply (erule-tac z=h'in allE)
apply (erule-tac x=v in allE)
apply (elim conjE)
apply (drule mp)
apply (rule conjl,simp)

apply (simp)
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apply (elim conjE)

apply (rule congl)
apply (frule P3-APP simp,simp)
apply (rule P5-P6-f-n-APP assumption+)

apply (rule impl)
apply (elim conjE)

apply (subst (asm) map-upds-equals-map-of-distinct-zs,assumption+)+
apply (frule P3-APP simp,simp)
apply (frule P7-APP-ef ,assumption+)

apply (frule P3-APP simp,simp)
apply (frule P8-APP-ef ,assumption+)

apply (drule mp)
apply (rule conjl,simp)

apply simp

apply (rule P9-APP,assumption+)
done

end

22 Proof rules for explicit deallocation

theory ProofRules
imports SafeDAssDepth
begin

consts RecPos :: string = nat set

inductive
ProofRulesED :: [unit Exp, MarkEnv, string, string set, TypeEnvironment] =
bool
(-, -k (-, -0 [71,71,71,71,71] 70)
where
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litInt = ConstE (LitN i) a, Xm ¢ ({} , empty)
| litBool: ConstE (LitB b) a, ¥m ¢ ({} , empty)

| var! : [Tz = Some s"]
= VarEz a, ¥m by ({2}, T)

| var2 : [z € dom T; wellFormed {z} T (CopyE = r d)]
= CopyEzrd, Emby({z},I')

| var8 : [T z = Some d"; wellFormed {z} T' (ReuseE z a)]
= ReuseE' z a, ¥m by ({z},T")

| let1 :[el,¥mby(L1,T'1);
e2, ¥m bk (L2, ra2’);
2’ = disjointUnionEnv T'2 (empty(z1—s"));
def-disjointUnionEnv T'2 (empty(xl—s"));
def-pp I'1 T'2 L2;
zl ¢ L1;
L=1"L1U(L2—{x1});
F'=ppT1T2L2;
V Casra'. el # ConstrE C asr a']
= Letal = el Ine2a, Xmbty(L,T)

| letic : [ L1 = set (map atomZ2var as); ¥V a€set as. atom a;
'l = map-of (zip (map atom2var as) (replicate (length as) s''));
xzl ¢ LI;
e2, Xm Ff( L2, disjointUnionEnv T'2 (empty(zl—s")));
def-disjointUnionEnv T'2 (empty(x1—s"));
def-pp 't T2 L2;
L=1L1U(L2—{z1});
F=ppT1T2L2]
= Let x1 = ConstrE C as r a’ In e2 a, ¥m Fr( L, T)

| let2 [V Casra’ el # ConstrE Casra’;
el, ¥m Ff( L1 ,T1);
e2, Xm ¢ (L2, disjointUnionEnv I'2 (empty(z1—d")));
def-disjointUnionEnv T2 (empty(xl—d"));
def-pp 't T2 L2;
zl ¢ L1]
= Letz1 = el Ine2a, ¥m by ( (L1 U (L2—{z1})), (pp T'1 T2 L2))

| let2c : [ L1 = set (map atom2var as); ¥V a€set as. atom a;
T'1 = map-of (zip (map atom2var as) (replicate (length as) s''));
xzl ¢ LI;
e2, ¥m ¢ ( L2, disjointUnionEnv I'2 (empty(z1—d")));
def-disjointUnionEnv T'2 (empty(z1—d"));
def-pp 't T2 L2;
L=1L1U(L2—{x1});
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F=ppT1T2L2]
= Let w1 = ConstrE C asra’'In e2 a, Em by (L, T')

| casel : [ def-nonDisjointUnionEnvList (map snd assert);
length (map snd assert) > 0; length assert = length alts;
YV i < length alts. ¥V j < length alts. i # j — (fst (assert ! i) N set
(snd (extractP (fst (alts!7))))) ={};
Y i < length alts. Vxeset (snd (extractP (fst (alts ! 1)))). snd (assert
1'4) z # Some d"
V i < length assert. snd (alts ! i), Xm ¢ ( fst (assertli), snd (assert!i));
V i < length alts. © € fst (assert ! i) A xz ¢ set (snd (extractP (fst
(alts 10))));
z € dom T
wellFormed L T (Case (VarE x a) Of alts a');
L = (Ui < length assert. fst (assertli) — set (snd (extractP (fst (alts
L)) U {a:
I’ = nonDisjointUnionEnvList (map snd assert)]
= Case (VarE z a) Of alts a’, Sm by (L, T')

| case2 : [ length (map snd assert) > 0; length assert = length alts;
YV i < length alts. Vj. Vzeset (snd (extractP (fst (alts ! i)))). snd
(assert ! i) & = Some d"" — j € RecPos Ci;
V i < length assert. snd (alts ! i), Xm b ( fst (assert!i), snd (assert!i)

V z € dom T.T z # Some s” — (Vi<length alts. z ¢ fst (assert !
0));
def-nonDisjointUnionEnvList
(map (N(Li, 'i). restrict-neg-map T'i (insert x (set Li)))
(zip (map (snd o extractP o fst) alts) (map snd assert)));
def-disjoint UnionEnv
(nonDisjointUnionEnvList ((map (A(Li,['%). restrict-neg-map T'i (set
Liu{z})))
(zip (map (snd o extractP o fst) alts) (map snd assert))))
[z — d"];
V i < length alts. ¥V j < length alts. i # j — (fst (assert ! i) N set
(snd (extractP (fst (alts ! ))))) = {};
L = (Ui < length assert. fst (assert!i) — set (snd (extractP (fst (alts
L)) Uz}
wellFormed L T (CaseD (VarE z a) Of alts a');
I' = disjointUnionEnv
(nonDisjointUnionEnvList ((map (A(Li,I'7). restrict-neg-map T'i (set
Liu{z})))
(zip (map (snd o extractP o fst) alts) (map snd assert))))
(empty(z—d")) ]
= CaseD (VarE z a) Of alts o', Sm ¢ (L, 1)

| app-primop : [ atom al; atom a2; primops f = Some oper;

L = {atom2var al, atom2var a2};
T'0 = [atom2var al — s",atom2var a2 — s'';
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roc,rI']
= AppE [ [al,a2] [| a, Em by (L, T)

| app : [ length xs = length ms; primops g = None;
Y a€set as. atom a; length as = length ms;
Yf g = Some (xs,rs,ef );
L = fus’ as;
YXm g = Some ms;
I'0 = nonDisjointUnionSafeEnvList (maps-of (zip (map atom2var

def-nonDisjoint UnionSafe EnvList (maps-of (zip (map atom2var as)

roc,I;
wellFormed LT ( AppE g as rs’ a) |
S AppEgasrs’a,Zml—f(L,F)

rec [ Zff = Some (zs,rs,ef);
f ¢ dom ¥m;
Lf = set zs;
I'f = empty (as [—] ms);
f , Sin(foms) ¢ (Lf L Tf ) ]
= ef, Im I—f(Lf,l"f)

lemma equiv-all-n-Safe DAssDepth-SafeDAss:
Vn. SafeDAssDepth e fn LT = e : { L, T |}

apply (simp only: SafeDAss-def)

apply (simp only: SafeDAssDepth-def)

apply (rule conjl,simp)+

apply (rule alll)+

apply (rule impl)

apply (elim conjE)

apply (frule-tac f=f in egSemRADepth)

apply (simp only: SafeBoundSem-def)

apply (elim exE)

apply (rename-tac n)

apply (erule-tac x=n in allE)

apply (elim conjE)

apply (erule-tac z=FE1 in allF)

apply (erule-tac z=E2 in ollF)

apply (erule-tac x=h in allE)

apply (erule-tac x=Fk in allE)

apply (erule-tac x=hh in allE)

apply (erule-tac z=v in allE)

apply (simp add: Let-def)

PR
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apply (drule mp,force)
by simp

lemma equiv-Safe DAss-all-n-SafeDAssDepth:
e:{L,T |} = Vn. SafeDAssDepth e fn LT

apply (simp only: SafeDAss-def)

apply (simp only: SafeDAssDepth-def)

apply clarsimp

apply (simp only: SafeBoundSem-def)

apply (simp add: Let-def)

apply (elim exE)

apply (elim conjE)

apply (erule-tac t=E1 in allF)

apply (erule-tac t=E2 in allF)

apply (erule-tac x=h in allE)

apply (erule-tac x=Fk in allE)

apply (erule-tac z=td in allF)

apply (erule-tac x=hh in allFE)

apply (erule-tac x=v in allE)

apply (frule-tac td=td in eqSemDepthRA)

apply (elim exE)

apply (drule mp,force)

by simp

lemma lemma-5:

V n. SafeDAssDepth e fn LT = e: {L,T }
apply (rule eg-reflection)
apply (rule iffI)

apply (rule equiv-all-n-SafeDAssDepth-SafeDAss, force)

by (rule equiv-SafeDAss-all-n-SafeDAssDepth,force)

declare fun-upd-apply [simp del]

lemma imp-ValidGlobalMarkEnv-all-n-Valid GlobalMarkEnvDepth:
ValidGlobalMarkEnv ¥ =V n. ¢, &

apply (erule ValidGlobalMarkEnv.induct,simp-all)

apply (rule alll)

apply (rule ValidGlobalMarkEnvDepth.base)
apply (rule ValidGlobalMarkEnv.base)
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apply simp
apply (rule alll)
apply (case-tac fa=fsimp)
apply (induct-tac n)
apply (rule ValidGlobalMarkEnvDepth.depth0,simp,simp)
apply (rule ValidGlobalMarkEnvDepth.step)
apply (simp,simp,simp,simp,simp)
apply (frule-tac f=f in equiv-SafeDAss-all-n-SafeDAssDepth,simp)
apply (rule ValidGlobalMarkEnvDepth.g)
apply (simp,simp,simp,simp,simp,simp)
done

lemma imp-ValidDepth-n-Sigma- Valid-Sigma [rule-format]:
):f ,n xm
— f ¢ dom ¥m
— ValidGlobalMarkEnv Y~m

apply (rule impl)

apply (erule ValidGlobalMarkEnvDepth.induct) apply (simp-all)
apply (simp add: fun-upd-apply add: dom-def)

apply (simp add: fun-upd-apply add: dom-def)

apply (rule impl)

apply (drule mp)

apply (simp add: fun-upd-apply add: dom-def)

by (rule ValidGlobalMarkEnv.step,simp-all)

lemma imp-f-notin-Sigma- ValiddDepth-n-Sigma- Valid-Sigma:
[f¢&domEm;V n.l=p , Em]
= ValidGlobalMarkEnv ¥m

apply (erule-tac z=n in allF)

by (rule imp-ValidDepth-n-Sigma- Valid-Sigma,assumption+)

lemma Theorem-4-aux [rule-format]:

':f ,n YXm

— n = Sucn’

— f € dom ¥m

— (bodyAPP Xf f) Yoo { set (varsAPP Xf f) , [(varsAPP Xf f) [—] the
(=m )] }
apply (rule impl)
apply (erule ValidGlobalMarkEnvDepth.induct,simp-all)
apply (rule impl)+
apply (subgoal-tac the (Sm(f — ms)) f) = ms,simp)
apply (simp add: fun-upd-apply add: dom-def)
apply (rule impl)+
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apply (case-tac g=f,simp-all)

apply (subgoal-tac f € dom ¥m,simp)

prefer 2 apply (simp add: fun-upd-apply add: dom-def)
apply (subgoal-tac the (Xm(g — ms)) f) = the (Xm f),simp)
by (simp add: fun-upd-apply add: dom-def)

lemma Theorem-4:
[Vn>0 1 ,Em;fedomEm]
=V n. (bodyAPP Xff) ¢ = { set (varsAPP 3f f) , [(varsAPP Xf ) [—]
the (Xm f)] |}
apply (rule alll)
apply (rule-tac n=Suc n in Theorem-4-auz)
by simp-all

lemma Theorem-5-aux [rule-format]:
):f .n xm
— n = Suc n’
— f € dom ¥m
— bodyAPP 3f f : { set (varsAPP Xf f) , [varsAPP Xf f [—] the (Xm f)] |}
— E=Ym
apply (rule impl)
apply (erule ValidGlobalMarkEnvDepth.induct,simp-all)
apply (rule impl)+
apply (rule ValidGlobalMarkEnv.step)
apply (simp,simp,simp,simp,simp)
apply (subgoal-tac the (Xm(f — ms)) f) = ms,simp)
apply (simp add: fun-upd-apply add: dom-def)
apply (rule impl)+
apply (case-tac g=f,simp-all)
apply (rule ValidGlobalMarkEnv.step,simp-all)
apply (subgoal-tac f € dom Xm,simp)
prefer 2 apply (simp add: fun-upd-apply add: dom-def)
apply (subgoal-tac the ((Xm(g — ms)) f) = the (Xm f),simp)
by (simp add: fun-upd-apply add: dom-def)

lemma Theorem-5:
[Vn>0f ,Xm;f € dom Em;
bodyAPP Xf f : { set (varsAPP Xf f) , [varsAPP Xf f [—] the (Xm f)] }]
= =Xm
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apply (rule-tac n=Suc n in Theorem-5-auz)
by simp-all

lemma imp-f-in-Sigma- ValidDepth-n-Sigma- Valid-Sigma:
[V n=p n Em;f € dom Em ]
= ValidGlobalMarkEnv ¥m
apply (subgoal-tac =y ,, Em)
prefer 2 apply simp
apply (subgoal-tac |=f o Em A (Vn > 0. , Em)elim conjE)
prefer 2 apply simp
apply (frule Theorem-4 ,assumption+)
apply (frule Theorem-5,assumption+)
by (rule equiv-all-n-SafeDAssDepth-SafeDAss,simp,simp)

lemma imp-all-n-ValidGlobalMarkEnvDepth- Valid GlobalMarkEnv:
[V n EfpnE] = ValidGlobalMarkEnv X
apply (case-tac f ¢ dom X,simp-all)
apply (rule imp-f-notin-Sigma- ValiddDepth-n-Sigma- Valid-Sigma,assumption+)
by (rule imp-f-in-Sigma-ValidDepth-n-Sigma- Valid-Sigma,assumption+)

lemma lemma-6:

V n. [y, Xm = ValidGlobalMarkEnv Xm
apply (rule eg-reflection)
apply (rule iffI)

apply (rule-tac f=f in imp-all-n-ValidGlobalMarkEnvDepth- ValidGlobalMarkEnv, force)

by (rule imp-ValidGlobalMarkEnv-all-n-ValidGlobalMarkEnvDepth,force)

lemma lemma-7:
[Vn eXm:y,{L,T}]
= SafeDAssCntxt e Xm LT
apply (simp only: SafeDAssDepthCnixt-def)
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apply (subgoal-tac (Vn. ¢ , Em) — (Vn.e:yp ,{L,T]})
apply (erule thin-rl)

apply (subst (asm) lemma-5)

apply (subst (asm) lemma-6)

apply (simp add: SafeDAssCnixt-def)

by force

lemma lemma-8-REC [rule-format]:

(V n. (ValidGlobalMarkEnvDepth fn (Sm(f — ms))) — (bodyAPP f f) ¢,

{ set (varsAPP Xf f) , [(varsAPP Xf f) [—] ms]})

— f ¢ dom ¥m

— ValidGlobalMarkEnvDepth f n ¥m

— (bodyAPP 2f f) 1y, { set (varsAPP f f) , [(varsAPP Xf f) [—] ms]}
apply (rule impl)
apply (induct-tac n)

apply (rule impl)+

apply (erule-tac =0 in allE)

apply (frule imp-ValidDepth-n-Sigma- Valid-Sigma,assumption+)
apply (subgoal-tac |: L0 Ym(f — ms),simp)

apply (rule ValszlobalMarkE’nvDepth depth0,assumption+)

erule-tac t==Suc n in allE)

rule impl )+

apply (frule imp-ValidDepth-n-Sigma-Valid-Sigma,assumption—+)
apply (subgoal-tac ):f . Ym,simp)

apply (subgoal-tac |=¢  gye n Em(f — ms),simp)

apply (rule ValidGlobalMarkEnvDepth.step,simp-all)

by (rule ValidGlobalMarkEnvDepth.base,assumption+)

apply
apply

Py

lemma lemma-§:

e, Xm by (L,T)

= Vo eXmy,{L,T}
apply (erule ProofRulesED.induct)

apply (simp only: SafeDAssDepthCnixt-def )
apply (rule alll, rule impI)
apply (rule SafeDADepth-LitInt)

apply (simp only: SafeDAssDepthCnixt-def )
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apply (rule alll, rule impI)
apply (rule SafeDADepth-LitBool)

apply (simp only: SafeDAssDepthCnixt-def )
apply (rule alll, rule impI)
apply (rule SafeDADepth-Varl,force)

apply (simp only: SafeDAssDepthCnixt-def )
apply (rule alll, rule impI)
apply (rule SafeDADepth-Var2,force,force)

apply (simp only: SafeDAssDepthCntat-def )
apply (rule alll, rule impI)
apply (rule SafeDADepth-Var3,force,force)

apply (rule alll)

apply (simp only: SafeDAssDepthCnixt-def )

apply (rule impl)

apply (erule-tac x=n in allE)+

apply (drule mp, simp)+

apply (rule SafeDADepth-LET1)

apply (assumption+,simp,assumption—+,simp,simp,assumption+)

apply (rule alll)

apply (simp only: SafeDAssDepthCnixt-def )

apply (rule impl)

apply (erule-tac x=n in allE)+

apply (drule mp, simp)+

apply (rule SafeDADepth-LET1C')

apply (assumption—+,simp,assumption—+,simp,simp,simp)

apply (rule alll)

apply (simp only: SafeDAssDepthCnixt-def )
apply (rule impl)

apply (erule-tac z=n in allE)+

apply (drule mp, simp)+

apply (rule SafeDADepth-LET?2)

apply assumption+

apply (rule alll)
apply (simp only: SafeDAssDepthCnixt-def )
apply (rule impl)
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apply (erule-tac x=n in allE)+

apply (drule mp, simp)+

apply (rule SafeDADepth-LET2C')

apply (assumption—+,simp,assumption+,simp,simp,simp)

apply (rule alll)
apply (simp only: SafeDAssDepthCnizt-def )
apply (rule impl)
apply (subgoal-tac
Vi<length alts. snd (alts ! i) :y ., { fst (assert ! i) , snd (assert i) |})
prefer 2 apply force
apply (frule-tac f=f and n=n in imp-wellFormed-wellFormedDepth)
apply (rule SafeDADepth-CASE)
apply (assumption+,simp,assumption—+,simp,simp)

apply (rule alll)
apply (simp only: SafeDAssDepthCnizt-def )
apply (rule impl)
apply (subgoal-tac
Vi<length alts. snd (alts ! i) :y ., { fst (assert ! i) , snd (assert i) |})
prefer 2 apply force
apply (frule-tac f=f and n=n in imp-wellFormed-wellFormedDepth)
apply (rule SafeDADepth-CASED)
apply (assumption—+,simp,assumption,simp,simp,simp)

apply (rule alll)

apply (simp (no-asm) only: SafeDAssDepthCntxt-def)
apply (rule impl)

apply (rule SafeDADepth-APP-PRIMOP)

apply (assumption+)

apply (rule alll)

apply (simp only: SafeDAssDepthCnixt-def )

apply (rule impl)

apply (frule-tac f=f and n=n in imp-wellFormed-wellFormedDepth)
apply (rule SafeDADepth-APP)

apply (assumption—+,simp,assumption—+,simp,assumption—+)

apply (simp only: SafeDAssDepthCnixt-def )
apply (rule alll)
apply (rule impl)
apply (subgoal-tac
ef = (bodyAPP Xf f) A
zs = (varsAPP Xf f),simp)
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apply (rule-tac ¥m=%m in lemma-8-REC)
apply (simp,simp,simp)

apply (simp add: bodyAPP-def add: varsAPP-def)
done

lemma lemma-2:

e, Xm '_f( L 5 r )

= SafeDAssCnitxt e Xm L T
apply (rule lemma-7)
by (rule lemma-8,assumption)

end

23 Region deallocation

theory SafeRegionDepth imports SafeRegion-definitions
SafeDAssBasic
BasicFacts
SafeDAss-P1

begin

declare consistent.simps [simp del]
declare argP.simps [simp del]

declare wellT.simps [simp del]

declare SafeRegionDAss.simps [simp del]

lemma map-add-fst-Some:
[¢ r = Some y; dom ¥ N dom ¥ = {}]
= (0 ++ ¥') r = Some y

by (subst map-add-Some-iff ,force)

lemma map-of-zip-is-Some:
assumes length xs = length ys
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shows z € set s <—> (3 y. map-of (zip zs ys) = Some y)
using assms by (induct rule: list-induct2) simp-all

lemma map-of-zip-twice-is-Some:
[ = € setuaxs; length xs = length vs; distinct xs; length zs = length zs |
= 3 i < length vs. (map-of (zip zs vs)) x = Some (vsli) A (map-of (zip xs
zs)) x = Some (zsi)
apply (frule-tac x=z in map-of-zip-is-Some,simp)
apply (elim exE)
apply (subgoal-tac
set (zip zs vs) =
{(zs'i, vsli) | 3. i < min (length xs) (length vs)})
prefer 2 apply (rule set-zip)
apply (subgoal-tac
set (zip zs 28) =
{(zs'i, zs'i) | i. i < min (length zs) (length zs)})
prefer 2 apply (rule set-zip)
by auto

lemma dom-map-f-comp:

dom (f of g) = dom g
apply (simp add: map-f-comp-def ,auto)
by (case-tac g x,simp,simp)

lemma dom-map-comp:
V x € domyg. (3 y.f (the (9 ) = Some y)
= dom (f o g) = dom g

apply (simp add: map-comp-def ,auto)

apply (case-tac g z,simp,simp)

by force

lemma map-comp-map-of-zip:
[ z € set as; length xs = length ys; distinct xs; ¥V i < length ys. 3 z. m (ysli) =
Some z]
= (m oy, map-of (zip zs ys)) x = map-of (zip xs (map (the o m) ys)) =
apply (frule-tac x=z in map-of-zip-is-Some,clarsimp)
apply (insert set-zip [where zs=zs and ys=ys])
apply (insert set-zip [where zs=xs and ys=map (the o m) ys])
apply clarsimp
apply (erule-tac x=i in allE,simp)
apply (elim exE simp)

255



by force

lemma map-f-comp-map-of-zip:

[[ x € set xs; length zs = length ys; distinct xs]

= (f oy map-of (zip xs ys)) © = map-of (zip zs (map fys))

apply (frule-tac x=z in map-of-zip-is-Some,clarsimp)
apply (simp add: map-f-comp-def)
apply (insert set-zip [where rs=xs and ys=ys|)
apply (insert set-zip [where zs=zs and ys=map f ys])
by force

lemma map-of-zip-is-Somel :
[ z € set xs; length xs = length vs; distinct xs |
= 3 i < length vs. zsli = x A (map-of (zip zs vs)) x = Some (vsli)
apply (frule-tac x=x in map-of-zip-is-Some,simp)
apply (subgoal-tac
set (zip zs vs) =
{(zs'i, vsli) | 3. i < min (length xs) (length vs)})
prefer 2 apply (rule set-zip)
by auto

lemma map-mu-self:

oself ¢ set os

= map (the o u2(pself — oself)) os = map (the o u2) os
by simp

lemma map-last:

s # ||

= last (map fzs) = f (last xs)
by (induct zs,simp,simp)

lemma as-in-E1:
[ fvs" as C dom E1; as!i = VarE z a; i < length as |
= x € dom E1

apply (induct as arbitrary: i,simp,clarsimp)

by (case-tac i,force,force)
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lemma rr-in-E2:

[ set rr C dom E2 ]

=V i < length rr. 3 n. E2 (rrli) = Some n
apply (subgoal-tac set rr = {rrli | i. © < length rr},force)
by (rule set-conv-nth)

lemma 7-n-ren:
[nx = Somer; z # oself; ofake ¢ dom n |
= n-ren n & = Some 1

apply (simp add: n-ren-def add: dom-def)

by clarsimp

lemma Safe DA RegionDepth-LitInt:
(ConstE (LitN i) a) iy, { (91,92), (ConstrT intType [] []) }
apply (unfold SafeRegionDAssDepth.simps)
apply (intro alll, rule implI,elim conjE)
apply (frule impSemBoundRA [where td=td)])
apply (elim exE)
apply (erule SafeRASem.cases,simp-all)
by (rule consistent-v.primitivel)

lemma SafeDA RegionDepth-LitBool:
ConstE (LitB b) a :p { (01,92), (ConstrT boolType [] []) |}
apply (unfold SafeRegionDAssDepth.simps)
apply (intro alll, rule implI,elim conjE)
apply (frule impSemBoundRA [where td=td))
apply (elim exE)
apply (erule SafeRASem.cases,simp-all)
by (rule consistent-v.primitiveB)

lemma SafeDARegionDepth-Varl:

[ 912 = Somet]

= VarEza :p ,{(01,92), ¢}
apply (unfold SafeRegionDAssDepth.simps)
apply (intro alll, rule impl, elim conjE)
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apply (frule impSemBoundRA [where td=td)])

(
apply (
apply (
apply (
apply (
apply (
apply

elim exE)

erule SafeRASem.cases,simp-all,clarsimp)
simp add: consistent.simps)

elim conjE)

erule-tac z=xz in ballE)

clarsimp

by (simp add: dom-def)

lemma

o-notin-regions-mu-ext-copy-monotone:

(o ¢ regions t — mu-ext (ul, p2(o — 0')) t = mu-ext (pl, p2) t) A
(o ¢ regions’ tm — mu-exts (u1, p2(0 — ') tm = mu-exts (ul1, pu2) tm)

apply (

induct-tac t and tm)

by clarsimp+

lemma

[ os #

map-os-equals-butlast-copy:
[J; last os = p; distinct gs ]

= map (the o u2(o — 0')) 0s =

bu

tlast (map (the o u2) os) Q [o]

by (induct os,simp,clarsimp)

lemma

copy'-Loc-p:

[ hp = Some (', C, on);

copy
h' =
p'=

"-dom (j, h, Loc p, True);
(fst (mapAccumL (copy’ j) h (zip vn (recursiveArgs C))));
getFresh h';

ps' = (snd (mapAccumL (copy’ j) h (zip vn (recursiveArgs C)))) |

— C
apply (
apply (
apply (

opy’ j h (Loc p, True) = (h'(p'—(j,C,ps")),Val.Loc p’)

simp add: copy’.psimps(2))

simp only: Let-def)

case-tac (mapAccumL (copy’ j) h (zip vn (recursiveArgs C))))

by simp

lemma
[ copy
hp
= h'
apply (
apply (

copy-h'-p":

(h, k) pj = ((h', k), p'); copy'-dom (j, h, Loc p, True);

= Some (j', C, vn)]

p' = Some (j,C,snd (mapAccumL (copy’ j) h (zip vn (recursiveArgs C))))
simp only: copy.simps)

subgoal-tac

copy’ j b (Loc p, True) =
((fst (mapAccumL (copy’ j) h (zip vn (recursiveArgs C))))

(
(

getFresh (fst (mapAccumL (copy’ j) h (zip vn (recursiveArgs C)))) —
7,C, snd (mapAccumL (copy’ j) h (zip vn (recursiveArgs C))))),
Val.Loc (getFresh (fst (mapAccumL (copy’ j) h (zip vn (recursiveArgs
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M)

apply clarsimp

apply (rule copy’-Loc-p)
by simp-all

lemma snd-mapAccumL-x-xs:

snd (mapAccumL f s (z#xs)) = (snd (f s z)) # snd (mapAccumL f (fst (f s z))
xs)

apply simp

apply (case-tac f s x,simp)

apply (case-tac (mapAccumlL f a zs))

by simp

lemma length-snd-mapAccumL:

V s. length (snd (mapAccumL f s xs)) = length xs
apply (induct zs)

apply simp

by (subst snd-mapAccumL-z-1s,simp)

lemma mapAccumL-snd-length:

length xs = length ys

= length (snd (mapAccumL f s ys)) = length zs
by (insert length-snd-mapAccumlL,force)

lemma length-tn’-equals-length-recursiveArgs:
[ length vn = length tn';
coherentC C,
constructorSignature C = Some (tn’, o', TypeExpression.ConstrT T tm’ gs’)
I
= length tn’ = length (zip vn (recursiveArgs C))
apply (simp add: coherentC-def)
apply (case-tac the (ConstructorTable C),simp)
apply (case-tac b, simp)
by (simp add: recursiveArgs-def)

lemma SafeDA Region- Var2-length-equals:
[ length vn = length tn';
coherentC C';
constructorSignature C = Some (in', o', TypeExpression.ConstrT T tm’' os’)

]

= length (snd (mapAccumL (copy’ j) h (zip vn (recursiveArgs C)))) = length
tn’

apply (subgoal-tac length tn' = length (zip vn (recursiveArgs C)))
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apply (rule mapAccumL-snd-length,assumption)
by (rule length-tn’-equals-length-recursive Args,assumption—+)

declare copy.simps [simp del]

lemma Safe DA RegionDepth-Var2:
[ V1 z = Some (ConstrT T ti ol);
92 r = Some o';
coherent constructorSignature Tc]
= CopyExra iy {(01,02), ConstrT T ti ((butlast ol)@Q[o) |}
apply (unfold SafeRegionDAssDepth.simps)
apply (intro alll, rule impl, elim conjE)
apply (frule impSemBoundRA [where td=td))
apply (elim exE)
apply (erule SafeRASem.cases,simp-all)
apply (simp add: consistent.simps)
apply (elim conjE)
apply (erule-tac x=x in ballE)
prefer 2 apply (simp add: dom-def)
apply (elim exE, elim conjE)
apply (elim exE, elim conjE)
apply clarsimp
apply (erule consistent-v.cases,simp-all)

apply (simp add: def-copy)

apply (erule-tac z=pa in ballE simp)

apply (subgoal-tac pa € closureL pa (h,ka),simp)
apply (rule closureL-basic)

apply (rule consistent-v.algebraic)

apply (frule dom-copy’)
apply (frule copy-h'-p’,force,force,force)

apply simp

apply (erule-tac x=r and A=dom E2a in ballE)
prefer 2 apply force

apply (elim exE, elim conjE)+

apply (simp add: dom-def)

apply (erule-tac x=r and A=dom E2a in ballE)
prefer 2 apply force

apply (elim exE, elim conjE)+

apply simp
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apply force

apply force

apply (simp only: coherent-def)

apply (elim conjE)

apply (rule SafeDARegion- Var2-length-equals,assumption+)
apply (erule-tac x=C and A=dom constructorSignature in ballE)
apply (simp,force,force)

apply clarsimp
apply (rule-tac z=p1 in exl)
apply (rule-tac x=p2(last os’ — o) in exl)
apply (drule-tac s=the (u2 (last ps’)) in sym)
apply simp
apply (simp add: wellT.simps)
apply (elim conjE)
apply (subgoal-tac 3 o. last ps’ = o)
prefer 2 apply simp
apply (erule exE)
apply simp
apply (rule congI)
apply (subgoal-tac

(o ¢ regions t

— mu-ext (ul, p2(o — 0') t = mu-ext (u1, p2) t) A
(o ¢ regions’ tm’
— mu-exts (ul, p2(o — ")) tm’' = mu-exts (u1, pu2) tm’))

apply simp
apply (rule o-notin-regions-mu-ext-copy-monotone)
apply (rule congl)
apply (rule map-ps-equals-butlast-copy,assumption+)
by (rule SafeDARegion-Var2-2, assumption—+)

lemma case-Recursive:
[h ¢ = Some (j,C, vn); i < length vn; vn ! i = Loc p;
snd (snd (the (ConstructorTable C)))li = Recursive;
length (snd (snd (the (ConstructorTable C)))) = length vn]
= (Recursive, Loc p) €
{z € set (zip (getArgType (getConstructorCell (C, vn)))
(getValuesCell (C, vn))). isNonBasicValue (fst z)}
apply (subst set-zip)
apply (simp add: getConstructorCell-def)
apply (simp add: getArgType-def)
apply (simp add: getValuesCell-def)
apply (simp add: isNonBasicValue-def)
by force
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lemma case-NonRecursive:
[h ¢ = Some (5,C, vn); i < length vn; vn ! i = Loc p;
snd (snd (the (ConstructorTable C)))!i = NonRecursive;
length (snd (snd (the (ConstructorTable C)))) = length vn]
= (NonRecursive, Loc p) €
{z € set (zip (getArgType (getConstructorCell (C, vn))) (getValuesCell (C,
vn))). isNonBasicValue (fst x)}
apply (subst set-zip)
apply (simp add: getConstructorCell-def)
apply (simp add: getArgType-def)
apply (simp add: getValuesCell-def)
apply (simp add: isNonBasicValue-def)
by force

lemma p-in-closureL-Recursive:

[h ¢ = Some (j, C, vn); i < length vn; vn ! i = Loc p;
length (snd (snd (the (ConstructorTable C)))) = length vn;
snd (snd (the (ConstructorTable C)))'i = Recursive]
= p € closureL q (h, k)

apply (rule-tac g=q in closureL-step)

apply (rule closureL-basic)

apply (simp add: descendants-def)

apply (simp add: getNonBasicValuesCell-def)
apply (frule case-Recursive, assumption+)
by force

lemma p-in-closureL-NonRecursive:
[h ¢ = Some (j, C, vn); i < length vn; vn | i = Loc p;
length (snd (snd (the (ConstructorTable C)))) = length vn;
snd (snd (the (ConstructorTable C)))li = NonRecursive]

= p € closureL q (h, k)

apply (rule-tac g=q in closureL-step)

apply (rule closureL-basic)

apply (simp add: descendants-def)

apply (simp add: getNonBasicValuesCell-def)

apply (frule case-NonRecursive, assumption+)

by force

lemma closureV-vn-closureV-q:
[ h g = Some (j, C, vn); coherentC C;
constructorSignature C = Some (tn', o', TypeExpression.ConstrT T tm' ps’);
length tn’ = length vn]
= (U ¢ < length vn. closureV (wnli) (h,k)) C
closureV (Loc q) (h, k)
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apply (rule subsetl)

apply (simp add: closureV-def)

apply (elim bexE)

apply (case-tac vnli,simp-all)

apply (erule closureL.induct)

prefer 2 apply (rule closureL-step,assumption+)
apply (rename-tac p)

apply (simp only: coherentC-def)
apply (case-tac the (ConstructorTable C))
apply (case-tac b)
apply (rename-tac nargs b n largs)

apply (case-tac the (constructorSignature C))
apply (case-tac ba)

apply (rename-tac ts ba ol t)

apply (simp add: Let-def)

apply (elim conjE)

apply (erule-tac x=i in allE,simp)

apply (elim conjE)

apply (case-tac tsli)

apply simp
apply (rule p-in-closureL-NonRecursive)
apply (assumption+,simp,assumption+,simp,simp)

apply (case-tac tsli = TypeExpression.ConstrT intType || [])
apply clarsimp

apply (case-tac ts'i = TypeExpression.ConstrT boolType [] [])
apply clarsimp

apply (case-tac ts'i # ConstrT T tm' gs’)

apply simp

apply (rule p-in-closureL-NonRecursive)

apply (assumption+,simp,assumption+,simp,simp)

apply simp

apply (rule p-in-closureL-Recursive)

apply (assumption+,simp,assumption+,simp,simp)
done

lemma p-notin-closureV-g-notin-closure V-vn:
[ p ¢ closureV (Loc q) (h, k);
h g = Some (j,C,vn);
constructorSignature C = Some (tn', o', TypeEzpression.ConstrT T tm' os’);
length tn' = length vn;
coherentC C'|
=V i < length vn. p & closureV (vnli) (h,k)
apply (subgoal-tac
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(U i < length vn. closureV (vnli) (h,k)) C
closureV (Loc q) (h, k))

apply blast

by (rule closureV-vn-closureV-q,force+)

lemma SafeDARegion-Var3-1 [rule-format):
consistent-vt n v h
— fresh q h
— h p = Some (j,C,vn)
— v € rangeHeap h
— p & closureV v (h,k)
— coherent constructorSignature Tc
— consistent-v t n v (h(p := None)(q — c))
apply (rule impl)
apply (erule consistent-v.induct,simp-all)

apply (clarsimp, rule consistent-v.primitivel )
apply (clarsimp, rule consistent-v.primitiveB)
apply (clarsimp, rule consistent-v.variable)

apply (clarsimp, rule consistent-v.algebraic-None)
apply (subgoal-tac pa # p,simp)

prefer 2 apply force

apply (subgoal-tac pa # q,clarsimp)

apply (simp add: fresh-def, clarsimp)

apply (elim exE, elim conjE)
apply (rule impl)+
apply (rule consistent-v.algebraic)

apply (subgoal-tac pa # q)
prefer 2 apply (simp add: fresh-def elim conjE, simp add: dom-def, force)

apply (case-tac pa # p,force)
apply (simp add: closureV-def)
apply (subgoal-tac p € closureL p (h, k))

apply simp
apply (rule closureL.closureL-basic)
apply force
apply force

apply force

apply force
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apply force

apply force

apply (rule-tac z=p1 in exl)

apply (rule-tac z=p2 in exl)

apply (rule conjl)

apply force

apply (rule alll,rule impl)

apply (erule-tac x=i in allE simp)

apply (elim conjE)

apply (simp add: coherent-def)

apply (elim conjE)

apply (erule-tac x=Ca in ballE)

apply (frule p-notin-closure V-g-notin-closure V-vn)
apply (assumption+,simp+)

apply (simp add: rangeHeap-def ,clarsimp)
apply force

apply force
done

P T T T N e

lemma Safe DA RegionDepth-Var3:
[ 91 © = Some t; coherent constructorSignature Tc |
= ReuseExa :p ,{(01,92),t}

apply (unfold SafeRegionDAssDepth.simps)

apply (intro alll, rule impl, elim conjE)

apply (frule impSemBoundRA [where td=td))

apply (elim exE)

apply (erule SafeRASem.cases,simp-all,clarsimp)

apply (case-tac t,simp-all)

apply (rule consistent-v.variable)

apply (simp add: consistent.simps)

apply (elim conjE)

apply (erule-tac x=x in ballE)

prefer 2 apply (simp add: dom-def)

apply (elim exE, elim conjE)

apply (elim exE, elim conjE)

apply clarsimp

apply (erule consistent-v.cases,simp-all)

apply (simp add: dom-def)

apply (elim exE, elim conjE)
apply (rule consistent-v.algebraic)

apply force
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apply simp

apply (erule-tac x=r and A=dom E2a in ballE)
prefer 2 apply force

apply (elim exE, elim conjE)+

apply (simp add: dom-def)

apply (erule-tac x=r and A=dom E2a in ballE)
prefer 2 apply force

apply (elim exE, elim conjE)+

apply simp

apply force
apply force

apply force

apply (rule-tac z=p1 in exl)
apply (rule-tac x=p2 in exl)
apply (rule conjI)

apply simp

apply (rule alll rule impl)

apply (erule-tac z=i in allE, simp)
apply (frule-tac k=k in no-cycles)
apply (erule-tac =1 in allE,simp)
apply (frule SafeDARegion-Var3-1)
apply (assumption+,simp add: rangeHeap-def ,force,assumption+)
done

lemma SafeDARegion-LET1-P1":
[(F1,E2)Fh ,k,td, Letal = el Ine2al b’ k,v,
xl ¢ fuel,;
foel Ujfve2 — {z1} C dom E1 ]
= fv el C dom E1 A fve2 C insert z1 (dom E1)
apply (rule conjl)
apply blast
by blast

lemma consistent-v-notin-dom-h' [rule-format|:
consistent-vt n v h
— v ¢ domLoc h'
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— (Vpedom h.p ¢ dom h'V hp = h'p)
— consistent-v t n v h’

apply (rule impl)

apply (erule consistent-v.induct)

apply (rule impl)+
apply (rule consistent-v.primitivel )

apply (rule impl)+
apply (rule consistent-v.primitiveB)

apply (rule impl)+
apply (rule consistent-v.variable)

apply (rule impl)+
apply (rule consistent-v.algebraic-None)
apply (simp add: domLoc-def)

apply (rule impl)+

apply (elim exE)

apply (erule-tac z=p in ballE)
apply (erule disjE)

apply (rule consistent-v.algebraic-None,simp)

apply
apply

rule consistent-v.algebraic)

force, force,force, force, force, force, force)
apply (rule-tac z=p1 in exl)

apply (rule-tac z=p2 in exl)

apply (simp add: domLoc-def)

apply force

apply (simp add: dom-def)

done

P

lemma consistent-v-Loc-p-in-dom-h [rule-format]:
consistent-v t n (Loc p) h
— (F1,E2)-h  k,td, el ', k,v,r
— (Loc p) € domLoc h
— (Vpedom h. p ¢ dom h'/V hp = h'p)
— consistent-v t n (Loc p) h’

apply (rule impl)

apply (erule consistent-v.induct)

apply (simp add: domLoc-def)
apply (simp add: domLoc-def)

apply (clarsimp,rule consistent-v.variable)
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apply (simp add: domLoc-def)

apply (rule impl)+
apply (case-tac p ¢ dom h')
apply (rule consistent-v.algebraic-None,simp)

apply (elim exE, elim conjE simp,elim conjE)
apply (rule consistent-v.algebraic)

apply (simp add: domLoc-def)

apply (force,force,force,force,force,force,force)
apply (rule-tac z=p1 in exl)

apply (rule-tac z=p2 in exl)

apply (rule conjl, force)

apply clarsimp

apply (erule-tac x=1 in allE, simp)+

apply (simp add: domLoc-def)

apply (case-tac (Ip. p € dom h A vn ! i = Loc p),simp)
apply (rule consistent-v-notin-dom-h’',simp)

apply (erule-tac z=p in ballE)
prefer 2 apply (simp add: dom-def)
apply (drule mp)
apply (simp add: dom-def)
apply (frule-tac v'=vnli in semantic-no-capture-h)
apply (simp add: rangeHeap-def add: domLoc-def)
apply force
apply simp
apply simp
done

lemma monotone-consistent-Loc-p:
[(El, E2)F h, Kk td, el b, k ou,r;
91 x = Some t; E1 © = Some (Loc p);
consistent-v t n (Loc p) h]
= consistent-v t n (Loc p) h'
apply (case-tac p € dom h)
apply (frule semantic-extend-pointers)
apply (rule consistent-v-Loc-p-in-dom-h,assumption+)
apply (simp add: domLoc-def, simp)
apply (frule semantic-no-capture-E1,assumption)
by (rule consistent-v.algebraic-None,simp)

lemma monotone-consistent-v:
[(B1, E2)Fh k,tdelh' k.o r
91 z = Some t; E1 x = Some v’; consistent-v t n v’ h]
= consistent-vt n v’ h'
apply (case-tac v’,simp-all)
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apply (rule monotone-consistent-Loc-p,assumption+)

apply (erule consistent-v.cases,simp-all)
apply (rule consistent-v.primitivel )
apply (rule consistent-v.variable)

apply (erule consistent-v.cases,simp-all)
apply (rule consistent-v.primitiveB)
apply (rule consistent-v.variable)

done

lemma monotone-consistent:

[ (F1,E2)Fh,k,td, e h' kv, r
consistent (01,02) n (E1, E2) h]
= consistent (V1,92) n (E1, E2) b’

apply (simp add: consistent.simps)
apply (rule balll)

apply (elim conjE)

apply (erule-tac z=xz in ballF)
prefer 2 apply simp

apply (elim exE, elim conjE)
apply (elim exE, elim conjE)
apply (rule-tac z=t in exl)

apply (rule conjl,assumption)
apply (rule-tac z=va in exl)
apply (rule conjl,assumption)

by (rule monotone-consistent-v,assumption+)

lemma Safe DARegion-LET1-P5:
[ (F1, E2)F h ,k,td, el Yh', kv, r; x1 ¢ dom 91,
consistent (01,92) n (E1, E2) h; consistent-v t1 n vl h']
= consistent (91(x1 — t1),92) n (F1(zl — vl), E2) b’
apply (drule-tac h’=h’in monotone-consistent, simp)
apply (unfold consistent.simps)
apply (rule congl)
apply simp
apply (rule conjl)
apply (rule balll)
apply (elim conjE)
apply (erule-tac x=r and A=dom E2 in ballE)
prefer 2 apply simp
apply (elim exE elim conjE)
apply (rule-tac x=r'in exl)
apply (rule-tac z=r""in exl)
apply (rule conjI)
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apply clarsimp
apply clarsimp
by clarsimp

lemma Safe DA RegionDepth-LET1:
[V Casra’ el # ConstrE C asr a’;

xl ¢ dom 91; x1 & fv el;

el i n(W1,92),t1 |}

e2 iy { (W1(z1—t1),92), 2 |} |

= Letzl = el Ine2a y ,{ (91,92), t2}

apply (unfold SafeRegionDAssDepth.simps)
apply (intro alll, rule impI)
apply (elim conjE)
apply (frule impSemBoundRA [where e=Let 1 = el In e2 a and td=td)])
apply (elim exE)
apply (frule P1-f-n-LET assumption)
apply (elim exE)
apply (erule-tac z=C in allE)
apply (erule-tac z=FE1 in ollE)
apply (erule-tac t=E2 in allF)
apply (erule-tac x=h in allE)
apply (erule-tac x=Fk in allE)
apply (erule-tac z=h'a in allE)
apply (erule-tac z=v1 in allE)
apply (erule-tac z=n in allF)

apply (erule-tac x=FE1(zl +— wv1) in allE)

apply (erule-tac t=E2 in allFE)

apply (erule-tac z=h'a in allF)

apply (erule-tac z=Fk in allE)

apply (erule-tac z=h'in allE)

apply (erule-tac x=v in allE)

apply (erule-tac x=n in allE)

apply (frule SafeDARegion-LET1-P1’ assumption,simp)
apply (elim conjE)

apply (drule mp)
apply (rule congl,simp)
apply (rule congl,simp)
apply (rule conjl,simp)
apply (rule congl,simp)
apply (rule congl,simp)
apply (rule congl,simp)
apply simp

apply (drule mp)
apply (rule congl,simp)
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apply (rule congl,simp)

apply (rule congl,simp)

apply (rule congl,simp,blast)

apply (rule conjl,simp)

apply (rule congl,simp)

apply (frule-tac e=el and td=td in impSemBoundRA)
apply (elim exE)

by (rule SafeDARegion-LET1-P5,force,assumption+)

lemma fvs-prop2:
[ i < length as; as ! i = VarE z a ]
= x € fusas
by (induct as i rule: list-induct3, simp-all)

lemma mu-last:

os # |

= (the (12 (last ps))) = last (map (the o u2) ps)
by (induct os,simp,clarsimp)

lemma extend-heaps-upd:

fresh p h
= extend-heaps (h,k) (h(p — (j, C, map (atom2val E1) as)),k)

apply (simp add: extend-heaps.simps)

apply (rule balll)

apply (subgoal-tac p ¢ dom h)

apply (subgoal-tac pa # p,simp)
apply (frule fresh-notin-closureL)
apply force

apply (simp add: dom-def ,force)

by (simp add: fresh-def)

lemma not-in-set-conv-nth:

z ¢ set xs

=V i < length xs. zsli # x
apply (case-tac zs = [|,simp-all)
apply (rule alll, rule impI)
apply (induct zs arbitrary: i,simp-all)
apply (case-tac i, simp-all)
apply force
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by force

lemma consistent-v-fresh-p-Loc-q [rule-format]:

consistent-v t n (Loc q) h

— (Loc q) # (Loc p)

— fresh p h

— consistent-v t n (Loc q) (h(p — (j, C, map (atom2val E1) as)))
apply (rule impl)
apply (erule consistent-v.induct,simp-all)

apply (clarsimp,rule consistent-v.primitivel )
apply (clarsimp,rule consistent-v.primitiveB)
apply (clarsimp,rule consistent-v.variable)

apply (clarsimp,rule consistent-v.algebraic-None)
apply (simp add: fresh-def, simp add: dom-def)

apply clarsimp

apply (rule consistent-v.algebraic)
apply (subgoal-tac p # pa,force)
apply (simp add: fresh-def)
apply (force,force,force,force,force,force)
apply (rule-tac z=p1 in exl)
apply (rule-tac z=p2 in exl)
apply (rule congl, force)

apply (simp add: fresh-def)
apply (elim conjE)

apply (simp add: rangeHeap-def)
apply (rotate-tac 9)

apply (erule-tac x=pa in allE)
apply (rotate-tac 9)

apply (erule-tac z=ja in allE)
apply (erule-tac z=Ca in allE)
apply (erule-tac x=vn in allE)
apply simp

apply (frule not-in-set-conv-nth)
apply simp

done

lemma monotone-consistent-v-fresh:
[(El,E2)Fh k, td,elh  k,v,r:
91 z = Some t; E1 x = Some v’; fresh p h;
consistent-v t n v’ h ']
= consistent-vt n v’ (h(p — (j, C, map (atom2val E1) as)))
apply (case-tac v’,simp-all)
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apply (rename-tac q)

apply (frule semantic-no-capture-E1-fresh,simp)

apply (erule-tac z=x in ballF)

prefer 2 apply (simp add: dom-def)

apply (erule-tac x=q in allE, simp)

apply (rule consistent-v-fresh-p-Loc-q,assumption+,force,simp)

apply (erule consistent-v.cases,simp-all)
apply (rule consistent-v.primitivel )
apply (rule consistent-v.variable)

apply (erule consistent-v.cases,simp-all)
apply (rule consistent-v.primitiveB)
apply (rule consistent-v.variable)

done

lemma Safe DA Region-LETC-P5:

[ (E1,E2) b h ,k,td, Let x1 = ConstrE Casr () Ine2 ) h', k, v, ra;
E2r = Some j; x1 ¢ fus as; fvs as C dom E1; x1 ¢ dom V1,
constructorSignature C = Some (ti, o, TypeExpression.ConstrT T tn 0s);

t" = mu-ext (u1,u2) (TypeExpression.ConstrT T tn os);
argP (map (mu-ext (ul,12)) ti) (the (u2 o)) as r (¥1,92);
consistent (01,02) n (E1, E2) h; fresh p h;
wellT ti o (TypeExpression.ConstrT T tn 0s) |
= consistent (91(z1 — t"),92) n (E1(xl — Loc p), E2) (h(p — (4§, C, map
(atom2val E1) as)))
apply (unfold consistent.simps)
apply (elim conjE)
apply (rule conjl)

apply (rule balll ,simp)
apply (rule congl)

apply (rule impl simp)

apply (simp add: wellT.simps)

apply (simp add: argP.simps)

apply (elim conjE)

apply (erule-tac z=r and A=dom E2 in ballE)

prefer 2 apply (simp add: dom-def)

apply (elim exE, elim conjE)+

apply (subgoal-tac (the (u2 (last ps))) = last (map (the o u2) os))
prefer 2 apply (rule mu-last,simp)

apply (rule consistent-v.algebraic)

apply force
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apply force

apply (simp add: dom-def)
apply force

apply force

apply (simp add: wellT.simps)

apply force

apply (rule-tac z=p1 in exl)
apply (rule-tac z=p2 in exl)
apply clarsimp

apply (erule-tac x=4 in allE, simp)+
apply (erule disjE)

apply (erule exE)+

apply simp

apply (rule consistent-v.primitivel )
apply (erule disjE)

apply (erule exE)+

apply simp
apply (rule consistent-v.primitiveB)

apply (erule exE)+

apply simp

apply (erule-tac =z in ballE)

prefer 2 apply (frule fus-prop2,assumption—+,force)
apply (elim exE elim conjE)+

apply simp

apply (rule monotone-consistent-v-fresh, assumption+)

apply (rule impl)

apply (erule-tac x=x in ballE)

prefer 2 apply simp

apply simp

apply (elim exE, elim conjE)+

apply (rule-tac z=t in exl)

apply (rule conjl, assumption)

apply (rule-tac z=va in exl)

apply (rule congl, assumption)

apply (rule monotone-consistent-v-fresh, assumption)

apply (rule congl)
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apply (rule balll)

apply (erule-tac x=rb and A=dom E2 in ballE)
prefer 2 apply simp

apply (elim exE)

apply (rule-tac z=r"in exl)

apply (rule-tac z=r""in exl)

apply (rule congI)
apply clarsimp

apply clarsimp

by clarsimp

lemma SafeDARegionDepth-LETC"
[ z1 ¢ fus as; x1 ¢ dom 91;
constructorSignature C = Some (ti,0,t);
t = ConstrT T tn ps;
t' = mu-ext (u1,u2) t;
argP (map (mu-ext (ul,u2)) ti) ((the o u2) o) as r (91,92);
wellT ti o t;
e2 iy, { (V1(z1—t)92), t" |} ]
= Letzl = ConstrE Casra’'Ine2a iy ,{(01,02),t"}
apply (unfold SafeRegionDAssDepth.simps)
apply (intro alll, rule impI)
apply (elim conjE)
apply (frule impSemBoundRA [where e=Let ©1 = ConstrE C as r a’ In €2 a
and td=td])
apply (elim exE)
apply (frule P1-f-n-LETC)
apply (erule exE)+
apply (elim conjE)

apply (erule-tac t=FE1(xz1 — Loc p) in allE)
apply (erule-tac t=E2 in allF)

apply (erule-tac z=h(p — (j, C, map (atom2val E1) as)) in allE)
apply (erule-tac x=Fk in allE)

apply (erule-tac z=h"in allE)

apply (erule-tac z=v in allE)

apply (erule-tac x=n in allE)

apply (simp)

apply (elim conjE)

apply (drule mp)

apply (rule conjl,blast)

apply (rule conjl,blast)

apply (subgoal-tac fvs as C dom E1)
prefer 2 apply blast
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apply (rule-tac ?p1.0=p1 and ?u2.0=p2 in SafeDARegion-LETC-P5)
by (assumption—+, simp, assumption+)

lemma P1-f-n-CASE:
[ E1 x = Some (Val.Loc p);
(E1,E2) - h , k., Case VarE z a Of alts o’ | (f,n) hh , k,v]
= 3 j Cuvs. hp = Some (j,C,vs) A
( 3 i<length alts.
((extend E1 (snd (extractP (fst (alts ! i)))) vs, E2)
Fh,k,snd (alts ! i) J(f,n) hh , k| v
A def-extend E1 (snd (extractP (fst (alts ! 4)))) vs) A
(3 pati ei ps ms.
alts | i = (pati, ei) A
pati = ConstrP C ps ms))
apply (simp add: SafeBoundSem-def)
apply (elim exE, elim conjE)
apply (erule SafeDepthSem.cases,simp-all)
by force

lemma foTup-subseteq-fuAlts:

Y i < length alts. foTup (alts!i) C foAlts alts
apply (rule alll, rule impI)

apply (rule subsetl)

apply (induct alts arbitrary: i)

apply simp

apply (case-tac 1)

apply simp

by clarsimp

lemma SafeRegion-CASE-fv-P1' [rule-format):
length alts > 0
— fv (Case VarE z a Of alts a’) C dom E1
— (V i < length alts. V wvs.
def-extend E1 (snd (extractP (fst (alts ! 1)))) vs
— fv (snd (alts ! 7)) C dom (extend E1 (snd (extractP (fst (alts ! 1)))) vs))
apply (induct alts arbitrary: i ,simp-all)
apply (rule impl)+
apply (elim conjE)
apply (rule alll)
apply (rule impl)+
apply (case-tac alts = [|,simp-all)
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apply (rule alll,rule impl)
apply (simp add: def-extend-def)
apply (case-tac a, simp-all)
apply (elim conjE)

apply (simp add: extend-def)
apply blast

apply (rule alll, rule impI)
apply (case-tac i,simp-all)

apply (case-tac a, simp-all)
apply (simp add: def-extend-def)
apply (erule-tac =0 in allE,simp)
apply (erule-tac x=vs in allE)
apply (simp add: extend-def)

by blast

lemma SafeRegion-CASEL-LitN-fv-P1' [rule-format]:
length alts > 0
— fv (Case VarE x a Of alts a’) C dom E1
— (¥ i < length alts.
fst (alts ! i) = ConstP (LitN n)
— fv (snd (alts ! 7)) C dom E1)
apply (induct alts arbitrary: i ,simp-all)
apply (rule impl)+
apply (elim conjE)
apply (rule alll)
apply (rule impl)+
apply (case-tac alts = [|,stimp-all)
apply (case-tac a, simp-all)
apply (case-tac i,simp-all)
by (case-tac a, simp-all)

lemma SafeRegion-CASEL-LitB-fv-P1' [rule-format]:
length alts > 0
— fv (Case VarE x a Of alts a’) C dom E1
— (V @ < length alts.
fst (alts ! i) = ConstP (LitB b)
— fu (snd (alts ! 1)) C dom E1)
apply (induct alts arbitrary: i ,simp-all)
apply (rule impl)+
apply (elim conjE)
apply (rule alll)
apply (rule impl)+
apply (case-tac alts = [],simp-all)
apply (case-tac a, simp-all)
apply (case-tac i,simp-all)
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by (case-tac a, simp-all)

lemma SafeRegion-CASE-fuReg-P1":

[ fuReg (Case VarE z a Of alts a") C dom E2; i < length alts |
= fuReg (snd (alts ! 1)) C dom E2

apply (induct alts arbitrary: i,simp-all)

apply (case-tac i,simp)

by (case-tac a, simp-all)

lemma SafeRegion-CASE-E1-P2:
[ dom E1 C dom 91,
i < length alts;
Vi<length alts.
constructorSignature (fst (extractP (fst (alts ! i)))) = Some (ti, o, t) A
t = TypeFExpression.ConstrT T tn os A
length (snd (extractP (fst (alts ! i)))) = length ti A
wellT ti o t N
fst (assert ! i) = 91 ++ map-of (zip (snd (extractP (fst (alts ! i))))
(map (mu-ext p) ti)) A
dom 91 N dom (map-of (zip (snd (extractP (fst (alts ! 1))))
(map (mu-ext i) ti))) = {} A
91z = Some (mu-ext p t) A snd (assert | i) = 92;
def-extend E1 (snd (extractP (fst (alts ! 4)))) vs;
Vi<length alts. x ¢ set (snd (extractP (fst (alts ! i)))) ]
= dom (extend E1 (snd (extractP (fst (alts ! 1)))) vs) C dom (fst (assert ! 7))
apply (simp only: def-extend-def)
apply (rule subsetl)
apply (erule-tac x=1 in allE)+
apply (simp del: dom-map-add)
apply (elim conjE)
apply (frule-tac E=FE1 and vs=wvs in extend-monotone)
apply (simp only: extend-def)
apply (subst dom-map-add,simp)
apply (erule disjE)
apply simp
apply (rule disjI2)
by blast

lemma SafeRegion-CASEL-E1-P2:
[ dom E1 C dom 91;
1 < length alts;
Vi<length alts.
constructorSignature (fst (extractP (fst (alts ! 4)))) = Some (ti, o, t) A
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t = TypeFxpression.ConstrT T tn ps N
length (snd (extractP (fst (alts ! i)))) = length ti A
wellT ti o t N
fst (assert ! i) = 91 ++ map-of (zip (snd (extractP (fst (alts ! i))))
(map (mu-ext p) ti)) A
dom 91 N dom (map-of (zip (snd (extractP (fst (alts ! 1))))
(map (mu-est p) 1)) = {} A
V1 z = Some (mu-ext p t) A snd (assert | i) = 192;
Vi<length alts. © ¢ set (snd (extractP (fst (alts ! i)))) ]
= dom E1 C dom (fst (assert ! 7))
apply (rule subsetl)
apply (erule-tac x=i in allE)+
apply (simp del: dom-map-add)
apply (elim conjE)
apply (simp only: extend-def)
apply (subst dom-map-add,simp)
apply (rule disjI2)
by blast

lemma in-set-conv-nth-2: (z € set xs) = (3 i < length xs. zsli = x)
by (auto simp:set-conv-nth)

lemma z-in-variables-same-p:

(z € variables t N mu-ext p’ t = mu-ext p t — the (fst p x) = the (fst p’ z))
A

(z € variables’ tm N mu-exts p’ tm = mu-exts p tm — the (fst p z) = the
(fst p' x))
apply (induct-tac t and tm,simp-all)
by clarsimp

lemma x-in-regions-same-p:
(z € regions t U set ps N\ (YxEset ps. the (snd p' x) = the (snd p x))
A mu-ext p' t = mu-ext p t
— the (snd p x) = the (snd p' x)) A
(z € regions’ tm U set ps N\ (Vxz€Eset gs. the (snd p' z) = the (snd p x))
A mu-exts p' tm = mu-exts pu tm
— the (snd p x) = the (snd p' z))
apply (induct-tac t and tm,simp-all)
by clarsimp+

lemma regions-variables-same-p:
(regions t C regions’ tm’ U set ps N\ (Vaz€set ps. the (snd p' z) = the (snd u
z)) A
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variables t C wvariables’ tm’ A mu-exts p’ tm’ = mu-exts p tm’
— mu-ext p t = mu-ext p' t) A
(regions’ tm C regions’ tm’ U set ps A (Vx€set gs. the (snd p' z) = the (snd
o)) A
variables’ tm C wvariables’ tm’' A mu-exts p' tm’ = mu-exts p tm’
— mu-exts p tm = mu-exts p’ tm)
apply (induct-tac t and tm,simp-all)
apply (rename-tac x)
apply (subgoal-tac
(z € variables t N mu-ext p' t = mu-ext p t — the (fst p z) = the (fst p’ z))
N
(z € variables’ tm’ A mu-exts p' tm’ = mu-exts p tm’ — the (fst p z) = the
(fst ' 2)))
prefer 2 apply (rule z-in-variables-same-p)
apply simp
apply clarsimp
apply (subgoal-tac
(z € regions t U set ps N (Yxeset ps. the (snd p' z) = the (snd p x))
A mu-ext u' t = mu-ext p t
— the (snd p x) = the (snd u' z)) A
(z € regions’ tm' U set ps A (Yx€set ps. the (snd p' ) = the (snd p z))
A mu-exts p' tm’ = mu-exts p tm’
— the (snd p z) = the (snd ' x)))
prefer 2 apply (rule z-in-regions-same-p)
by force

lemma same-p:
[ constructorSignature C = Some (tn, o, ConstrT T tm s);
wellT tn o (TypeExpression.ConstrT T tm ps);
mu-ext p (ConstrT T tm ps) = t
mu-ext p’ (ConstrT T tm os) = t']
= map (mu-ext p) tn = map (mu-ext p') tn
apply (simp only: wellT.simps)
apply (elim conjE)
apply (induct-tac tm, simp-all)
apply (rule balll)
apply (drule in-set-conv-nth-2)
apply (elim exE elim conjE)
apply (erule-tac z=i in allE, simp)
apply (elim conjE, clarsimp)
apply (subgoal-tac
(regions (tn ! i) C regions’ tm U set gs N (VY xzEset gs. the (snd p' x) =
the (snd p z)) A
variables (tn ! i) C variables’ tm A mu-exts p' tm = mu-exts p tm
— mu-ext p (tn ! 1) = mu-ext p’ (tn! 7)) A
(regions’ tm’ C regions’ tm U set ps N\ (Vz€set gs. the (snd p' x) =
the (snd p x)) A
variables’ tm' C wvariables’ tm N mu-exts p' tm = mu-exts p tm
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— mu-exts p tm’ = mu-exts p’ tm’))
prefer 2 apply (rule regions-variables-same-p)
by force

lemma SafeRegion-f-n-CASE-Pj:
[length assert = length alts; length alts > 0;
Vi<length alts.
constructorSignature (fst (extractP (fst (alts ! 4)))) = Some (ti, o, t) A
t = ConstrT T tn ps A
length (snd (extractP (fst (alts ! i)))) = length ti A
wellT ti o t N
fst (assert ! i) = 91 ++ (map-of (zip (snd (extractP (fst (alts ! i))))
(map (mu-ext p) ti))) A
dom 91 N dom (map-of (zip (snd (extractP (fst (alts ! 7))))
(map (mu-est 1) ) = {} A
91 z = Some (mu-ext pu t) A
snd (assert | i) = 92;
consistent (91,92) n (E1, E2) h; E1 © = Some (Loc p); h p = Some(j,C,vs);

1<length alts;
(extend E1 (snd (extractP (fst (alts ! 4)))) vs, E2)
Fh,k,snd (alts ! i) $(f,n) ', k| v;
def-extend E1 (snd (extractP (fst (alts ! 1)))) vs;
alts | i = (pati, ei);
pati = ConstrP C ps ms |
= consistent (fst (assert ! i), snd (assertli)) n
(extend E1 (snd (extractP (fst (alts ! 4)))) vs, E2) h
apply (erule-tac x=1i in ollE,simp)+
apply (elim conjE)
apply clarsimp
apply (simp add: Let-def)
apply (simp add: consistent.simps)

apply (rule balll)
apply (simp add: extend-def)
apply (erule disjE)

apply (elim conjE)

apply (erule-tac x=x in ballE)
prefer 2 apply (simp add: dom-def)
apply (elim exE, elim conjE)

apply (elim exE, elim conjE)

apply simp

apply (erule consistent-v.cases)
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apply simp
apply simp
apply simp
apply (simp add: dom-def)

apply (case-tac p,simp)

apply (elim exE, elim conjE)

apply (subgoal-tac s’ # [])

prefer 2 apply (simp add: wellT.simps)

apply (frule-tac 2u2.0=p2 in mu-last,simp)

apply (case-tac vs=[|,simp)

apply (unfold def-extend-def)

apply (elim conjE)

apply (frule-tac p=p and p'=(ul,12) in same-p,simp,simp,simp)
apply (subgoal-tac za € set (map pat2var ps))

prefer 2 apply clarsimp

apply (frule-tac x=za and vs=(map (mu-ext p) ti) and zs=vs in map-of-zip-twice-is-Some)

apply (simp,simp,simp,simp)

apply (elim exE elim conjE)

apply (erule-tac z=ia in allE)

apply (drule mp, simp)

apply (rule-tac z=(mu-ext p (ti ! ia)) in exl,simp)

apply (elim conjE)

apply (erule-tac z=za in ballE)

prefer 2 apply simp

apply (elim exE elim conjE)

apply (elim exE elim conjE)

apply (rule-tac =t in ezl)

apply (rule conjI)

apply (rule map-add-fst-Some,assumption—+)

apply (rule-tac z=va in exl)

apply (rule congl)

apply (simp add: def-extend-def)

apply (subgoal-tac E1 xa = (extend E1 (map pat2var ps) vs) za)
apply (simp add: extend-def)

apply (rule extend-monotone,force)

by assumption+

lemma SafeRegion-CASEL-LitB-P4:
[length assert = length alts; length alts > 0;
Vi<length alts.
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constructorSignature (fst (extractP (fst (alts ! i)))) = Some (ti, o, t) A
t = ConstrT T tn os A
length (snd (extractP (fst (alts ! 1)))) = length ti A
wellT ti o t N
fst (assert ! i) = 91 ++ (map-of (zip (snd (extractP (fst (alts ! i))))
(map (mu-ext p) ti))) A
dom 91 N dom (map-of (zip (snd (extractP (fst (alts ! 7))))
(map (mu-est 1) ) = {} A
91z = Some (mu-ext p t) A
snd (assert | i) = 92;
consistent (91,92) n (E1, E2) h; E1 © = Some (BoolT b);
1<length alts;
fst (alts ! ) = ConstP (LitB b)]
= consistent (fst (assert ! i), snd (assertli)) n (E1, E2) h
apply (erule-tac x=1i in ollE,simp)+
done

lemma SafeRegion-CASEL-LitN-Pj:
[length assert = length alts; length alts > 0;
Vi<length alts.
constructorSignature (fst (extractP (fst (alts ! i)))) = Some (ti, o, t) A
t = ConstrT T tn os A
length (snd (extractP (fst (alts ! i)))) = length ti A
wellT ti o t N
fst (assert ! i) = 91 ++ (map-of (zip (snd (extractP (fst (alts ! i))))
(map (mu-ext p) ti))) A
dom 91 N dom (map-of (zip (snd (extractP (fst (alts ! 7))))
(map (mu-czt ) 1)) = {} A
91 z = Some (mu-ext pu t) A
snd (assert | i) = 92;
consistent (91,92) n (E1, E2) h; E1 x = Some (IntT n);
1<length alts;
fst (alts ! i) = ConstP (LitN n)]
= consistent (fst (assert ! i), snd (assertli)) n (E1, E2) h
apply (erule-tac z=i in allE,simp)+
done

lemma SafeDARegionDepth-CASE:
[ length assert = length alts; length alts > 0,
Y i < length alts. constructorSignature (fst (extractP (fst (alts ! i))))
= Some (li,0,t) A
t = ConstrT T tn os A
length (snd (extractP (fst (alts ! i)))) = length ti A
wellT ti o t N
fst (assert ! i) = 91 ++ (map-of (zip (snd (extractP (fst (alts ! i))))
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(map (mu-ext p) ti))) A
dom 91 N dom (map-of (zip (snd (extractP (fst (alts ! i))))
(map (mu-eat 1) 1)) = {} A
V1 z = Some (mu-ext p t) A
snd (assert ! i) = 92;
V i < length alts. snd (alts ! i) :p , { (fst (assertli),
snd (assert!i)), t
YV i < length alts. © ¢ set (snd (extractP (fst (alts ! 1))))]
= Case (VarE z a) Of alts o' =y { (91,02), t"}
apply (unfold SafeRegionDAssDepth.simps)
apply (intro alll, rule impI)
apply (elim conjE)
apply (case-tac E1 z)

l[h

P

apply (simp add: dom-def)

apply (case-tac aa)
apply (rename-tac p)

apply (frule impSemBoundRA [where e=Case VarE z a Of alts o’ and td=td))
apply (elim exE)

apply (subgoal-tac
3jCus. hp = Some (j,C,vs) A
( 3 i<length alts.
((extend E1 (snd (extractP (fst (alts ! 4)))) vs, E2)
Fh,k,snd (alts ! i) Y(fyn) b/, kv
A def-extend E1 (snd (extractP (fst (alts ! i)))) vs) A
(3 pati ei ps ms.
alts | i = (pati, ei) A
pati = ConstrP C ps ms)))
prefer 2 apply (rule P1-f-n-CASE) apply simp apply simp
apply (elim exE elim conjE)
apply (elim exE, elim conjE)+
apply (rotate-tac 3)
apply (erule-tac z=i in dllE)
apply (drule mp, simp)

apply (erule-tac z=extend E1 (snd (extractP (fst (alts ! i)))) vs in allE)
apply (erule-tac t=E2 in allF)

apply (erule-tac x=h in allE)

apply (rotate-tac 20)

apply (erule-tac z=Fk in allE)

apply (erule-tac z=h"in allE)

apply (erule-tac z=v in allE)

apply (erule-tac x=n in allE)
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apply (drule mp)

apply (rule conjl,simp)

apply (rule congl)
apply (rule SafeRegion-CASE-fv-P1’ assumption+)

apply (rule congl)
apply (rule SafeRegion-CASE-fuReg-P1’,assumption+)

apply (rule conjI)
apply (rule SafeRegion-CASE-E1-P2, assumption—+)

apply (rule conjI)
apply clarsimp

apply (rule congl)
apply assumption

apply (rule SafeRegion-f-n-CASE-P/)
apply (assumption+,simp,assumption+)

apply (frule impSemBoundRA [where e=Case VarE z a Of alts o’ and td=td])
apply (elim exE)

apply (subgoal-tac
(3 i < length alts.
(E1,E2) &b h.k, snd (alts ! i) Y(f,n) h' kv A
fst (alts ! i) = ConstP (LitN int)))
prefer 2 apply (rule P1-f-n-CASE-1-1,simp,simp)
apply (elim exE elim conjE)

apply (rotate-tac 3)
apply (erule-tac x=i in dllE)
apply (drule mp, simp)

apply (erule-tac z=E1 in ollE)

apply (erule-tac t=E2 in allF)
apply (erule-tac x=h in allE)
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apply (rotate-tac 17)

apply (erule-tac x=Fk in allE)
apply (erule-tac z=h'in allE)
apply (erule-tac z=v in allE)
apply (erule-tac z=n in allE)

apply (drule mp)
apply (rule conjl,simp)

apply (rule congl)
apply (rule SafeRegion-CASEL-LitN-fv-P1’' assumption+)

apply (rule congl)
apply (rule SafeRegion-CASE-fuReg-P1’ assumption+)

apply (rule congl)
apply (rule SafeRegion-CASEL-E1-P2,assumption+)

apply (rule conjI)
apply clarsimp

apply (rule congl)
apply assumption

apply simp

apply simp

apply (frule impSemBoundRA [where e=Case VarE z a Of alts o’ and td=td])
apply (elim exE)

apply (subgoal-tac
(3 i < length alts.
(E1,E2) b h,k, snd (alts ! 7) U(f,n) b’k
A fst (alts | i) = ConstP (LitB bool)))
prefer 2 apply (rule P1-f-n-CASE-1-2) apply simp apply force
apply (elim exE elim conjE)
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apply (rotate-tac 3)
apply (erule-tac z=i in allE)
apply (drule mp, simp)

apply (erule-tac x=FE1 in allF)
apply (erule-tac t=E2 in allF)
apply (erule-tac z=h in allE)
apply (rotate-tac 17)

apply (erule-tac z=Fk in allE)
apply (erule-tac z=h'in allE)
apply (erule-tac x=v in allE)
apply (erule-tac x=n in allE)

apply (drule mp)
apply (rule conjl,simp)

apply (rule congl)
apply (rule SafeRegion-CASEL-LitB-fv-P1’' assumption+)

apply (rule conjI)
apply (rule SafeRegion-CASE-fvReg-P1’ assumption+)

apply (rule congl)
apply (rule SafeRegion-CASEL-E1-P2,assumption+)

apply (rule congl)
apply clarsimp

apply (rule congl)
apply assumption

apply simp

by simp
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lemma SafeRegion-f-n-CASED-P1:
[(E1,E2) b hk,CaseD (VarE z a) Of alts a J(f,n) h'k,v]
= 3 pj Cus. E1 x = Some (Loc p) AN hp = Some (j,C,vs) A
(3 i<length alts.
(extend E1 (snd (extractP (fst (alts ! i)))) vs, E2) & h(p := None) , k ,
snd (alts ! i) (f,n) b/, kv
A def-extend E1 (snd (extractP (fst (alts ! i)))) vs A
(3 pati ei ps ms.
alts | i = (pati, ei) A
pati = ConstrP C ps ms))
apply (simp add: SafeBoundSem-def)
apply (elim exE, elim conjE)
apply (erule SafeDepthSem.cases,simp-all)
by force

lemma foTup’-subseteq-fvAlts’:
1 < length alts
= foTup’ (altsli) C foAlts’ alts
apply (rule subsetl)
apply (induct alts arbitrary: i)
apply simp
apply (case-tac 1)
apply simp
by clarsimp

lemma SafeRegion-CASED-fv-P1’' [rule-format]:
length alts > 0
— fv (CaseD VarE z a Of alts a’) C dom FE1
— (V 1 < length alts. ¥V vs.
def-extend E1 (snd (extractP (fst (alts ! i)))) vs
— fv (snd (alts ! 7)) C dom (extend E1 (snd (extractP (fst (alts ! 7)))) vs))
apply (induct alts arbitrary: i ,simp-all)
apply (rule impl)+
apply (elim conjE)
apply (rule alll)
apply (rule impl)+
apply (case-tac alts = [],simp-all)
apply (rule alll ,rule impl)
apply (simp add: def-extend-def)
apply (case-tac a, simp-all)
apply (elim conjE)
apply (simp add: extend-def)
apply blast
apply (rule alll, rule impI)
apply (case-tac i,simp-all)
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apply (case-tac a, simp-all)

apply (simp add: def-extend-def)
apply (erule-tac =0 in allE,simp)
apply (erule-tac z=vs in allE)
apply (simp add: extend-def)

by blast

lemma SafeRegion-CASED-fuoReg-P1":

[ fuReg (CaseD VarE z a Of alts a’) C dom EZ2; i < length alts ]
= fuReg (snd (alts ! 7)) C dom E2

apply (induct alts arbitrary: i,simp-all)

apply (case-tac i,simp)

by (case-tac a, simp-all)

lemma consistent-v-p-none [rule-format):
consistent-vt n v h
— p ¢ closureV v (h,k)
— coherent constructorSignature Tc
— consistent-v t n v (h(p := None))
apply (rule impl)
apply (erule consistent-v.induct,simp-all)

apply (clarsimp, rule consistent-v.primitivel )
apply (clarsimp, rule consistent-v.primitiveB)
apply (clarsimp, rule consistent-v.variable)
apply clarsimp

apply (rule consistent-v.algebraic-None)
apply (simp add: dom-def)

apply (elim exE, elim conjE)

apply (rule impl)+
apply (rule consistent-v.algebraic)

apply (case-tac pa # p,force)
apply (simp add: closureV-def)

apply (subgoal-tac p € closureL p (h, k))
apply simp
apply (rule closureL.closureL-basic)

apply force

apply force
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apply force
apply force
apply force

apply force

apply (rule-tac z=p1 in exl)
apply (rule-tac z=p2 in exl)
apply (rule conjl)
apply force
apply (rule alll ,rule impl)
apply (erule-tac x=i in allE simp)
apply (elim conjE)
apply (simp add: coherent-def)
apply (elim conjE)
apply (erule-tac x=C in ballE)
apply (frule p-notin-closure V-g-notin-closure V-un)
apply (assumption—+,simp—+)
apply force

done

lemma consistent-v-p-none-z-in-dom-FE1:
consistent-v t n v h
= consistent-v t n v (h(p := None))
apply (case-tac v,simp-all)

apply (rename-tac q)
apply (case-tac ¢ = p)

apply (rule consistent-v.algebraic-None)
apply (simp add: dom-def)

apply (erule consistent-v.induct)
apply (clarsimp, rule consistent-v.primitivel )
apply (clarsimp, rule consistent-v.primitiveB)

apply (clarsimp, rule consistent-v.variable)
apply (case-tac pa=p)

apply (rule consistent-v.algebraic-None,force)
apply (rule consistent-v.algebraic-None,force)
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apply (elim exE, elim conjE)

apply (case-tac pa = p)

apply (rule consistent-v.algebraic-None,force)
apply (rule consistent-v.algebraic)

apply force
apply force
apply force
apply force
apply force
apply force

apply force

apply (rule-tac z=p1 in exl)
apply (rule-tac z=p2 in exl)
apply (rule conjI)

apply force

apply force

apply (erule consistent-v.cases,simp-all)
apply (rule consistent-v.primitivel )
apply (rule consistent-v.variable)

apply (erule consistent-v.cases,simp-all)
apply (rule consistent-v.primitiveB)
apply (rule consistent-v.variable)

done

lemma SafeRegion-f-n-CASED-Pj:
[length assert = length alts; length alts > 0;
coherent constructorSignature Tc;
Vi<length alts.
constructorSignature (fst (extractP (fst (alts ! 4)))) = Some (ti, o, t) A
t = ConstrT T tn ps A
length (snd (extractP (fst (alts ! i)))) = length ti A
wellT ti o t N
fst (assert ! i) = 91 ++ (map-of (zip (snd (extractP (fst (alts ! i))))
(map (mu-ext p) ti))) A
dom 91 N dom (map-of (zip (snd (extractP (fst (alts ! 1))))
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(map (mu-cat ) 1)) = {} A
91 z = Some (mu-ext pu t) A
snd (assert | i) = 92;
consistent (91,92) n (E1, E2) h; E1 © = Some (Loc p); h p = Some(j,C,vs);

i1<length alts;
(extend E1 (snd (extractP (fst (alts ! 4)))) vs, E2) F h
(p := None) , k , snd (alts ! 3) J(f,n) b’ , k , v;
def-extend E1 (snd (extractP (fst (alts ! 1)))) vs;
alts | i = (pati, ei);
pati = ConstrP C ps ms |
= consistent (fst (assert ! i), snd (assertli)) n
(extend E1 (snd (extractP (fst (alts ! i)))) vs, E2) (h(p:=None))
apply (erule-tac z=1 in allE,simp)+
apply (elim conjE)
apply clarsimp
apply (simp add: Let-def)
apply (simp add: consistent.simps)

apply (rule balll)
apply (simp add: extend-def)
apply (erule disjE)

apply (elim conjE)

apply (erule-tac x=x in ballE)
prefer 2 apply (simp add: dom-def)
apply (elim exE, elim conjE)

apply (elim exE, elim conjE)

apply simp

apply (erule consistent-v.cases)

apply simp
apply simp
apply simp
apply (simp add: dom-def)

apply (case-tac p,simp)

apply (elim exE, elim conjE)

apply (subgoal-tac s’ # [])

prefer 2 apply (simp add: wellT.simps)
apply (frule-tac ?u2.0=p2 in mu-last,simp)
apply (case-tac vs=[|,simp)

apply (unfold def-extend-def)

apply (elim conjE)
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apply (frule-tac p=p and p'=(pl,u2) in same-p,simp,simp,simp)

apply (subgoal-tac za € set (map pat2var ps))

prefer 2 apply clarsimp

apply (frule-tac x=za and vs=(map (mu-ext p) ti) and zs=wvs in map-of-zip-twice-is-Some)

apply (simp,simp,simp,simp)

apply (elim exE elim conjE)

apply (erule-tac z=ia in dllE)

apply (drule mp, simp)

apply (rule-tac x=(mu-ext p (ti ! ia)) in exl simp)
apply (frule no-cycles)

apply (rule consistent-v-p-none)

apply (assumption+,force,assumption)

apply (elim conjE)

apply (erule-tac x=xza in ballE)

prefer 2 apply simp

apply (elim exE elim conjE)

apply (elim exE elim conjE)

apply (rule-tac xz=t in exl)

apply (rule congl)

apply (rule map-add-fst-Some,assumption+)

apply (rule-tac z=va in exl)

apply (rule conjI)

apply (simp add: def-extend-def)

apply (subgoal-tac E1 za = (extend E1 (map pat2var ps) vs) za)
apply (simp add: extend-def)

apply (rule extend-monotone,force)

by (rule consistent-v-p-none-z-in-dom-FE1 simp)

lemma SafeDARegionDepth-CASED:
[ length assert = length alts; length alts > 0,
coherent constructorSignature Tc;
Y i < length alts. constructorSignature (fst (extractP (fst (alts ! i))))
= Some (ti,0,t) A
t = ConstrT T tn os A
length (snd (extractP (fst (alts ! 7)))) = length ti A
wellT ti o t N
fst (assert ! i) = 91 ++4 (map-of (zip (snd (extractP (fst (alts ! i))))
(map (mu-ext p) ti))) A
dom ¥1 N dom (map-of (zip (snd (extractP (fst (alts ! i))))
(map (muvext 1) 1)) = {} A
V1 z = Some (mu-ext p t) A
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snd (assert | 1) = 92;
V i < length alts. snd (alls ! i) f
{ (fst (assertli), snd (assert!i)), t'}};
Y i < length alts. © ¢ set (snd (extractP (fst (alts ! i))))]
= CaseD (VarE z a) Of alts o’ 1y { (01,92), t"}

apply (unfold SafeRegionDAssDepth.simps)
apply (intro alll, rule impI)
apply (elim conjE)

apply (frule impSemBoundRA [where e=CaseD VarE z a Of alts o’ and td=td)])
apply (elim exE)

apply (subgoal-tac
3 pjCus. El x = Some (Loc p) A hp = Some (j,C,vs) A
(3 i<length alts.
(extend E1 (snd (extractP (fst (alts ! 7)))) vs, E2)
F h(p :=None) , k , snd (alts ! i) Y(f,n) b/, k, v
A def-extend E1 (snd (extractP (fst (alts ! i)))) vs A
(3 pati ei ps ms.
alts | i = (pati, ei) A
pati = ConstrP C ps ms)))
prefer 2 apply (rule SafeRegion-f-n-CASED-P1 ,simp)
apply (elim exE elim conjE)+

apply (rotate-tac 4)
apply (erule-tac x=i in dllE)
apply (drule mp, simp)

apply (erule-tac z=extend E1 (snd (extractP (fst (alts ! i)))) vs in allE)
apply (erule-tac t=E2 in allF)

apply (erule-tac x=h(p:=None) in allF)

apply (rotate-tac 20)

apply (erule-tac x=Fk in allE)

apply (erule-tac z=h"in allE)

apply (erule-tac z=v in allE)

apply (erule-tac x=n in allE)

apply (drule mp)

apply (rule conjl,simp)

apply (rule congl)
apply (rule SafeRegion-CASED-fv-P1’ assumption+)

apply (rule congl)
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apply (rule SafeRegion-CASED-fvReg-P1’ assumption—+)

apply (rule conjl)
apply (rule SafeRegion-CASE-E1-P2
[where ti=ti and p=p and t=t and T=T and in=tn and
os=ps and p=p and z=z and ?92.0=92])
apply (simp,simp,force,simp,simp)

apply (rule conjl, clarsimp)

apply (rule congl)
apply assumption

apply (rule SafeRegion-f-n-CASED-P/,
[where ti=ti and o=p and t=t and T=T and tn=tn and
os=ps and p=p and z=z and ?91.0=91 and ?92.0=92])
by assumption+

lemma Safe DA Region-APP-E1-P2:
[ length xs = length as; length xs = length ti; distinct s |
= dom (map-of (zip xs (map (atom2val E1) as))) C
dom (mu-ext (fst (p-ren (ul1, p2)), snd (p-ren (u1, p2))(oself — oself))
op map-of (zip s ti))
by (simp, subst dom-map-f-comp, simp)

lemma Safe DA Region-APP-E2-P2:

[V i < length ps. 3 t. u2 (os'i) = Some t; distinct rs;

length rs = length rr; length rs = length os; p-ren-dom (ul, p2) |
= dom (map-of (zip rs (map (the o E2) rr))(self — Suc k)) C
dom (snd (u-ren (u1, p2))(oself — oself)
om map-of (zip rs os)(self — pself))

apply simp
apply (rule congl)
apply force
apply (rule subsetl)
apply (subgoal-tac

dom ((Ao. Some (o-ren (the (u2 0))))(oself — oself)
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om map-of (zip rs os)(self — pself))
= dom (map-of (zip rs ps)(self — pself)))
apply simp
by (rule dom-map-comp,simp)

lemma Safe DA Region-APP-P3:
admissible n k
= admissible (n-ren n ++ [oself — Suc k]) (Suc k)

apply (simp add: admissible-def)

apply (simp add: n-ren-def)

apply (rule congl)

apply (rule impl)

apply (elim conjE)

apply (erule-tac x=pself in ballE)
prefer 2 apply simp

apply clarsimp

apply clarsimp

apply (rule congI)

apply (rule impl)+

apply (split split-if-asm,simp,simp)

apply (erule-tac x=pself in ballE)
prefer 2 apply (simp add: dom-def)

apply (simp, split split-if-asm,simp,simp)

apply (rule impl)

apply (erule-tac x=p in ballE)

prefer 2 apply (simp add: dom-def)

by simp

lemma p-ren-extend-pself:
(oself ¢ regions t

— mu-ext (Az. Some (t-ren (the (u1 z))),(Ao. Some (o-ren (the (12 0))))

(oself — oself)) t =

mu-ext (Ax. Some (t-ren (the (u1 z))), Ao. Some (o-ren (the (12 0)))) t) A

(oself ¢ regions’ ts

— mu-exts (A\x. Some (t-ren (the (ul x))),(Ao. Some (o-ren (the (u2 0))))

(oself — pself)) ts =

mu-exts (Ax. Some (t-ren (the (ul x))), Ao. Some (o-ren (the (u2 0)))) ts)

by (induct-tac t and ts,simp-all)
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lemma map-p-ren:
oself ¢ set s = xs = map p-ren zs
apply (induct zs,simp-all)
apply (simp add: o-ren-def)
by force

lemma t-equals-t-ren:
(oself ¢ regions t A pself ¢ variablest — t = t-ren t) A
(oself ¢ regions’ tm A pself ¢ variables’ tm — tm = t-rens tm)
apply (induct-tac t and tm,simp-all)
apply (rule impl, elim conjE)
apply clarsimp
by (rule map-o-ren, assumption+)

lemma g-equals-p-ren:
[ oself ¢ (the o u2) ‘set ps; o € set ps |
= the (u2 o) = o-ren (the (u2 o))
apply (induct gs, simp-all)
apply (simp add: o-ren-def)
by force

lemma p-ren-extend-t-ren:
(oself ¢ regions (mu-ext (u1, p2) t) A oself ¢ variables (mu-ext (u1, p2) t)
— mu-ext (ul, p2) t =
mu-ext (Ax. Some (t-ren (the (u1 z))), Ao. Some (o-ren (the (12 0)))) t) A
(oself ¢ regions’ (mu-exts (ul, p2) ts) A pself ¢ variables’ (mu-exts (ul, p2)
ts)
— mu-exts (pul, p2) ts =
mu-exts (Az. Some (t-ren (the (ul x))), Ao. Some (g-ren (the (u2 0)))) ts)
apply (induct-tac t and ts,simp-all)
apply (subgoal-tac
(oself ¢ regions (the (ul list)) A oself ¢ variables (the (p1 list))
— (the (ul list)) = t-ren (the (1 list))) A
(oself ¢ regions’ tm A pself ¢ variables’ tm — tm = t-rens tm),simp)
apply (rule t-equals-t-ren)
apply clarsimp
by (rule o-equals-o-ren,assumption+)

lemma mu-ext-args-zs:

[ distinct zs; length xs = length ti; length as = length ti;
T € set 1s;
dom (map-of (zip zs (map (atom2val E1) as))) = set xs;
mu-ext (p1,u2) (ti 1) =t
1 < length as;
oself ¢ regions t; pself ¢ variables t; pself ¢ regions (tili);
zsli=uz]

= (mu-ext (A\x. Some (t-ren (the (u1 x))),
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(Ao. Some (o-ren (the (n2 0))))(oself — oself)) oy
map-of (zip xs ti)) x = Some t
apply (drule-tac t=t in sym,simp)
apply (subst map-f-comp-map-of-zip, assumption+)
apply (drule-tac t=x in sym,simp)
apply (insert
set-zip [where zs=zs and
ys=(map (mu-ext (A\x. Some (t-ren (the (pl x))),
(Mo. Some (o-ren (the (u2 0))))(oself — oself))) ti)])
apply (simp, rule-tac =1 in ezl simp)
apply (subgoal-tac
(oself ¢ regions (til7)
— mu-ext (Az. Some (t-ren (the (ul z))),
(Ao. Some (g-ren (the (u2 0))))(oself — oself)) (tili) =
mu-ext (Az. Some (t-ren (the (u1 x))), Ao. Some (o-ren (the (12 0)))) (tili))
A
(oself ¢ regions’ ts
— mu-exts (Az. Some (t-ren (the (u1 z))),
(Ao. Some (p-ren (the (u2 0))))(oself — oself)) ts =
mu-exts (Ax. Some (t-ren (the (u1 x))), Ao. Some (o-ren (the (u2 0)))) ts))
prefer 2 apply (rule p-ren-extend-gself)
apply simp
apply (subgoal-tac
(oself ¢ regions (mu-ext (u1, p2) (tili)) A pself ¢ variables (mu-ext (ul, p2)
(tild))
— mu-ext (ul, p2) (tili) =
mu-ext (Az. Some (t-ren (the (ul z))), Ao. Some (g-ren (the (u2 0)))) (tili))
A
(oself ¢ regions’ (mu-exts (ul, p2) ts) A pself ¢ variables’ (mu-exts (ul, p2)
ts)
— mu-exts (ul, p2) ts =
mu-exts (Axz. Some (t-ren (the (ul x))), Ao. Some (o-ren (the (12 0)))) ts))
prefer 2 apply (rule p-ren-extend-t-ren)
by simp

lemma map-comp-map-of-zip-p:
[distinct rs; length os = length rr; length rs = length rr; rs!i = r;
rs | i # self;
V i < length ps. 3 t. (snd (u-ren (ul1, p2))) (osli) = Some t;
oself ¢ set os; i < length rr;
(rs ! i, n) € set (zip rs (map (the o E2) rr)) |
= (snd (p-ren (ul, u2))(oself — oself)
om map-of (zip rs ps)(self — pself)) r =
Some (the (snd (p-ren (u1, 1n2)) (0s! 7))
apply (drule-tac t=r in sym)
apply (subgoal-tac
(snd (u-ren (u1, u2))(oself — oself) om
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map-of (zip rs ps)(self — oself)) (rs i) =
(snd (u-ren (11, 12))(oself — oself) o
map-of (zip rs ps)) (rs ! i),simp)
prefer 2 apply (simp add: map-comp-def)
apply (subst map-comp-map-of-zip,simp,simp,simp,simp)
apply (subst map-mu-self ,simp)
apply (insert set-zip [where zs=rs and ys=(map (the o snd (u-ren (u1, p2)))
0s)])
apply (simp,rule-tac x=i in exl)
by simp

lemma consistent-n-ren-gps:
[ i < length os; n (the (u2 (os!4))) = Some n;
ofake ¢ dom n; ofake ¢ ran pu2; p-ren-dom (ul, p2);
YV i < length os. 3 t. u2 (psli) = Some t]
= (np-ren n ++ [oself — Suc k]) (the (snd (u-ren (u1, u2)) (os!1i))) = Some
n
apply simp
apply (rule conjI)
apply (simp add: o-ren-def)
apply (simp add: gself-def add: ofake-def)
apply (rule impl)
apply (simp add: o-ren-def)
apply (rule conjl,rule impl)
apply (simp add: n-ren-def)
apply (rule impl,force)
apply (simp add: n-ren-def)
by force

lemma t-ren-mu-ext:
t-ren (mu-ext (ul, p2) t) =
mu-ext (Azx. Some (t-ren (the (ul x))), Aa. Some (p-ren (the (u2 a)))) t A
t-rens (mu-exts (ul1, p2) ts) =
mu-exts (A\z. Some (t-ren (the (ul x))), Aa. Some (o-ren (the (u2 a)))) ts
apply (induct-tac t and ts,simp-all)
by (induct-tac list3,simp-all)

lemma mu-exts-ren:

[ mu-exts (1, u2) tm’ = tm; map (the o u2) ps’ = ps |

= mu-exts (Az. Some (t-ren (the (ul z))),

Aa. Some (p-ren (the (12 a)))) tm' = t-rens tm
A map (the o (Aa. Some (p-ren (the (12 a))))) os’ = map o-ren os

apply clarsimp
apply (rule conjI)
apply (subgoal-tac

t-ren (mu-ext (ul, p2) t) =
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mu-ext (Azx. Some (t-ren (the (ul x))), Aa. Some (p-ren (the (u2 a)))) t A
t-rens (mu-exts (ul, p2) tm') =
mu-exts (Az. Some (t-ren (the (ul ))), Aa. Some (o-ren (the (12 a)))) tm’)
prefer 2 apply (rule t-ren-mu-ext)
apply clarsimp
by (induct-tac gs’,simp-all)

lemma 7-ren-o-ren-pl-Somel:
[ ol = last ps; last ps € dom n; n (last ps) = Some j;
n' = n-ren n(oself — Suc k);
os # [|;
ofake ¢ dom n]
= (n-ren n(oself — Suc k)) (o-ren (last ps)) = Some j
apply (simp add: o-ren-def)
apply (rule congI)
apply (rule impl)
apply (simp add: n-ren-def)
apply clarsimp
apply (rule impl)
apply (simp add: n-ren-def)
by clarsimp

lemma last-map-not-pself:
[ oself ¢ (the o u2) *set ps’
os' # 1
= last (map (the o u2) os’) # oself
by (induct os’,simp-all,force)

lemma length-ps:
[ length os’ > 0,
(the (u2 o), mu-ext (u1, u2) (TypeExpression.ConstrT T tm' os’)) =
(ol, TypeEzpression.ConstrT T tm 0s) |
= 05 # ||
apply (simp,elim conjE)
by (induct os’,simp,clarsimp)

lemma consistent-t-consistent-t-ren [rule-format):
consistent-vtn v h
— ofake ¢ dom n
— n' = (n-ren n(oself — Suc k))
— consistent-v (t-ren t) n’ v h
apply (rule impl)
apply (erule consistent-v.induct)

apply (rule impl)+
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apply simp
apply (rule consistent-v.primitivel )

apply (rule impl)+
apply simp
apply (rule consistent-v.primitiveB)

apply (rule impl)+
apply simp
apply (rule consistent-v.variable)

apply clarsimp
apply (rule consistent-v.algebraic-None)
apply (simp add: dom-def)

rule impl)+

elim exE, elim conjE)

simp only: t-ren-t-rens.simps(2))
rule consistent-v.algebraic)

apply
apply
apply
apply

Py

apply force
apply force

stmp only: wellT.simps)

elim conjE)

frule length-os,assumption+)

subst map-last,assumption+)

frule n-ren-p-ren-pl-Somel , assumption+)
simp add: dom-def)

apply
apply
apply
apply
apply
apply

NN N NS

sitmp only: wellT.simps)

elim conjE)

apply (frule length-os,assumption+)

apply (subst map-last,assumption+)

apply (frule n-ren-g-ren-ol-Somel)

apply (assumption,assumption,assumption,assumption,assumption,assumption)

apply
apply

NN N

apply force
apply force
apply force
apply (rule-tac z=(Az. Some (t-ren (the (u! x)))) in exl)
apply (rule-tac z=(Aa. Some (p-ren (the (u2 a)))) in exl)
apply (rule congl)
(
(

apply (simp only: wellT.simps)
apply (elim conjE)
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apply (frule length-os,assumption+)
apply simp
apply (rule conjI)
apply (subst map-last,assumption+,simp)
apply (elim conjE)
apply (rule mu-exts-ren,assumption—+)

apply (rule alll, rule impl)
apply (erule-tac z=1 in allF)
apply (drule mp,simp)
apply (elim conjE)

apply (drule mp,simp)
apply (drule mp,simp)
apply simp
apply (subgoal-tac
(t-ren (mu-ext (ul, pu2) (tn'!14))) =
(mu-ext (A\x. Some (t-ren (the (p1 z))),
Aa. Some (p-ren (the (12 a)))) (tn'! 1)) A
t-rens (mu-exts (ul1, pu2) ts) =
mu-exts (Az. Some (t-ren (the (ul x))), Aa. Some (o-ren (the (u2 a)))) ts)
prefer 2 apply (rule t-ren-mu-ext)
apply simp
done

lemma mu-ezt-args-xs-ti:
[ distinct zs; length xs = length ti; length as = length ti;
T € set 1s;
dom (map-of (zip zs (map (atom2val E1) as))) = set ws;
mu-ext (pl,pu2) (ti i) =t
i < length as; pself ¢ regions (ti ! i);
zsli=uz]
= (mu-ext (A\x. Some (t-ren (the (u1 x))),
(Ao. Some (o-ren (the (42 0))))(oself — oself)) of
map-of (zip xs ti)) x = Some (mu-ext (A\x. Some (t-ren (the (ul x))),
Ao. Some (o-ren (the (u2 0)))) (ti ! 7))
apply (drule-tac t=t in sym,simp)
apply (subst map-f-comp-map-of-zip, assumption—+)
apply (drule-tac t=x in sym,simp)
apply (insert
set-zip [where zs=xs and
ys=(map (mu-ext (A\x. Some (t-ren (the (ul x))),
(Ao. Some (o-ren (the (12 0))))(eself — oself))) ti)])
apply (simp, rule-tac z=1i in exl,simp)
apply (subgoal-tac
(oself ¢ regions (til4)
— mu-ext (Az. Some (t-ren (the (u1 z))),
(Ao. Some (p-ren (the (u2 0))))(oself — oself)) (tili) =
mu-ext (A\z. Some (t-ren (the (ul z))),
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Ao. Some (o-ren (the (12 0)))) (tili)) A (oself ¢ regions’ ts
— mu-exts (Az. Some (t-ren (the (u1 z))),
Y

(
x)

(Ao. Some (p-ren (the (u2 ))))(oself — oself)) ts =
mu-exts (Az. Some (t-ren (the (ul x))),
Ao. Some (o-ren (the (u2 0)))) ts))

apply simp
by (rule p-ren-extend-oself)

lemma SafeDARegion-APP-Pj:
[ distinct zs; length xs = length ti; length xs = length as;
distinct rs; length rs = length rr; length rs = length ps;
oself & regions tg U (| set (map regions ti)) U set ps;
YV i < length os. 3 t. u2 (psli) = Some t; ofake ¢ ran p2;
w-ren-dom (pl, p2);
set rr C dom E2; fuvs’ as C dom E1;
consistent (91,92) n (E1, E2) h;
argP-app (map (mu-ext (pl1,12)) i) (map (the o u2) ps) as rr (¥1,92) |
= consistent
(mu-ext (fst (u-ren (ul1, p2)), snd (p-ren (u1, p2))(oself — oself))
of map-of (zip zs ti),
snd (p-ren (p1, p2))(oself — oself)
om map-of (zip rs os)(self — pself))
(n-ren n ++ [oself — Suc k]) (map-of (zip xs (map (atom2val E1) as)),
map-of (zip rs (map (the o E2) rr))(self — Suc k)) h
apply (subgoal-tac ofake ¢ dom )
prefer 2 apply (rule ofake-not-in-dom-n)
apply (unfold consistent.simps)
apply (elim conjE)
apply (rule conjI)

apply simp
apply (rule balll)
apply (subgoal-tac
3 1 < length as. zsli =z A
(map-of (zip xs (map (atom2val E1) as))) x = Some (atom2val E1 (as!i)))
prefer 2 apply (frule-tac vs=map (atom2val E1) as
in map-of-zip-is-Somel ;simp,simp, force)
apply (elim exE, elim conjE)
apply (simp add: argP-app.simps)
apply (elim conjE)
apply (erule-tac x=1 in allE, simp)+
apply (erule disjE)

apply (elim exE simp)

apply (rule-tac x=(ConstrT intType ] []) in exl)
apply (rule congl)
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apply (rule-tac i=i in mu-ext-args-xs)

apply (assumption+,simp,assumption+,simp,force,simp,simp,assumption+)
apply (rule-tac z=IntT c in exl,simp)

apply (rule consistent-v.primitivel )
apply (erule disjE)

apply (elim exE simp)

apply (rule-tac z=(ConstrT boolType [ []) in exl)

apply (rule congl)

apply (rule-tac i=i in mu-ext-args-xs)

apply (assumption+,simp,assumption+,simp,force,simp,simp,assumption+)
apply (rule-tac z=BoolT b in exl simp)

apply (rule consistent-v.primitiveB)

apply (elim exE)
apply (simp add: argP-auz.simps)
apply (rule-tac x=mu-ext (Az. Some (t-ren (the (ul x))),
(No. Some (p-ren (the (u2 0))))) (ti ! i) in exl)
apply (rule congl)
apply (rule-tac i=1i in mu-ext-args-zs-ti,assumption—+,simp,simp, simp,force,simp)
apply (rule-tac x=the (F1 za) in exl,simp)
apply (erule-tac x=xza in ballE)
apply (elim exE, elim conjE)+
apply simp
apply (subgoal-tac
t-ren (mu-ext (pul1, p2) (ti ! d)) =
mu-ext (A\x. Some (t-ren (the (ul z))), Aa. Some (o-ren (the (u2 a)))) (ti !
i) A
t-rens (mu-exts (1, p2) ts) =
mu-exts (Az. Some (t-ren (the (ul x))), Aa. Some (o-ren (the (12 a)))) ts)
prefer 2 apply (rule t-ren-mu-ext)
apply (elim conjE)
apply (drule-tac s=t-ren (mu-ext (1, p2) (ti ! 4)) in sym)
apply simp
apply (rule consistent-t-consistent-t-ren, assumption+,simp)

apply (frule as-in-E1 ,simp,simp,simp)

apply (rule conjI)
apply (rule balll)
apply (case-tac r = self)

apply clarsimp

apply (subgoal-tac r € set rs)
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prefer 2 apply simp
apply (subgoal-tac
3 i < length rr. rsli = r A (map-of (zip rs (map (the o E2) rr))) r =
Some ((the o E2) (rrli)))
prefer 2 apply (frule-tac vs=map (the o E2) rr
in map-of-zip-is-Somel ,simp,simp,force)
apply (simp only: argP-app.simps)
apply (elim exE elim conjE)
apply (subgoal-tac V i < length rr. 3 n. E2 (rrli) = Some n)
prefer 2 apply (rule rr-in-E2,assumption)
apply (rotate-tac 28)
apply (erule-tac x=i in allE) apply (drule mp) apply simp
apply (erule-tac z=rrli and A=dom E2 in ballE)
prefer 2 apply (simp add: dom-def)
apply (elim exE, elim conjE)+
apply (rule-tac z=the ((snd (u-ren (u1,u2))) (0s'i)) in exl)
apply (rule-tac z=n in exl)
apply (rule congl)
apply (drule-tac s=length gs in sym)
apply (rule-tac ps=ps and rr=rr in map-comp-map-of-zip-y1)
apply (assumption+,simp,simp,assumption+,simp)
apply (simp,simp,simp,simp)
apply (rule congl)
apply (rule consistent-n-ren-os)
apply (simp,simp,simp,simp,simp)
apply simp
apply simp
apply (rule congl)
apply simp
by simp

lemma regions-induct-t-var:
(z € regions (the (fst 1 0)) A o € variables t — x € regions (mu-ext p t)) A
(z € regions (the (fst uw o)) N o € variables’ tm — x € regions’ (mu-exts p
tm))
apply (induct-tac t and tm)
by clarsimp+

lemma regions-induct-constr-o:

(o € regions t — the (snd p o) € regions (mu-ext p t)) A

(o € regions’ tm — the (snd u o) € regions’ (mu-exts p tm))
apply (induct-tac t and tm)
by clarsimp+
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lemma regions-induct-constr-gs [rule-format]:
set ps C regions t' —
(the o snd p) ‘ set os C regions (mu-ext u t')
apply (induct gs,simp-all)
apply clarsimp
apply (subgoal-tac
(a € regions t' — the (snd p a) € regions (mu-ext p t')) A
(a € regions’ tm — the (snd p a) € regions’ (mu-exts p tm)))
apply simp
by (rule regions-induct-constr-p)

lemma regions-regions-mu-ext:
(regions t C regions t' A variables t C variables t'
— regions (mu-ext p t) C regions (mu-ext p t')) A
(regions’ tm C regions t’ A variables’ tm C variables t’
— regions’ (mu-exts p tm) C regions (mu-ext [ t'))
apply (induct-tac t and tm)

apply clarsimp

apply (rename-tac o )

apply (subgoal-tac
(z € regions (the (fst u 0)) A o € variables t' — =z € regions (mu-ext p t')) A
(z € regions (the (fst u 0)) A o € variables’ tm — x € regions’ (mu-exts p

m)))

apply simp

apply (rule regions-induct-t-var)

apply (rule impl)

apply (elim conjE)

apply simp

apply (rule regions-induct-constr-ps,simp)

apply clarsimp

by clarsimp

lemma wellT-regions:
[ wellT tn' (last os”) (TypeExzpression.ConstrT T tm' ps’);
mu-ext (ul, p2) (TypeExpression.ConstrT T tm’ 0s’) = TypeExpression.ConstrT
T tm ps;
oself ¢ regions (TypeExpression.ConstrT T tm 0s)]
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= Vi<length tn'. pself ¢ regions (map (mu-ext (1, p2)) tn'! i)
apply (unfold wellT.simps)
apply (elim conjE)
apply (rule alll, rule impl)
apply (erule-tac z=1i in allE)
apply (drule mp, simp)
apply (drule sym)
apply (subgoal-tac
(regions (tn'! i) C regions (TypeEzpression.ConstrT T tm’ ps") A
variables (tn'! i) C variables (TypeExpression.ConstrT T tm’ os’)
— regions (mu-ext (ul, p2) (tn’!1i)) C
regions (mu-ext (u1, u2) (TypeEzpression.ConstrT T tm' ps’))) A
(regions’ tm'" C regions (TypeExpression.ConstrT T tm’ gs’) A
variables’ tm’ C wvariables (TypeFEzpression.ConstrT T tm’ ps’)
— regions’ (mu-exts (ul, p2) tm') C
regions (mu-ext (ul1, p2) (TypeExpression.ConstrT T tm' 0s'))))
apply (simp del: regions-regions’.simps(2) del: mu-ext-mu-exts.simps(2))
apply (elim conjE)
apply blast
by (rule regions-regions-mu-ext)

lemma last-notin-set:
[os # [l; 0 ¢ set os]
= last 0s # 0
by (induct os,simp,clarsimp)

lemma 7-o-ren-inv-p-Some-j:
[ (n-ren n(eself — Suc k)) o = Some j;
ofake ¢ dom n;
o # oself |
= 1 (p-ren-inv p) = Some j
apply (simp add: n-ren-def)
apply (split split-if-asm)
apply (simp add: o-ren-inv-def)
apply force
apply (simp add: p-ren-inv-def)
by force

lemma ¢-ren-in-mu-ext-inv:

t-ren-inv (mu-ext (ul, pu2) t) =

mu-ext (Az. Some (t-ren-inv (the (11 x))), Aa. Some (o-ren-inv (the (12 a))))
t A

t-ren-invs (mu-exts (ul, pu2) ts) =
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mu-exts (Az. Some (t-ren-inv (the (u1 x))), Aa. Some (p-ren-inv (the (12 a))))
ts
apply (induct-tac t and ts,simp-all)
by (induct-tac list3,simp-all)

lemma mu-exts-ren-inv:
[ mu-exts (1, pn2) tm’ = tm; map (the o u2) ps' = ps |
= mu-exts (A\x. Some (t-ren-inv (the (ul ))),
Aa. Some (o-ren-inv (the (u2 a)))) tm’ = tren invs tm
A map (the o (Aa. Some (g-ren-inv (the (u2 a))))) os’ = map o-ren-inv s
apply clarsimp
apply (rule congI)
apply (subgoal-tac
t-ren-inv (mu-ext (pl, p2) t) =
mu-ext (Az. Some (t-ren-inv (the (11 x))), Aa. Some (o-ren-inv (the (12 a))))
t A
t-ren-invs (mu-exts (pul1, p2) tm') =
mu-exts (Az. Some (t-ren-inv (the (u1 x))), Aa. Some (g-ren-inv (the (12 a))))
tm”)
prefer 2 apply (rule t-ren-in-mu-ext-inv)
apply clarsimp
by (induct-tac gs’,simp-all)

lemma consistent-t-consistent-t-ren-inv [rule-format|:
consistent-v t' n’ v h-e
— oself ¢ regions t’
— n' = (n-ren n(oself — Suc k))
— consistent-v (t-ren-inv t') n v h-e
apply (rule impl)
apply (erule consistent-v.induct)

apply (rule impl)+
apply simp
apply (rule consistent-v.primitivel )

apply (rule impl)+
apply simp
apply (rule consistent-v.primitiveB)

apply (rule impl)+
apply simp
apply (rule consistent-v.variable)

apply clarsimp
apply (rule consistent-v.algebraic-None)

apply (simp add: dom-def)

apply (rule impl)+
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apply (elim exE, elim conjE)
apply (simp only: t-ren-inv-t-ren-invs.simps(2))
apply (rule consistent-v.algebraic)

apply force

apply force

apply (simp only: wellT.simps)
apply (elim conjE)
apply (frule length-os,assumption+)
apply (subst map-last,assumption+)
apply (subgoal-tac last os # pself)
apply (subgoal-tac ofake ¢ dom n)
prefer 2 apply (rule ofake-not-in-dom-n)
apply (frule n-o-ren-inv-p-Some-j,assumption—+)
apply (simp add: dom-def)
apply (simp, elim conjE)
apply (rule last-notin-set, assumption+)

apply (simp only: wellT.simps)
apply (elim conjE)
apply (frule length-os,assumption+)
apply (subst map-last,assumption+)
apply (subgoal-tac last os # pself)
apply (subgoal-tac ofake ¢ dom n)
prefer 2 apply (rule ofake-not-in-dom-n)
apply (frule n-o-ren-inv-p-Some-j,assumption+)
apply (simp, elim conjE)
apply (rule last-notin-set, assumption, assumption)

apply force
apply force

apply force

apply (rule-tac z=(A\z. Some (t-ren-inv (the (ul1 z)))) in exl)
apply (rule-tac x=(Aa. Some (p-ren-inv (the (u2 a)))) in exl)
apply (rule conjl)
apply (simp only: wellT.simps)
apply (elim conjE)
apply (frule length-os,assumption+)
apply simp
apply (rule conjI)
apply (subst map-last,assumption+,simp)
apply (elim conjE)
apply (rule mu-exts-ren-inv,assumption)
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apply (rule alll, rule impl)
apply (erule-tac x=i in allE)
apply (drule mp,simp)
apply (elim conjE)

apply (frule wellT-regions,force,simp)
apply (drule mp,simp)
apply (drule mp,simp)
apply simp
apply (subgoal-tac
(t-ren-inv (mu-ext (ul, p2) (tn'!1d))) =
(mu-ext (A\x. Some (t-ren-inv (the (ul x))),
Aa. Some (p-ren-inv (the (u2 a)))) (tn'! 1)) A
t-ren-invs (mu-exts (ul, p2) ts) =
mu-exts (Az. Some (t-ren-inv (the (ul x))),
Aa. Some (o-ren-inv (the (u2 a)))) ts)
prefer 2 apply (rule t-ren-in-mu-ext-inv)
apply simp
done

lemma mu-ext-gself-mu-ext [rule-format]:
(oself ¢ regions t
— (mu-ext (p1,u2(oself — oself)) t) = (mu-ext (u1,u2) t)) A
(oself ¢ regions’ tm
— (mu-exts (ul,u2(oself — oself)) tm) = (mu-exts (p1,u2) tm))
by (induct-tac t and tm,simp-all)

lemma gself-notin-regions-t-ren [rule-format]:
oself & regions (t-ren t) A
oself ¢ regions’ (t-rens tm)

apply (induct-tac t and tm, simp-all)

apply (induct-tac list3,simp-all)

apply (simp add: o-ren-def)

by (simp add: pself-def add: ofake-def)

lemma gself-notin-regions-mu-ren:
(oself ¢ regions (mu-ext (Az. Some (t-ren (the (ul z))),
Aa. Some (o-ren (the (u2 a)))) t)) A
(oself ¢ regions’ (mu-exts (Az. Some (t-ren (the (ul x))),
(Ao. Some (o-ren (the (u2 0))))) tm)
apply (induct-tac t and tm,simp-all)
apply (subst pself-notin-regions-t-ren,simp)
apply (induct-tac list3,simp-all)
apply (simp add: o-ren-def)
by (simp add: pself-def add: ofake-def)

lemma t-ren-inv-t-ren:
(notFake t — t-ren-inv (t-ren t) = t) A
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(notFakes tm — t-ren-invs (t-rens tm) = tm)
apply (induct-tac t and tm,simp-all)
apply (induct-tac list3,simp-all)
apply clarsimp
by (simp add: g-ren-def add: o-ren-inv-def)

lemma mu-ezt-def-ConstrT:
mu-ext-def (pl, p2) (ConstrT T tm s)
= mu-exts-def (p1, p2) tm

apply (simp add: mu-ext-def-def)

apply (induct tm,simp-all)

apply (case-tac a,simp-all)

apply (simp add: mu-ext-def-def)

by (simp add: mu-ext-def-def)

lemma mu-ezt-def-gs [rule-format]:
mu-ext-def (p1, p2) (ConstrT T tm ps) —
map o-ren-inv (map (the o (Ap. Some (p-ren (the (u2 0))))) 05)
= map (the o n2) ps

apply (induct-tac ps, simp-all)

apply (rule impl)+

apply (rule congl)

apply (simp add: mu-ext-def-def)

apply (simp add: p-ren-def add: o-ren-inv-def)

by (simp add: mu-ext-def-def )

lemma t-ren-inv-t-ren-t:
(mu-ext-def (p1,u2) t
— (t-ren-inv (mu-ext (Az. Some (t-ren (the (pl z)))
(Ao. Some (o-ren (the (12 0))))) t
(mu-ext (ul, p2) t)) A
(mu-exts-def (u1,u2) tm
— (t-ren-invs (mu-exts (Az. Some (t-ren (the (1 x))),
(Xo. Some (p-ren (the (u2 0))))) tm)) =
(mu-exts (ul, p2) tm))
apply (induct-tac t and tm,simp-all)
apply (rule impl)
apply (subst t-ren-inv-t-ren)
apply (simp add: mu-ext-def-def)
apply simp
apply clarsimp
apply (frule mu-ext-def-ConstrT simp)
by (rule mu-ext-def-o0s,simp)

lemma consistent-t-ren-inv-consistent-t:
[ oself ¢ regions tg; mu-ext-def (ul, p2) tg;
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consistent-v (t-ren-inv (mu-ext (Az. Some (t-ren (the (ul x))),
(Ao. Some (o-ren (the (12 0))))(oself — oself)) tg)) n v h-€]
= consistent-v (mu-ext (u1, p2) tg) n v h-e
apply (insert mu-ext-gpself-mu-ext)
by (insert t-ren-inv-t-ren-t,simp-all)

lemma restricted-h-equals-h:
[ hp= Some (j,C,on);
Jj < Suck]
= (h | {p € dom h. fst (the (hp)) <k})p=hp
apply (subgoal-tac p € dom h,simp)
by (simp add: dom-def)

lemma j-le-Suc-k:
[ n ol = Some j; admissible n k |
= j < Suck
apply (simp add: admissible-def )
apply (elim conjE)
apply (erule-tac x=pl in ballE)

apply force
by (simp add: dom-def)

lemma SafeDARegion-APP-P5 [rule-format]:

consistent-v t n v h-e

— admissible n k

— consistent-v t n v (h-e¢ | {p € dom h-e. fst (the (h-e p)) < k})
apply (rule impl)
apply (erule consistent-v.induct)

apply (rule impl)+
apply (rule consistent-v.primitivel )

apply (rule impl)+
apply (rule consistent-v.primitiveB)

apply (rule impl)+
apply (rule consistent-v.variable)

apply clarsimp

apply (rule consistent-v.algebraic-None)
apply (simp add: dom-def)

apply (rule impl)+

apply (elim exE, elim conjE)
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apply (rule consistent-v.algebraic)

apply (frule j-le-Suc-k,assumption)
apply (frule-tac h=h in restricted-h-equals-h,assumption)
apply force

apply force
apply force
apply force
apply force
apply force

apply force

apply (rule-tac z=p1 in exl)
apply (rule-tac t=p2 in exl)
apply simp

done

declare dom-fun-upd [simp del]
declare fun-upd-apply [simp del]
declare restrict-map-def [simp del]
declare map-upds-def [simp del]

lemma lemma-19-auz [rule-format]:
E Xt
— 3t g = Some (ti,08,tg)
— 3f g = Some (xs,18,€9)
— (bodyAPP Xf g): { (map-of (zip (varsAPP Xf g) (typesArgAPP Xt g)),
map-of (zip (reqionsAPP Yf g) (regionsArgAPP Yt g)) ++ [self — oself]),
(typeResAPP Xt g)}
apply (rule impl)
apply (erule ValidGlobalRegionEnv.induct)
apply simp
apply (rule impl)+
apply (case-tac g=f)

apply (simp add: typeResAPP-def regionsArgA PP-def typesArgAPP-def)
apply (subst (asm) fun-upd-apply, simp)
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apply (simp add: typeResAPP-def regionsArgAPP-def typesArgAPP-def)
by (subst (asm) fun-upd-apply, simp)

lemma equiv-SafeRegionDAss-all-n-SafeRegionDAssDepth:
e:{v,t} = Vn. SafeRegionDAssDepth e fn ¥ t

apply (case-tac 9)

apply (simp only: SafeRegionDAss.simps)

apply (simp only: SafeRegionDAssDepth.simps)

apply clarsimp

apply (simp only: SafeBoundSem-def)

apply (simp add: Let-def)

apply (elim exE)

apply (elim conjE)

apply (frule-tac td=td in eqSemDepthRA)

apply (elim exE)

apply (case-tac x,case-tac ba)

apply (erule-tac z=FE1 in allF)

apply (erule-tac z=E2 in ollF)

apply (erule-tac z=h in allF)

apply (erule-tac x=Fk in allE)

apply (erule-tac z=td in allE)

apply (erule-tac z=h'in allE)

apply (erule-tac z=v in allE)

apply (erule-tac t=aa in allE)

apply (erule-tac x=ab in allFE)

apply (erule-tac t=>bb in dllE)

apply (erule-tac x=n in allE)

apply (drule mp,force)

by simp

declare SafeRegionDAssDepth.simps [simp del]

lemma lemma-19 [rule-format]:
ValidGlobalRegionEnvDepth fn 3t
— Xf g = Some (zs,15,€9)
— Xt g = Some (ti,0s,tg)
— g9 F#f
— 91 = map-of (zip xs ti)
— 92 = map-of (zip rs ps) ++ [self — oself]
— SafeRegionDAssDepth eg fn (91,92) tg
apply (rule impl)
apply (erule ValidGlobalRegionEnvDepth.induct)

apply (rule impl)+
apply (frule lemma-19-auzx,force,force)
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apply (frule equiv-SafeRegionDAss-all-n-SafeRegionDAssDepth)

apply (simp add: typeResAPP-def regionsArgAPP-def typesArgAPP-def)
apply (simp add: bodyAPP-def varsAPP-def regionsAPP-def)

apply force

apply (rule impl)+

apply (frule lemma-19-auz, simp add: fun-upd-apply, force)

apply (frule equiv-SafeRegionDAss-all-n-SafeRegionDAssDepth)

apply (subst (asm) fun-upd-apply, simp)

apply (simp add: typeResAPP-def regionsArgAPP-def typesArgAPP-def)
apply (simp add: bodyAPP-def varsAPP-def regionsAPP-def)

apply force

apply (rule impl)+

apply (frule lemma-19-auz, simp add: fun-upd-apply, force)

apply (frule equiv-SafeRegionDAss-all-n-SafeRegionDAssDepth)

apply (subst (asm) fun-upd-apply, simp)

apply (simp add: typeResAPP-def regionsArgAPP-def typesArgAPP-def)
apply (simp add: bodyAPP-def varsAPP-def regionsAPP-def)

apply force

apply (case-tac ga=g,simp-all)
apply (rule impl)+
apply (subst (asm) fun-upd-apply, simp)
apply (simp add: bodyAPP-def varsAPP-def regionsAPP-def)
apply (frule equiv-SafeRegionDAss-all-n-SafeRegionDAssDepth)
apply force
apply (rule impl)+
apply (drule mp,force)
apply (drule mp)
apply (subst (asm) fun-upd-apply, simp)
apply (drule mp, simp)
apply simp
done

lemma lemma-20 [rule-format]:
ValidGlobalRegionEnvDepth fn %t
— Xf f = Some (zs,rs,ef)
— Xt f = Some (ti,o0s,tf)
— 91 = map-of (zip s ti)
— 92 = map-of (zip rs 0s) ++ [self — oself]
— n = Suc n’
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— SafeRegionDAssDepth ef fn' (91,92) tf
apply (rule impl)
apply (erule ValidGlobalRegionEnvDepth.induct)

apply (rule impl)+

apply (frule lemma-19-aux, simp add: fun-upd-apply, force)

apply (frule equiv-SafeRegionDAss-all-n-SafeRegionDAssDepth)

apply (subst (asm) fun-upd-apply, simp)

apply (simp add: typeResAPP-def regionsArgA PP-def typesArgAPP-def)
apply (simp add: bodyAPP-def varsAPP-def regionsAPP-def)

apply force

apply simp

apply (rule impl)+

apply simp

apply (subst (asm) fun-upd-apply, simp)

apply (simp add: bodyAPP-def varsAPP-def regionsAPP-def )

apply (rule impl)+

apply simp

apply (subst (asm) fun-upd-apply, simp)
done

lemma Safe DA RegionDepth-APP:
[ Xt g = Some (ti,os,tg); primops g = None;
oself ¢ regions tg U (| set (map regions ti)) U set ps;
length as = length ti; length ps = length rr;
Vi<length os. 3t. p2 (ps ! i) = Some t;
ofake & ran p2; p-ren-dom (pl1, p2);

t = mu-ext (u1,u2) tg; mu-ext-def (ul,u2) tg;
Yf g = Some (ws,rs,e); fv e C set xzs; fuReg e C set rs U {self };
argP-app (map (mu-ext (u1,u2)) ti) (map (the o p2) ps) as rr (V1,92);
':f ,n 2t ]]
= AppE gasrra o n i (91,92),t]
apply (case-tac g#£f)
apply (unfold SafeRegionDAssDepth.simps)
apply (intro alll, rule impl)
apply (elim conjE)

apply (frule lemma-19)
apply (force,force,assumption+,simp,simp)
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apply (frule-tac ?ul.0=fst(pu-ren (p1,12)) and
u2.0=snd (pu-ren (n1,u2))(oself — oself) in Regions-Lemma-5-Depth)

apply (frule P1-f-n-APP-2 simp,force,simp,force)
apply (elim exE elim conjE)
apply (unfold SafeRegionDAssDepth.simps)
apply (rotate-tac 24)

apply (erule-tac z=(map-of (zip xs (map (atom2val E1) as))) in allE)
apply (fold SafeRegionDAssDepth.simps)
apply (erule-tac x=(map-of (zip rs (map (the o E2) rr))(self — Suc k)) in allE)
apply (erule-tac z=h in allE)
apply (rotate-tac 24)

apply (erule-tac t=Suc k in allE)

apply (rotate-tac 24)

apply (erule-tac x=h'a in allE)

apply (erule-tac x=v in allE)

apply (rotate-tac 24)

apply (erule-tac z=(n-ren 1) ++ [oself — Suc k] in allE)

apply (drule mp)
apply (rule conjl,simp)

apply (rule conjl,simp)

apply (rule conjl)
apply (simp add: dom-fun-upd)

apply (rule congl)
apply (frule SafeDARegion-APP-E1-P2,simp,simp,simp)

apply (rule congl)
apply (frule Safe DA Region-APP-E2-P2 simp,assumption+,simp,assumption,simp)

apply (rule congl)
apply (rule SafeDARegion-APP-P3, assumption)

apply (frule-tac xs=zs and ti=ti and as=as and rs=rs and ps=gs in SafeDARegion-APP-PJ/)

apply (simp,assumption+,simp,force,assumption+,simp,simp,simp,assumption+)
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apply simp

apply (drule consistent-t-consistent-t-ren-inv)
apply (subst mu-ext-gself-mu-ext,simp)
apply (subst oself-notin-regions-mu-ren,simp)
apply simp
apply (elim conjE)
apply (frule consistent-t-ren-inv-consistent-t,assumption+)
apply (rule SafeDARegion-APP-P5,assumption)

apply simp
apply (case-tac n)

apply (simp only: SafeRegionDAssDepth.simps)
apply (rule alll)+

apply (rule impl)

apply (elim conjE)

apply (frule P1-f-n-APP assumption+,simp)

apply (unfold SafeRegionDAssDepth.simps)
apply (intro alll, rule impl)
apply (elim conjE)

apply (frule lemma-20)
apply (force,force,simp,simp,simp)

apply (frule-tac ?ul.0=fst(pu-ren (u1,12)) and
?u2.0=snd (p-ren (u1,u2))(oself — pself) in Regions-Lemma-5-Depth)
apply (subgoal-tac (E1, E2) b h , k, AppE fasrr () | (f, Sucnat) h', k,v)
prefer 2 apply simp
apply (frule P1-f-n-ge-0-APP simp,force)
apply (elim exE elim conjE)
apply (unfold SafeRegionDAssDepth.simps)
apply (rotate-tac 27)
apply (erule-tac x=(map-of (zip zs (map (atom2val E1) as))) in allE)
apply (fold SafeRegionDAssDepth.simps)
apply (erule-tac x=(map-of (zip rs (map (the o E2) rr))(self — Suc k)) in allE)
apply (erule-tac x=h in allE)
apply (rotate-tac 27)
apply (erule-tac x=Suc k in allE)
apply (rotate-tac 27)
apply (erule-tac x=h'a in allE)
apply (erule-tac x=v in allE)
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apply (rotate-tac 27)
apply (erule-tac z=(n-ren n) ++ [pself — Suc k] in allE)

apply (drule mp)
apply (rule conjl,simp)
apply (rule conjl,simp)

apply (rule congI)
apply (simp add: dom-fun-upd)

apply (rule congl)
apply (frule SafeDARegion-APP-E1-P2 simp,simp,simp)

apply (rule conjI)
apply (rule SafeDARegion-APP-E2-P2)
apply (simp,assumption—+,simp,assumption—+)

apply (rule conjI)
apply (rule SafeDARegion-APP-P3, assumption)

apply (rule-tac zs=xzs and ti=ti and as=as and rs=rs and ps=gs in SafeDARegion-APP-P/)
apply (simp,simp,assumption+,simp,simp,simp,assumption+,simp,simp,assumption+)
apply simp
apply (drule consistent-t-consistent-t-ren-inv)
apply (subst mu-ext-gself-mu-ext,simp)
apply (subst gself-notin-regions-mu-ren,simp)
apply simp

apply (frule consistent-t-ren-inv-consistent-t,assumption+)
by (rule SafeDARegion-APP-P5 ,assumption+)

end

24 Proof rules for region deallocation

theory ProofRulesRegions
imports SafeRegionDepth
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begin

inductive
ProofRulesREG :: [unit Exp, RegionEnv, string, ThetaMapping, TypeExpression
= bool
(-, -k -~ - [71,71,71,71,71] 70)
where
litlnt = ConstE (LitN i) a, Xt ¢ (91,02) ~ (ConstrT intType [ [])

| litBool: ConstE (LitB b) a, Xt k¢ (91,92) ~ (ConstrT boolType [] [])

| var!t :[901z = Somet]
= VarE z a, 5t by (91,92) ~ 1

| var2 :[91x = Some (ConstrT T ti ol);
92 r = Some o’;
coherent constructorSignature Tc]
= CopyE z 1 d, Xt ¢ (91,02) ~ ConstrT T ti ((butlast ol)Q[o"])

| var8 :[ 91 x = Some t; coherent constructorSignature Tc |
= ReuseE' x a, Xt by (91,92) ~ 1

| let1 [V Casra’ el # ConstrE Casra'
zl ¢ dom 91; x1 ¢ fv el
el, St p (91,92) ~ t1;
€2, Xt by (01(z1—11),92) ~ 12 ]
= Let 21 = el In €2 a, Bt ¢ (J1,02) ~ 2

| letc : [zl ¢ fusas; x1 ¢ dom 91;
constructorSignature C = Some (ti,0,t);
t = ConstrT T tn gs;
t' = mu-ext (ul,u2) t;
argP (map (mu-ext (ul,p2)) ti) ((the o u2) o) as r (V1,92);
wellT ti o t;
€2, Xt Fp (V1 (z1—1"),02) ~ t"]
= Let z1 = ConstrE C asr a’ In €2 a, 3t }—f (91,02) ~ t"

| casel : [ length assert = length alts; length alts > 0;
V 1 < length alts. constructorSignature (fst (extractP (fst (alts ! 7))))
= Some (ti,o,t) A

t = ConstrT T tn os A
length (snd (extractP (fst (alts ! 1)))) = length ti A
wellT ti o t N

fst (assert ! i) = 91 ++ (map-of (zip (snd (extractP (fst (alts ! 7))))

(map (mu-ext p) ti))) A
dom ¥1 N dom (map-of (zip (snd (extractP (fst (alts ! i))))
(map (mu-ext p) ti))) = {} A
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91z = Some (mu-ext p t) A
snd (assert | i) = 92;
V i < length alts. snd (alts | i), Xt
Fr (fst (assertli), snd (assert!i)) ~ ¢
V i < length alts. x ¢ set (snd (extractP (fst (alts ! 1))))]
= Case (VarE z a) Of alts a’, Xt k¢ (91,02) ~ t’

| case2 : [ length assert = length alts; length alts > 0,
coherent constructorSignature Tc;
Y i < length alts. constructorSignature
(fst (extractP (fst (alts ! 4)))) = Some (ti,0,t) A
t = ConstrT T tn os A
length (snd (extractP (fst (alts ! 1)))) = length ti A
wellT ti o t N
fst (assert ! i) = 91 ++ (map-of (zip (snd (extractP (fst (alts ! 7))))
(map (mu-ezt ) 1)) A
dom 91 N dom (map-of (zip (snd (extractP (fst (alts ! 7))))
(map (mu-ezt ) 1)) = {} A
91 x = Some (mu-ext p t) A
snd (assert | i) = 92;
V i < length alts. snd (alts ! i), £t
Fp (fst (assertli), snd (assertli)) ~ t';
V i < length alts. x ¢ set (snd (extractP (fst (alts ! 1))))]
= CaseD (VarE z a) Of alts o', Bt ¢ (91,92) ~ ¢/

| app : [ Xt g = Some (ti,os,tg); primops g = None;
oself ¢ regions tg U (| set (map regions ti)) U set ps;
length as = length ti; length os = length rr;
Vi<length ps. 3t. u2 (os ! i) = Some t;
ofake ¢ ran p2; p-ren-dom (pl1, p2);

t = mu-ext (ul,u2) tg; mu-ext-def (ul,u2) tg;
Yf g = Some (xs,rs,e); fv e C set zs; fuReg e C set rs U {self };
argP-app (map (mu-ext (pl,u2)) ti) (map (the o p2) os) as rr
(91,92) ]
= AppE g asrra, St by (01,02) ~ ¢

rec : [ Xff = Some (zs,rs,ef);
f ¢ dom Xt;
V1f = map-of (zip xs ti);
V2f = map-of (zip rs 0s) ++ [self — pself];
ef , Bt(fr>(tisos,tf)) Fp (V1 02f) ~ tf ]
= ef, Bt by (91f,92f) ~ tf

declare SafeRegionDAss.simps [simp del]
declare SafeRegionDAssDepth.simps [simp del]
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lemma equiv-all-n-SafeRegionDAssDepth-SafeRegionDAss:
V' n. SafeRegionDAssDepth e fn 9t = e: {0, ¢t}
apply (case-tac ¥)
apply (simp only: SafeRegionDAss.simps)
apply (simp only: SafeRegionDAssDepth.simps)
apply (rule alll)+
apply (rule impl)
apply (elim conjE)
apply (frule-tac f=f in eqgSemRADepth)
apply (simp only: SafeBoundSem-def)
apply (elim exE)
apply (rename-tac n)
apply (erule-tac z=n in allF)
apply (erule-tac x=E1 in allF)
apply (erule-tac t=E2 in allF)
apply (erule-tac x=h in allE)
apply (erule-tac x=Fk in allE)
apply (erule-tac z=h"in allE)
apply (erule-tac z=v in allE)
apply (erule-tac x=n in allE)

apply (simp add: Let-def)
apply (drule mp,force)
by simp

lemma equiv-SafeRegionDAss-all-n-SafeRegionDAssDepth:
e: {9, t} = Vn. SafeRegionDAssDepth e fn ¥ t

apply (case-tac 9)

apply (simp only: SafeRegionDAss.simps)

apply (simp only: SafeRegionDAssDepth.simps)

apply clarsimp

apply (simp only: SafeBoundSem-def)

apply (simp add: Let-def)

apply (elim exFE)

apply (elim conjE)

apply (frule-tac td=td in eqSemDepthRA)

apply (elim exE)

apply (case-tac x,case-tac ba)

apply (erule-tac z=E1 in ollE)

apply (erule-tac t=E2 in allF)

apply (erule-tac x=h in allE)

apply (erule-tac x=Fk in allE)

apply (erule-tac z=td in allE)

apply (erule-tac z=h"in allE)

apply (erule-tac x=v in allE)

apply (erule-tac x=aa in allE)
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apply (erule-tac x=ab in allF)
apply (erule-tac t=>bb in allE)
apply (erule-tac xz=n in allE)

apply (drule mp,force)

by simp

lemma lemma-5:

V n. SafeRegionDAssDepth e fndt= e: {9 ,t}
apply (rule eg-reflection)
apply (rule iffI)

apply (rule equiv-all-n-SafeRegionDAssDepth-Safe RegionDAss,force)

by (rule equiv-SafeRegionDAss-all-n-SafeRegionDAssDepth,force)

declare fun-upd-apply [simp del]

lemma imp-ValidGlobalRegion Env-all-n- Valid GlobalRegion EnvDepth:
ValidGlobalRegionEnv Xt =V n. =y ,, Xt

apply (erule ValidGlobalRegionEnv.induct,simp-all)

apply (rule alll)

apply (rule ValidGlobalRegionEnvDepth.base)
apply (rule ValidGlobalRegionEnv.base)

apply simp

apply (rule alll)

apply (case-tac fa=f simp)

apply (induct-tac n)
apply (rule ValidGlobalRegionEnvDepth.depth0,simp,simp)

apply (rule ValidGlobalRegionEnvDepth.step)

apply (simp,simp,simp,simp,simp)

apply (frule-tac f=f in equiv-SafeRegionDAss-all-n-SafeRegionDAssDepth,simp)

apply (rule ValidGlobalRegionEnvDepth.q)
apply (simp,simp,simp,simp,simp)
by (frule-tac f=fa in equiv-SafeRegionDAss-all-n-SafeRegionDAssDepth,simp)

lemma imp- ValidRegionDepth-n-SigmaRegion- Valid-Sigma [rule-format]:
}Zf . n it
— f ¢ dom Xt
— ValidGlobalRegionEnv %t
apply (rule impl)
apply (erule ValidGlobalRegionEnvDepth.induct,simp-all)
apply (simp add: fun-upd-apply add: dom-def)
apply (simp add: fun-upd-apply add: dom-def)
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apply (rule impl)

apply (drule mp)

apply (simp add: fun-upd-apply add: dom-def)
by (rule ValidGlobalRegionEnv.step,simp-all)

lemma imp-f-notin-SigmaRegion- ValidDepth-n-SigmaRegion- Valid-Sigma:
[f¢&dom Et;V n.l=p o, Bt]
= ValidGlobalRegionEnv %t

apply (erule-tac z=n in allF)

by (rule imp-ValidRegionDepth-n-SigmaRegion- Valid-Sigma,assumption+)

lemma Theorem-4-aux [rule-format]:
ValidGlobalRegionEnvDepth f n 3t
— n = Suc n’
— f € dom Xt
— (bodyAPP %f f) o { (map-of (zip (varsAPP Xf f) (typesArgAPP 3t
1)), map-of (zip (regionsAPP Xf f) (regionsArgAPP 3t f)) ++ [self — oself]),
(typeResAPP Xt f) |}
apply (rule impl)
apply (erule ValidGlobalRegionEnvDepth.induct,simp-all)
apply (rule impl)+
apply (subgoal-tac typesArgAPP (St(f — (ti, os, tf))) f = ti,simp)
apply (subgoal-tac regionsArgAPP (Xt(f — (ti, o0s, tf))) f = 0s,simp)
apply (subgoal-tac typeResAPP (St(f — (i, os, tf))) [ = tf,simp)
apply (unfold typeResAPP-def regionsArgAPP-def typesArgAPP-def)
by (simp add: fun-upd-apply add: dom-def )+

lemma Theorem-4:
[V n > 0. ValidGlobalRegionEnvDepth f n $t; f € dom 3t |
=V n. (bodyAPP Xff) foon { (map-of (zip (varsAPP Xf f) (typesArgAPP

Lt f)),

F)) ++ [self — oself]),

map-of (zip (regionsAPP 3f f) (regionsArgAPP Xt

(typeResAPP Xt f) |}
apply (rule alll)
apply (rule-tac n=Suc n in Theorem-4-auz)
by simp-all

lemma Theorem-5-aux [rule-format]:
=f.on B
— n = Suc n’
— f € dom Xt
— (bodyAPP 2f f) : { (map-of (zip (varsAPP Xf f) (typesArgAPP Xt f)),
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map-of (zip (regionsAPP Xf f) (regionsArgAPP Xt f)) ++
[self +— oself]),

— = 3t
apply (rule impl)
apply (erule ValidGlobalRegionEnvDepth.induct,simp-all)
apply (rule impl)+
apply (rule ValidGlobalRegionEnv.step)
apply (simp,simp,simp,simp,simp)
apply (subgoal-tac typesArgAPP (St(f — (i1, os, tf))) f = ti,simp)
apply (subgoal-tac regionsArgAPP (3t(f — (ti, os, tf))) f = o0s,simp)
apply (subgoal-tac typeResAPP (Xt(f — (ti, os, tf))) f = tf ,simp)
(
(
(

(typeResAPP 3t f) |

apply (simp add: typeResAPP-def add: fun-upd-apply add: dom-def)

apply (simp add: regionsArgAPP-def add: fun-upd-apply add: dom-def)

apply (simp add: typesArgAPP-def add: fun-upd-apply add: dom-def)

apply (rule impl)+

apply (case-tac g=f,simp-all)

apply (rule ValidGlobalRegionEnv.step,simp-all)

apply (subgoal-tac f € dom Xt,simp)

prefer 2 apply (simp add: fun-upd-apply add: dom-def)

apply (subgoal-tac typesArgAPP (St(g — (ti, os, tf))) f = typesArgAPP Xt
frsimp)

apply (subgoal-tac regionsArgAPP (Xt(g — (ti, os, tf))) f = regionsArgAPP %t
fsimp)

apply (subgoal-tac typeResAPP (Xt(g — (i, 0s, tf))) f = typeResAPP %t f simp)
apply (unfold typeResAPP-def regionsArgAPP-def typesArgAPP-def)

by (simp add: fun-upd-apply add: dom-def )+

lemma Theorem-5:
[Vn>0 Fr ,%tf € dom Bt
(bodyAPP Xf f) : { (map-of (zip (varsAPP Xf f) (typesArgAPP %t f)),
map-of (zip (regionsAPP Xf f) (regionsArgAPP Xt f)) ++
[self — oself]),

= =Xt
apply (rule-tac n=Suc n in Theorem-5-auz)
by simp-all

(typeResAPP 3t f) }]

lemma imp-f-in-SigmaRegion- ValidDepth-n-SigmaRegion- Valid-Sigma:
[V np 5 Xt f €dom Bt ]
= ValidGlobalRegionEnv %t

apply (subgoal-tac ):f . n 3t)

prefer 2 apply simp

apply (subgoal-tac |=f o St A (Vn> 0. 4, Xt)elim conjE)

prefer 2 apply simp

apply (frule Theorem-4 ,assumption+)
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apply (frule Theorem-5,assumption+)
by (rule equiv-all-n-SafeRegionDAssDepth-SafeRegionDAss,simp,simp)

lemma imp-all-n-ValidGlobalRegion EnvDepth- Valid GlobalRegion Env:
[V n =, Bt ] = ValidGlobalRegionEnv St
apply (case-tac f ¢ dom Xt,simp-all)
apply (rule imp-f-notin-SigmaRegion- Valid Depth-n-SigmaRegion- Valid-Sigma,assumption+)
by (rule imp-f-in-SigmaRegion- Valid Depth-n-SigmaRegion- Valid-Sigma,assumption+)

lemma lemma-6:

V n. |f, 3t = ValidGlobalRegionEnv Xt
apply (rule eg-reflection)
apply (rule iffI)

apply (rule-tac f=f in imp-all-n-ValidGlobalRegionEnvDepth- ValidGlobalRegion Env, force)

by (rule imp-ValidGlobalRegionEnv-all-n- ValidGlobalRegionEnvDepth, force)

lemma lemma-7:
[Vn eSty,{d,t}]
= SafeRegionDAssCnitxt e it 9 t
apply (simp only: SafeRegionDAssDepthCnizt-def)
apply (subgoal-tac (Vn. ¢, 5t) — (Vn. ey {0, t]))
apply (erule thin-ri)
apply (subst (asm) lemma-5)
apply (subst (asm) lemma-6)
apply (simp add: SafeRegionDAssCnixt-def )
by force

lemma lemma-8-REC [rule-format]:
(Vn. (ValidGlobalRegionEnvDepth f n (St(f — (ti,0s,tf)))
— (bodyAPP Xf f) o { (map-of (zip (varsAPP Xf f) ti), map-of (zip
(regionsAPP Xf f) os)(self — oself)), tf |))
— f ¢ dom Xt
— ValidGlobalRegionEnvDepth fn 3t
— (bodyAPP Xf f) { (map-of (zip (varsAPP Xf f) ti), map-of (zip
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(regionsAPP Xf f) os)(self — oself)), tf |
apply (rule impl)
apply (induct-tac n)

apply (rule impl)+

apply (erule-tac x=0 in allFE)

apply (frule imp-ValidRegionDepth-n-SigmaRegion- Valid-Sigma,assumption+)
apply (subgoal-tac |:f 0 St(f — (ti,08,tf)),simp)

apply (rule ValidGlobalRegionEnvDepth.depth0,assumption+)

apply (erule-tac z=Suc n in allE)

apply (rule impl)+

apply (frule imp-ValidRegionDepth-n-SigmaRegion- Valid-Sigma,assumption+)
apply (subgoal-tac hf . St,simp)

apply (subgoal-tac |=f . Sucn St(f — (ti,08,tf)),simp)

apply (rule ValidGlobalRegionEnvDepth.step,simp-all)

by (rule ValidGlobalRegionEnvDepth.base,assumption—+)

lemma lemma-8§:

e, Xt Ff ¥~ t

=V ety {J,t}
apply (erule ProofRulesREG.induct)

apply (simp only: SafeRegionDAssDepthCnizt-def)
apply (rule alll, rule impI)
apply (rule SafeDARegionDepth-LitInt)

apply (simp only: SafeRegionDAssDepthCnizt-def)
apply (rule alll, rule impI)
apply (rule SafeDARegionDepth-LitBool)

apply (simp only: SafeRegionDAssDepthCnizt-def)
apply (rule alll, rule impI)
apply (rule SafeDARegionDepth-Varl ,force)

apply (simp only: SafeRegionDAssDepthCnitxt-def)
apply (rule alll, rule impI)
apply (rule SafeDARegionDepth-Var2,force,force,force)

apply (simp only: SafeRegionDAssDepthCnitxt-def)
apply (rule alll, rule impI)
apply (rule SafeDARegionDepth-Var3,force,force)
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apply (rule alll)

apply (simp only: SafeRegionDAssDepthCnitxt-def)
apply (rule impl)

apply (erule-tac x=n in allE)+

apply (drule mp, simp)+

apply (rule SafeDARegionDepth-LET1)

apply assumption+

apply (rule alll)

apply (simp only: SafeRegionDAssDepthCnitzt-def)
apply (rule impl)

apply (erule-tac z=n in ollE)+

apply (drule mp, simp)+

apply (rule SafeDARegionDepth-LETC')

apply (assumption+,force,assumption+,simp)

apply (rule alll)
apply (simp only: SafeRegionDAssDepthCnizt-def)
apply (rule impl)
apply (subgoal-tac
Vi<length alts. snd (alts ! i)y { (fst (assert ! i), snd (assert 1 i)) , t'})
prefer 2 apply force
apply (rule SafeDARegionDepth-CASE)
apply assumption+

apply (rule alll)
apply (simp only: SafeRegionDAssDepthCnizt-def)
apply (rule impl)
apply (subgoal-tac
Vi<length alts. snd (alts ! i) :p  { (fst (assert ! i), snd (assert ! i)) , t'})
prefer 2 apply force
apply (rule SafeDARegionDepth-CASED)
apply assumption+

apply (rule alll)

apply (simp only: SafeRegionDAssDepthCnitxt-def)

apply (rule impl)

apply (rule SafeDARegionDepth-APP)

apply (assumption+,simp,assumption+,simp,assumption—+,simp)

apply (simp only: SafeRegionDAssDepthCnizt-def)
apply (rule alll,rule impl)
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apply (subgoal-tac
ef = (bodyAPP Xf f) A
zs = (varsAPP Xf f) A
rs = (regionsAPP Xf f),simp)
apply (rule lemma-8-REC,force,force,force)
by (simp add: bodyAPP-def add: varsAPP-def add: regionsAPP-def)

lemma lemma-2:
e, Xt |—f Y~ t
= e Xt:{0,t]}
apply (rule lemma-7)
by (rule lemma-8,assumption)

end
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